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BBEJJEHME

Mexanuka cmiomHoil cpeabl (MCC) urpaeT BaKHYIO POJb
B COBPEMEHHOM €CTECTBO3HAHWU M TeXHHKe 6Jarogapsi TOMYy, 4TO
OHa paccMaTpHUBaeT OCHOBHBIE MOHSATHS M NPUHUHMMNEL. HacTosimee
nocobue npencraBiseT co00i HeoOXOAMMOe BBeIEeHHE K CIIeLH-
aJbHBIM AHCLUMIJIHHAM: TMAPOra3ofiHHAMHKe, TEOPUHU YIIPYTOCTH
U MNJaCTUYHOCTH, BA3KOYNPYTOCTH, MarHUTHOH TMIPOAMHAMHUKH.
OHO cocTOMT U3 TpéX pasnesoB. B mepeBom M3 HUX H3jaraer-
csl MaTeMaTHYeCcKHH amnmapar: TeH30pHbIH aHaiu3 W ajnredpa, ¢
MIOMOLIBI0 KOTOPOrO HE TOJBKO COKPALlAlOTCS MHOTOUYHCJEHHbIE
BBIKJIQJIKK, HO M KOHLEHTpUpyeTcs (u3MuecKas Hles,, Tak Kak
UCIIO/Ib30BaHUE TEH30PHOI'0 aHa/h3a MO3BOJISET OTOABHHYTh Ha
BTOPOH TMJIaH CJOXKHYIO FeOMETPHYECKYI0 KapTHHY (DH3MYECKOro
siBJIeHHs1. B OCHOBHOM paccMaTpUBalOTCS TPEXMEpHbIe NPOCTPaH-
cTBa. Bo BTOpOM pasjesie TpHUBeNEHBl HEKOTOpPblE CBENEHHs W3
nupdepeHIHaNbHON reOMeTPUH, He0OXOAUMble NIPU U3YYEHUH 3a-
Jady TeOpUH 0060JI0YeK W JBUKEHHUS KUIKHUX CpPel TPH HaJUUUH
noBepxHocTell pasnesna. CoOCTBEHHO MeXaHHKE CIJIOLIHBIX CpPe
MOCBSAIIEH J[OBOJbHO OOBEMHBIN TpeTHd paszmen. Mopenn mexa-
HUKHU CIUIOIIHBIX Cpel pacCMaTpPUBAIOTCsS KaK HEKOTOpPhIE Mare-
MaTH4YecKHe CTPYKTYPHI, 3afaBaeMble YETKO COPMYIHPOBAHHOH
CUCTEMOH ornpeneseHUH U akchoM. [IpuBeeHbl KJaccHyecKHe Mo-
JIeNIA KUAKOCTEH U Ta30B, NeOPMUPYEMBIX TBEPIBIX TeJ, a TAKXKe
HEeKOTOpble MOJE/IM CPel CO CJIOXKHBIMU cBoHcTBaMu. [Ipensarae-
Mble YIpaKHEHHS B OOJBLIMHCTBE SBJSIOTCS HeOOXOAHMMOH CO-
CTaBHOH 4acCTbl0 Kypca, U MX Pe3yJbTaThl UCIONb3YIOTCS B NaJjb-
HellIeM M3JI02KEeHHH.

[Tocobue BO3HMKJ/IO U3 Kypca JeKLHH, KOTOpble aBTOp YHTaJl
Ha MPOTSPKEHHH psifia JIeT acnupaHTaM MHCTHUTyTa BEUHCIHNTEND-
Horo moznesupoanus CO PAH, a takxe cTy#eHTaM M Marucrpas-
taMm MHcTHUTyTa MaTeMaTHKH ¥ (QyHAaMeHTaJlbHOH HMH(POPMATHKH



4 Besedenue

Cubupckoro (enepanbHOr0 yHHBepcHuTeTa. B HacTosllee Bpems B
CDVY, KaK ¥ BO MHOTHX JPyTHX By3aX CTpaHBl, OTCYTCTBYIOT, KaK
npaBuJIo, o0si3aresibHble Kypchl o ocHoBaM MCC: TeH30pHOH aiJ-
rebpe u aHaau3y, MG depeHIHaIbHOM reOMeTPHH — H 3TO HAIILIO
CBO& OTpaxKeHHe B MOCOOHH.

Aprtop 6aarogaput H. ®. UabrHy 3a GoJbliyio MOMOIIb, OKa-
3aHHYIO NIPU O(DOPMJIEHHH PYKOIHUCH.



Paszoden |

MATEMATUYECKMM AMMAPAT

1.1. KPUBOJIMHEMHBIE CACTEMbl KOOPAMHAT.
KOBAPHUAHTHbIE U KOHTPBAPHUAHTHBDIE
KOOPAMHATDbI BEKTOPA

[lycts MMeeTcst MPSIMOYTOJibHASL CHCTEMAa KOOPAMHAT B TPEX-
MepHOM npocTpaHcTBe R3. O603Hauum yepes k, (o = 1,2, 3) eau-
HUYHBIE OPThl B HANpaBJeHHH KOOPIAMHATHOH mpsiMoit y<, puc. 1.1.

Oprhl k1, ko, ks o6pasytoT 6asuc, npuuém

ka‘kgz(ga[g (a,ﬂ:1,2,3), (1.1.1)
3
y
M
ky a
k, 2
k, v
1
Yy
Puc. 1.1

[Ipsamoyeorvras cucmema kKoopouram
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e 0,3 ecTb cuMBos KpoHekepa. Paguyc-BekTop a /060# TOUKH
M € R? MOXHO NpeNCTaBUTb B BUIE

a= a1k1 + a2k2 + a3k3 (1.1.2)

" a® = a - k, — TpsIMOyToJibHble TEeKapTOBbl KOOPAMHATHI BEKTO-
pa a.

Ecau ocu KoopauHat y® He SIBASIOTCS B3aUMHO OPTOTOHAJb-
HBIMH, TO BEKTOP a MOXKHO 3aJaTb IBYMSI CIOCOOAMH: MpeacTa-
BUTb B Bume (1.1.2) (uuciamMu y*) WM ¢ MOMOLIbIO OPTOrOHAJb-
HBIX TPOEKIUH a Ha OCH KOCOYTOJIbHOH CHCTEMBI, CM. pHc. 1.2.

Puc. 1.2
Kocoyeoavnasn cucmema koopouram

[TycTb BEKTOpHI €1, €2, €3 (BOOOIIE FOBOPSI, Pa3TUUHOMN IJIMHBI)
nanpasaens 1o y', 42, 4> (puc. 1.2). Torna n1s BeKTOpa a UMeeT
MecTo cooTHoueHue Buaa (1.1.2)

a=oa'e; +a’es + a’es.
2 3

Uucna al, a”, a° Ha3blBAIOTCA KOHmMpeapuarHmvimu KOOpAUHaATA-
MH BEKTOpa a. PaCCMOTpHM CKaJIsipHble TIPOU3BEAECHUS

a-€e; =aq, a-ex = ag, a-e€e; = as. (113)

Onu npenctaB/sitoT co60H OPTOrOHaJbHbIE MPOEKLIHUH BeKTOpa a
Ha OCH Yy W Ha3bIBAIOTCH KOBAPUAHMHbIMU KOOPIUHATAMH BEK-
Topa a.
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YejoBUMCSl B JafbHEHIIEM CUHMTaTh, YTO KOTJA OJWUH M TOT
JKe MHIEKC BCTpedaeTcs ABaxkKJbl OJWH pa3 BBepXy, a APYro# pas
BHH3Y, TO 110 HEMY NPOHUCXOAHUT cyMMHpoBaHHe. Hamprumep

aay® = a1y’ + asy® + azy® = agy’.

I/IHlIeKC CYMMHPOBaHHWsA HA3bIBAIOT HEMBIM, UYTO ABJAAETCA aHaJO-
roM CBOHCTBa nepeMeHHoﬁ UHTErpUupoBaHUs IMOA 3HAKOM oIpene-
JIEHHOTO HHTEerpaJa. BeKTOp a B KOCOYFOHbHOﬁ CUCTEME KOOpAHU-
HaT ornpeneJssseTcss CBOMMH KOBAapUAHTHbBIMHU G, WU KOHTPBApHUaHT-
HBIMH a® KOMIIOHEHTaMH,

a=a"e,, a,=a-e,. (1.1.4)

PaccmoTpuM KpUBOJIMHEHHYIO cHcTeMy KoopauHat z@ (o = 1,2, 3)
W 3aafiiM pafuyc-BeKTOp r ToukH M B Buze

r=r(z%), (1.1.5)

HJInu
v’ =9yP (%), B=1,2.3. (1.1.6)

[pennonaraercs, uro r(z®) nuddepeHunpyema no x. Bek-
TOpBl Or/Ox® SIBJSIOTCS KacaTeJbHBIMH K JIMHHSM T, CM. pHC.
1.3. 3HauuT, B Ka)KIOH TOUKe MpocTpaHcTBa M TPOUKY BeKTO-
poB Or/0xz® MOXHO MpPUHSATH 3a BEKTOPbl 0asuca, ecjou OHU He

3
JIUHUA X

4 1

JIUHUA X M

2
JUHUA X

Puc. 1.3
Kpusoauneiinoe koopouramot
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KOMIIJTaHapHbI:

o or oey_or (o or
Azl 922 923 ) — Hxl \Hx2 " 93 )

9 oy oy’
ozt Ozt Oxt
1 2 3

—| % % O\ _ g0 (1.17)
ox? 0x% 0Oz
o oy oy’
ox3 0x3 0Ox3

[lo Teopeme 0 HesIBHBIX (DYHKIHSIX CyIIeCTByeT oOpaTHOE Mpeos-
paszoBanue Qopmya (1.1.6)

= z%(y?), (1.1.8)

Tak 4To MaTpuipl dx®/dyP, OyP /0x* — B3aumHo 06paTHbIE H

ox® 1
det | — | = = #0.
¢ <6yﬁ> 77
BBeném ob6osHaueHus

e, =

—, a=12 1.1.9
63}04, « ) ’33 ( )

Torza e, oOpasyloT 6asuc, CB3aHHBIH C KPUBOJHHEHHOW CHCTe-
MO¥ KOOpAMHAT, — OH HasbiBaeTcs A0kasbvHbim. Ecnu k, — Tpoii-
Ka eIMHUYHBIX BEKTOPOB, TO

oyP oz’
€y = Oz B ka:a—yae,@. (1110)
3amaua 1.1. Haiitu matpuus 0y° /0%, 0z%/0y” u nokanb-
HBI 0asuc e, LHUJIWHIPHYECKOH (y1 = z! cosz?, y2 = z!sin 22,
y3 = 23) u chepuueckoit (y! = alcosx®cosazd, y? =

1

= 2! sin 22

Lsin %) cucTeM KoopaMHAT.

cosz3, Y3 ==z
Takum 06pa3oM, B Kaxmoi Touke BekTop a(w!,z? 2%) Moxer

ObITb TpeNCTaBJeH B JIOKaJbHOM Gasuce €;
or
a=a"—— =a%e,, (1.1.11)
oz~

rae a® — KOHTPBapUaHTHbIE KOMIIOHEHTRI.



1.1. Kpusoaunetinoie cucmemol Koopouram 9

KOBapI/IaHTHbIe KOMIIOHEHTBI BEKTOpa a HaloTCsA (pOpMy.HaMI/I

or
a/g:a-wza-eg:aaea-eg. (1.1.12)

D10 caenyet u3 paBeHcts (1.1.4).
Beeném Matpuuy g. = (gag):

_or or

JoB = Gro " 9aP

Ona sBasieTCS CHMMETPUYHOM U HOCUT Ha3BaHUe Pyroamenmaib-
Hoti Matpuusl. E€ onpenenutens g = det(gag) # 0 (cM. dopmy-
ay (1.1.7)). Ilostomy cyliuecTByeT obpaTHast K Hell mMaTpuua g«

(g* = (9°)):

=e,-eg. (1.1.13)

9apg®™’ =02, (1.1.14)
rne 6, ectb nenbra Kponekepa u
B __ 07 « 7& ﬁ;
o —{ ) (1.1.15)

Huxe g = det(g*?) = 1/g.
Dopmynsr (1.1.12) u (1.1.13) naioT cBs3b KOBapUaHTHHIX H
KOHTPBAPUAHTHBIX KOMIIOHEHT BEKTOpa a

ag = a%gag- (1.1.16)

YMHOXHM 06e uacTH 3TOro paBeHCTBa Ha ¢77 1 BO3bLMEM CyMMy
no 3. Ucnoabays (1.1.14), Haxomum

a” = agg”, (1.1.17)

T. €. COOTHOLIEHHE, obpaTHOe K (1.1.16).

3ameuanue 1.1. Mmeer MecTo MHEMOHHYECKOE TIPaBUJIO a” =
= a“d,). Y KOMIOHEHTH a“ Hafo NPOCTO 3aMeHHUTb HHIEKC, IO
KOTOPOMY TPOUCXOIUT CYMMHPOBaHHe, Ha CBOOOAHBIH HHAEKC (MO
HeMY HeT CyMMHPOBAaHHUS).

CkaJisipHOe Npou3BefieHHe JBYX BEKTOPOB Telepb 3aMHChIBAET-
Cs1 YeTbIPbM$l PA3JIMUHBIMU CIIOCOOAMHU:

a-b=0a"gap = a®bo = ¢°“agbs = anb®. (1.1.18)
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Bo3bMéM TpoiiKy BeKTOpOB e’ 00pa30BaHHBIX 110 MPABUITY
e’ = gf%,. (1.1.19)

YMHoxas ckanspHo (1.1.19) Ha e, M e7 mocsenoBaTelbHO,
MOJYYUM

e’ e, =6"; (1.1.20)
el o7 =¢". (1.1.21)
Hanpumep, BexTop e!ley, e'les, Ho e'le; = 1. ®opmyanl

(1.1.20) Ha3bIBalOTCS COOTHOIIEHUSIMH B3aUMHOCTH.
fcHo, uTo BeKTOpH e He KoMmIaHapHEL. JleficTBUTE/IBHO, CMe-
wasxHoe npoussenenue (e, e?, e3) = Vol - (Va? x Vad) =1/J #
#0 B cuny (1.1.14) (Va® = (02%/0y*, 0x*/0y?, 0x%/0y?)).
Cucremy BekTopoB e',e?, e3 HasbiBaloT 6a3HCOM, B3aHMHBIM
(uni conpsiKEHHBIM) C 6A3HUCOM €1, €o, €3, CM. puc. 1.4.

Puc. 1.4
Conpsiscérnole 6asucol

3agaua 1.2. Beisectu popmyny
e, = gase’. (1.1.22)

Hnsi mo6oro Bektopa a u3 (1.1.17) u onpenenenns (1.1.19)
BBIBOIUM Pa3JjiOxKeHHUst

a=a", =asg’e, = age’. (1.1.23)
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YmMuoxas ckagstpro (1.1.23) Ha €7, nonyuum
a-e =age’ e =agg’ =a. (1.1.24)

[ToaTomy s060# BeKTOp a MOXKeT ObITh pasJ/oxkeH Kak 1Mo 6asucy
€, (B 3TOM cjyyae KOMIIOHEHTbI SIBJSIFOTCS KOHTPBapHAHTHBIMH),
TaK U 1o 6asucy e* ¢ KOBApHAaHTHHIMH KOMIIOHEHTaMH. B mo-
cnenHedd gopmyse (1.1.23) unmeke S MOXKHO 3aMeHHUTb Ha «. [Ipu
3TOM

o, =a-e,, a“=a-e”, (1.1.25)

YTO YW ONpaBIbIBaeT Ha3BaHUe Oasuca e KaK B3aWMHOTrO MO OTHO-
IIEHUIO K 0a3ucy €.

OnHAaKO eCTh U CYULeCMBEHHAS PASHULA MEXIY ITHMU 6asu-
camu. BekTopbl e, CBfi3aHbl C CHCTEMON KOOPAHHAT H SIBJASIOTCS
KacaTeJIbHbIMU K KOOpPIMHATHBIM JIHHUSAM. BekTophl e®, BooOlie
TOBOpSi, He SIBJISIFOTCSl KAacaTeJbHBIMA HU K KaKUM KOOPAHWHATHBIM
auausm. CootHomenus (1.1.16), (1.1.17) nokaseiBaioT, 4TO ¢ MO-
MOLLbIO MATPHIL Gog, §°° MOXKHO OMyCKaTh U MOAHUMATb HH/IEKCHI
y KOMIIOHEHT BEKTOpa — OTEpPallUsl HOHEAUPOBAHUL HHIEKCAMH.

JLisi npsamoy2oa6HOLL CUCTEMBl KOOPAUHAT

e, =e" =k, gas=9" =07/ (1.1.26)

JleficTBUTENBHO, 31ech £ = Yy, pagnyc-BekTop r = y*k, U e, =
= 0r/0y® = k,. Ilo popmynam (1.1.13), (1.1.14) gop = 6. =
=g* uusz (1.1.19) nonyuum e’ = es.

3ameuanue 1.2. CpasHubas Qopmyasl (1.1.19) u (1.1.22)
¢ dopmynamu (1.1.16), (1.1.17), BUAUM, YTO KaxKIOMy HHKHE-
My uHaekcy cieBa B (1.1.16) cooTBeTCTBYIOT KO3 (MHUIUEHTH H3
(1.1.19), a xaxngomy BepxHemy — u3 (1.1.22). Ilo HHxKHeEMY HH-
JeKCy BEKTOp corpeobpasyercsi (SIBJsieTCsl KOBAPHAHTHBIM) C CH-
CTEMOH KOOpIMHAT, M0 BepXHeMy — MNPOTHBONpeoOpadyeTcs (siB-
JisieTcsl KOHTPBapHaHTHBIM) ¢ He#l. TepMHHBI «KOBapHaHTHBIH» U
«KOHTPBApUaHTHBIH» KaK pa3 M 03HAuYaloT «CONpeodpasyoluics»
U «IIPOTUBOIPe0Opa3yoUiCs».

3ameuanue 1.3. C noMOLIbIO 3JIEMEHTOB MAaTPULBl g, JIETKO
HaliIéM MOMYJM BEKTOPOB KOBapHaHTHOro 6Gasuca

\ea\: Vea  €a = vJaa- (1.1.27)
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DTH MOIYJIH HOCAT Ha3BaHHe Kod(pduuuentos Jlame. AHasmoruu-
HO, 11T MOIyJIell KOHTPBapUAaHTHOrO 6asuca MoJyunuM

‘eoc|:m:\/ga—a, (1128)

3agaua 1.3. Haiitu |e, |, |e®| ans uuanuapudeckod u chepu-
YeCcKOH CHCTeM KOOpAMHAT, cM. 3axady 1.1.

[Tycth MMeroTcsl ABe TOYKH mpocTtpaHcTBa M u M’ ¢ Koop-
IUHaTaMu z%, % + dx® cooTBeTcTBeHHO. Torma MaJblil BEKTOp
MM’ = dr onpejesisieT HanpaBJeHHbIH OTPE30K, He 3aBHCSUIMM
OT BBEIOOpPA CHCTEMBl KOODAHHAT, U Ha3BIBAETCS B8EKMOPOM 3dAe-
MmenmapHo2o nepemeujerus. PaccTossHHe MeXny TodkaMd M u
M’ ectb ds = |dr|. Oas dr u3 (1.1.5) u (1.1.9) umeem Bbipaxe-

HUe
or | o
dr:a—adﬂf :eadﬂf s (1129)
x
T. €. pasjioXkKeHHe M0 KoBapHaHTHOMY 6asucy. Benuuuner dx®, pas-
Hble nu(depeHLHataM J0KaJbHBIX KOOPAUHAT, CYyTb KOHTpBapH-

aHTHble KOMIIOHEHTHI BeKTopa dr. fIcHO, 4To
dr = dry + dry + drs, (1.1.30)

rie dr, = €,dr® — BEKTOPHI 3JeMEHTApPHOT0 TIepeMellleHHs BIO/b
KOOpPIUHATHOH JHUHHUK %, cM. pHuc. 1.5.
C nomotbio npeactasaenus (1.1.29) noayunm

ds® = dr - dr = gopdzda”. (1.1.31)

Keanpartuunas ¢opma (1.1.31) HasbiBaeTcst ocHOBHOU Keadpa-
muuroti opmotil.

Ananornuno ¢opmyne (1.1.29) MoxHO NMpeACTaBUTb BEKTOP
3/JeMeHTapHbIX MEePeMelleHUH B BHUIE pasJsoKeHHs M0 KOHTpBa-
praHTHOMY 6asucy

dr = e’dx4, (1.1.32)

Ifle BeJUUYHHBl 023 HA3bIBAIOTCS KOBAPUAHMHbIMU KOMROHEHMA-
MU 3TOTO BeKTopa U, BooOlle roBopsi, He ABJATCA AU(depeHLH-
aJaMH HeKOTOpoil cucTeMbl KoopauHat zz. M3 (1.1.32) mas ds?
HalgéM

ds® = dr - dr = g*PSx,015. (1.1.33)
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Puc. 1.5
Bexkmop aremenmaprolx nepemeuyerutl

YCTaHOBUM CBSI3b MeX]Y pasjMYHBIMH KOMIIOHEHTAMH BeK-
topa dr. U3 (1.1.29) u (1.1.32) umeem dr = dr“e, = dzge”
U TepernuiieM 3TO paBeHCTBO ¢ nomoiibio gopmya (1.1.19) rak:
(dz® — Sx59°*)e, = 0. B cuny JvHeiiHOH He3aBUCHMOCTH BeK-
TOPOB €, MOJy4UM (OpMYJBl, AAIOLIMe BbpaxKeHHS KOHTPBapH-
AHTHBIX KOMIIOHEHT BeKTopa dr 4epe3 ero KOBapUaHTHble KOMIIO-
HEHTBHI:

dz® = gP*xg. (1.1.34)

OGpaTHble 3aBUCHMOCTH TaKOBHI ([OCTATOUHO BOCMOJIb30BATHCS
dopmymoit (1.1.22)):

0z = gpadr®. (1.1.35)

Coornomennst (1.1.34), (1.1.35) MOXHO TpPaKTOBaTh TaKKe
KaK onepauuu NOOHAMUS U ONYCKAHUSL uUHOeKca Y KOMIIOHEHT
Bektopa dr. Kpome Ttoro, us (1.1.35) csenyer, 4To KOBapHaHT-
Hble KOMIIOHEHTHI 0g HeJb3s pacCMaTPHUBaTh Kak NOJHbIE Tudde-
peHLHaJbl COOTBETCTBYIOIUX QYHKUUH x5 = xg(z*), NOCKONBKY
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YCJIOBHUSI HHTETPUPYEMOCTH

0950 09pa
Ao _ o (1.1.36)

He BBINOJIHAIOTCA B OOIIeM cJaydae. 3HAYMT, AJS MPOM3BOJbHON
KPUBOJIMHEHHOH CHCTEMbl KOOPIHHAT HEBO3MOKHO ONpPEENHUTh KO-
BapHaHTHBIE KOOPIAHWHATH T3 KaK OJHO3HAuYHble QYHKLHH OT z.

3apaua 1.4. IIposepsbTe, BeIMOMHSAIOTCS AU ycaoBus (1.1.36)
IJIST UMJTMHIPUYECKOH U chepuUecKoi CHCTeM KOOPLHHAT.

CucreMa KOOpAMHAT = HA3BIBAETCS OPMOZOHAALHOL, €CIH B
Ka)KI0H TOYKe NMPOCTPAHCTBA KOOPAMHATHBIE JIMHUH B3aHMHO Op-
TOTOHAJIBHEL, T. €.

B atom cnyuae marpuua g. = diag(gi1, g2z, g33) U €€ onpenenu-
Teslb g = g11g22933. Marpuua g* siBnsercss o6paTHOH K g, T.e€.
. S Z
g* = diag(gy, 992 , 933 ) 1 g1 = det g* = (g11,922,933) " ". Cue-

JIOBATeNbHO, B TAKOH CHCTEME KOOPAMHAT

e?.ef =g =0, a#p, gw:i (1.1.38)
[e7e%

¥ KOOpIMHATHBIE TIOBEPXHOCTH TaKxKe OpTOroHaJ bHbl. Hasee, dhop-
myabl (1.1.22) u (1.1.19) ynporatores

€, = Jaat”, €% =g"%e,, (1.1.39)

T.€. 3JIeMEeHThl pa3HbIX 0a3UCOB MapaJJjesbHbl APYT APYry (HUMe-
IOlIMe OJMHAKOBBIH HOMEP) U UX MOIYJH B3aHMHO OOpaTHBI

(1.1.40)

KoopnuHaTel Touek M mpocTpaHCTBa, KOOPOHHATHBIE JHHHUH,
BEKTOpHble Ga3HChl U CB3aHHblE C HUMH BeJHUYHHbI 3A8UCAM OM
svibopa cucmemovl Koopduram. [TocMoTpuM, KakK mpeobpasyoTces
3TH BeJMYUHBI IPY Nepexofe K APYyro# cucrteMe koopaunar. Has
3TOr0 BO3bMEM JABE CUCTEMbI KOODAHHAT! Ku [? HyCTb B CHUCTEME
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K xoopmuHatamu siBasiotcss z%, a B K — &7 (a,0 = 1,2,3) u
nepexof 3a1aéTcsl CUCTEMOH (PYHKLUHH

£ =% (a2, 20), (1.1.41)
NpUYEM
0e% =J#0. (1.1.42)
ox°
Torna cymectByer o6paTHOe npeobpa3oBaHne
2?7 =a7(¢", €%, 6%) (1.1.43)

U ClipaBedJJIMBO COOTHOIIEHHE

0&% Ox° 0% O
ST e =67 1.1.44
Oz OB B g fa 0% ( )

[TocMoTpuM, Kak mpeo6pasyloTcsi 6asuchl e, e° cucreMbl K
v e, e cuctembl K. Ilo onpenesnenuto

~ _ Or  0Or 0z° o&™

= —— = — e’ = T — B
€ = ge " ger © TV T g v
HJInu a ag
s _e 9% o 0 g
ea—eaago, e _axﬁe . (1.1.45)
OGpaTHbIe 3aBUCHMOCTH TAKOBBHI:
o B
S S B (1.1.46)

ore ' © T Ber

[Tepsoie dopmynsr (1.1.45), (1.1.46) maiorT 3akoH mpeoGpaszoBa-
HUSI 3JIeMEHTOB KOBapHaHTHOro 0asuca IpH Iepexoie OT OLHOH
CHCTEMBl KOOPAMHAT K APYTOH, a BTopble (hOPMYJIBl — KOHTPBApH-
aHTHOro 6asuca. X W Ha3bIBAIOT KOBAPHAHTHBIMH M KOHTPBApH-
AQHTHBIMH 3aKOHaMH Npeo6pa3oBaHuUsl.

Uro kacaetcs K03(p(HULHEHTOB OCHOBHOH KBagpaTHUUHOH (hop-
mbl (1.1.31), (1.1.33), To oHU mpeoOpasyTCs Tak:

0x? 0x7 0x% 0x™

95 9e8 97 gga ggp 114D

Jap = €n - €3 = €5 - €,
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~ age 0¢P

o= g 2 > 1.1.48

g 9 927 Oa ( )

Hcnonb3oBanel paBeHcTBa (1.1.45), (1.1.46). OGpaTHble 3aBHCH-
MOCTH MUMEIOT B[

o~ 8£ 8£T af _ ~or ox® 31'5
Gap = gaTaxa 8.73’8 ) g =g 6£U 857— . (1149)

3aMeTHM, UTO 3aKOHBI MpeoOpa3oBaHUsi JHUOO KOBAPUAHTHBIE
(vHpeKCHl BHH3Y), THOO KOHTPBapHaHTHbIE (HHIEKCH BBEDPXY).
Jns onpenenutenedt us (1.1.42), (1.1.47), (1.1.48) monyuum

g=9J7% G1=qJ% (1.1.50)

rie J naércs paBeHctBoM (1.1.42).

Haiiném, HakoHel, 3aKoH Npeo6pa3oBaHUs KOMIIOHEHT BeK-
TOpa 3JeMeHTapHOro nepemelenus dr. M3 Berpaxenuit (1.1.29),
(1.1.32) umeem mpexacTaBieHus

dr = dzPes = d¢7e,, dr = dx,e® = 6,e°.

Hcnonbsyst dopmynsr (1.1.46), U3 3THX COOTHOIUIEHHH BBIBOAUM

(dgT _ dzP gﬁﬁ) e, =0, (6&, - 5%%) 87 =0,

WJIH, TaK Kak €,, €’ — 0asucHI,

0&™ B ox®
5 0, = 0rq—=——. (1.1.51)

T _ B
d€ dx a7

JIJ1s 06paTHBIX 3aBUCUMOCTeH HaHaéM

zP og°

dxﬁ:dgfa5 ) 5%:5506—.
T xoc

(1.1.52)

3HauUT, KOBAPHAHTHbIE KOMIIOHEHTbl BeKTOpa dr MpeobpasyloTcs
M0 KOBapUAHTHOMY 3aKOHY, KOHTPBapHaHTHble KOMIIOHEHTBI — T10
KOHTPBapHAHTHOMY.
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1.2. TEH3OPbl U ANIFTEBPAUYECKHUE OMEPALIMM
HAL HUMH

HanomHuMm cHaya/la, 4TO CKAAspOM Ha3blBaeTCsl BeJHUMHA,
He 3aBHcsllass OT BbIOOpa CHCTEMBI KOODAMHAT W 3alaBaemasi B
(PUKCHPOBAHHON KOOPAMHATHOHM CHCTEMe ONHMM uucjaoM. IlycTb
B cucreMe K ckansp ompenenéH uuciom f = f(z*), a B cH-
creme K — unciom f = f(£7), TOra, COLIACHO ONpeie/eHHUIO,
f(z®) = f(£€7). CkanspaMi MOTYT ObiTh BEJMUHHBI PA3JIHUHON
npupoasl. Hamprimep, paccTosiHie MeXIy TOUKAMH TPOCTPAHCTBA
€CTb FeOMeTPUYECKUH CKansip, a AaB/eHHe, IOTHOCTb, TeMIepa-
Typa ¥ KOHLEHTpalusi — (pU3HUeCKHe CKaJsIphI.

Janee B kauecTBe 00beKTOB OyfeM paccMaTpUBaTb 3JE€MEeH-
Thl KOOPIMHATHBIX 0a3uCcoB €, U e’ cuctembl K, 1/ KOTOPBIX
BHITIOJTHSIIOTCSI CJIEAYIOLIME OTIepallnH:

1) ymHoxenue Ha ckansp Ve,,e”’, T.e. 15 HEKOTOPOro cKa-
Jsipa ¢ U 00beKTa e, CHMBOJ ge, O3HauaeT BEKTOD, HalpaBJ/eH-
HBIH 1py ¢ > 0 B Ty Ke CTOPOHY, UTO U €, (B MPOTHBOIMOJNOKHYIO
npu g < 0), ¥ UMeLHE MOLYIb |¢||eq];

2) c/03KeHHe OMpejie/IeHo 1J1st JII000H mapsl 0GBEKTOB €, + €3,
e* +e’, e, +e’ u 1.1 Onepauus cioxkeHuss KOMMYTaTHBHA U
TNOMUHHSAETCS JUCTPUOYTHBHOMY 3aKOHY ¢(eq+eg) = g(eg+ey) =
= g€y + ges = gep + qeqa;

3) nust m060i mapsl 0GBEKTOB OMPEJE/EHO CKaJsIPHOE yMHO-
XKEHUE €, - €3 = gog, €2 e’ =g e, e/ =5/, e . e5= 6%.
Ornepauust KOMMyTaTHBHA U ¢(e, - €3) = (geq) - €3 = €4 - (gep)
LJIst 1I060r0 cKansipa g;

4) 1715 MPOU3BOMBHBIX ABYX 0GBEKTOB ONpeNeseHO BEKTOPHOE
YMHOXKeHHe, SIBASIOLIeecs BEKTOPOM, KOTOPBIH MOKHO Pa3JokKHTh
110 OMHOMY M3 KOOPAMHATHBIX Ga3HCOB CHCTEeMBl K,

e, X €3 = en5,€7, e x e =eFe,,
e, xel=el e =ecl%,.
Onepauusi He KOMMYTaTHBHA, €, X €g 7# €3 X €, OJHAKO CKaJsip-
HBIH MHOXKHTeJb Mepell BEKTOPHLIM MPOU3BeIeHHEM MOXKHO OTHe-
CTH K JIDOOMY COMHOXKHTEJIIO;

5) WHIe(pUHHUTHOEe yMHOXKeHHe. B pesysmbraTe NpHMeHeHHS
3TOH ONepauuy K IBYM HJH HECKOJbKUM (KOHEeUHOMY HUCAY)
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0OBEKTOB TMOJyUyaeTcss HOBHIH, 0ojiee CJOXKHBIH OOBEKT, Hasbl-
BaeMblil n04uadol, UMEHHO e.eg, e,e’, el e“es, eyege’,
e,e’e,e’ u 1.n. [losmana, nosydyeHHas nepeMHOXKEHHEM JBYX
00BbEKTOB, HasbiBaeTcst 0uadoli; TPEX 3JEMEHTOB — mpuadoll u
1. 1. Omnepanus He KOMMYTaTHBHa, T.€. €,€3 7# €ge,. [lBe mo-
JIMabl CUMTAIOTCS PaBHBIMHM TOTAA M TOJBKO TOTAA, KOrAa OHH
MOJIYYEHbl TEPEMHOKEHHEM OfIHMX U TeX Ke 0OBEKTOB B OJHOH H
TOH K€ MOCJIeI0BATEbHOCTH.

KosmyecTBo 00BEKTOB B TOJIHAlE, COBMAAlollee C YHCJIOM
WHHIEKCOB, Ha3biBaeTcs €€ paneom. PasHble MosaHaabl OQMHA-
KOBOFO paHra M ONpeNeJéHHOH CTPYKTYpHl, Hampumep e,e’e”
(o, B,7 = 1,2, 3), curtalorcs AuUHeliHo Hesasucumvimu. [loauany
MOXXHO YMHOXKATb Ha CKaJsipHbIH MHOXHUTEJb ¥ OTHOCHTH €ro K
JII0O0OMY COMHOMXKHUTEJTIO.

Mexny moJuagamMyu MepBOro paHra — 3JeMeHTaMH Koop-
JMHATHBIX 0a3ucoB — HMeloTCs cBsAsu Buaa e* = g%Peg,
e, = gor€" (cMm. dopmyant (1.1.19), (1.1.22)). Anajoruunbie
CBSI3M €CTh M MEX]Y MOJHANAMU Pa3HBIX THIIOB, HO 00UHAKOBO-
20 pamra. JleficTBUTeNbHO, e%es = g%7e ez, ee’ = g%7e,e’,
e.e3 = €7e"goagr3 U T. 1. ClOKEHHe ONpelesieHo IJis ToJHal
MOAbLKO PABHLLX PAHE08; TIPH CKaJsIPHOM (BEKTOPHOM) YMHOXKe-
HHUHU TOJIHAM CKaJsipHO (BEKTOPHO) MEPEMHOXKAKOTCS cocedHue dae-
Mmenmol 3TUX Tonual, (e.eg) - (e,e5) = eq(es- e )e; = ga eqes,
(eqn€p) X (eje5) = ey(eg X ey)es = egyoeqne’€s. [lpu uHAe-
(UHUTHOM MEPEMHOXKEHHMH TOJIMAM MOJYYUTCSl HOBasi MOJHALA,
paHT KOTOpOH paBeH cymme paHe08 CTapbiX MOJHAM, HalpuMmep,
(enep)(e,e,) = ese3€e €, — MOJHALA YeTBEPTOrO PAHTaA.

[Tepeiiném K pacCMOTPEHHIO APYrHX OOBEKTOB, KOTOPHIE, MO-
IOOHO BEKTOPY MepPeMEIleHHH, TPAKTYIOTCS KaK HHBapHaHTHBIE
BEJIMUMHBI, He 3aBHCsIIHe OT BhiGopa cuctembl K. OpHum U3 Ta-
KHX 00BbEKTOB SIBJSETCS BEKTOP.

Bexmopom nasvieaemcs 06vekm, He 3a8UCAUiuLl om 8b160-
pa cucmemol Koopouram u npedcmasumblli 8 (GUKCUPOBAHHOL
cucmeme < 8 8ude aureliHol Gopmol

a:ao‘ea:ageﬁ, (1.2.1)

eode a®, ag — KOHmpsapuanmHbovle U KOBAPUAHMHbLE KOMINOHEH-
mol 86eKkmopa. HpI/IMepr BEKTOPOB: CKOPOCTb, YCKOpPEHHE, CHJIa,
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0O0bEMHbBIE TJIOTHOCTH TMOTOKOB, HAMPSKEHHOCTb 3JEKTPHUUECKO-
ro noJjsi. KomnonenTs patotcs gopmynamu (1.1.11), (1.1.12), a
CBSI3b MeXAy HUMH — paBeHcTBaMu (1.1.16), (1.1.17). HUrak, nnisa
3aJlaHusl BEKTOpPa B HEKOTOPOH CHCTEME KOOPAHHAT NOCTATOYHO
3aaTh TPH €ro KOMIOHEHThI onpeaeaéHHoro Tuna. [Ipu nepexome
K JIPyroff cucTeMe KOOpAMHAT K KOMMOHeHTHI BEKTOpa H3MeHsI-
totcs. JledCTBUTEBHO, YCTh Gy U @7 — KOMIIOHEHTHI BEKTOpa B
HOBO# cucteMe KoopauHat £7. Torna u3 (1.1.45)

6”:a~€U:a~e78£ 4r=a-e,=a-e 97
oz’ T K T
WJIH ,
=0 4= (1.2.2)

9ar 7T M ggr
OG6patHble 3aBUCUMOCTH UMelOT BHI (¢ yuéTtoM dopmya (1.1.46))

oz . 0&T

a—gg, awzaTa?.

3Ha‘-II/IT, KOBapUaHTHBIE U KOHTPBAPHAHTHBIE KOMIIOHEHTHI BEKTOPa
npeo6pasyoTcs M0 OAHOUMEHHBIM 3aKOHAM. DTO CBOHCTBO BEKTO-
pa sIBJISIeTCSl XapaKTePUCTUUYECKUM U T0JIaraeTcsi B OCHOBY Opyeo-
20 eco onpedeseHus.

Bexmopom a nasvisarom obvexm, onpedeséHHoill 8 uKrcu-
POBAHHOLL cucmeme KOOPOUHAM MPeMs YUCAAMU — KOMINOHEH-
mamu a® (uau a.), Komopoie npu nepexode K HOB0L cucmeme
KOOpOUHAM 8 MOM e NpocmparHcmese npeobpasyromcs no gop-
myram (1.2.2).

[IpuBenéHHEIe 1Ba OTpeneseHUs SKBHUBAJEHTHBI OPYT APYTY.
Yxe OblIIO MOKa3aHO, KAK M3 MEPBOTO OINpeeseHHs] MOXKHO MOJy-
yuTh BTopoe. O6paTHO, UMeeM

a’ =a’

(1.2.3)

o

o oy ~ 4

a’e, =a’'——e,=a'e,=a

o o1 o v )
4TO W JaéT mepBoe ONpejeJieHHe BeKTOopa.

BBenéM HOpMHpOBaHHBIE KOBaPUAHTHBIM M KOHTPBapHaHTHbIH

0a3uchl

ei = (gaa)_1/2ea7 e(f = (gm)_l/zea (1.2.4)
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WU paCcCMOTPUM pasJioKe€eHHe BEKTOpa 10 3TUM 6asucam

a=alel =ajel. (1.2.5)

[

Benvuunbl af W aj; HasBIBAOT PuUaU1ECKUMU KOMNOHEHMAMU
COOTBETCTBEHHO IE€PBOT0 U BTOPOro THma. Mexny HUMHU HUMeeTcs
TecHasl cBsi3b. B camom meie,

a=a%, =a"/Jaae, =aze’ =ag\/gfe’.

CpaBHuBas nocJjenHue cootTHoueHus ¢ (1.2.5), Hakném

=a"/Gaa, a5 =ap\/g"". (1.2.6)

B oproroHasbHON cHCTEME KOOPAHHAT PA3HOTO THIA (unye-
CKHE€ KOMIIOHEHTHI COBNAJANT: a), = Ay

V13 KOMITOHEHT BEKTOpa @ MOXKHO 00pa3oBaTh OIHY UHBapHAHT-
HYIO BeJIHUHHY, Ha3blBaAEMYIO MOOyAem 8eKmopa u 0603HaYaeMyIo
npocto «a» (uHorna |al). st kBampata MomyJs

—a.a= g(waaag = gora’a’ = a%ay,. (1.2.7)

Panee BesnuuHbl |e,|, |€”| Obuu Hassanbl mapamerpamu Jlawme,
0003HaUMM HUX COOTBeTCTBeHHO H, u H

H, = vV Yaa Hﬁ =V gﬁﬁ (128)

C yuérom oGosnauenust (1.2.8) us (1.2.7) naiiném npyroe
npejCcTaBJeHe st KBajgpata MOILYJst

B 9*?
a® = Ta 8 %% =

a,p
gw aar o
= . (1.29
=2 = e e (129)
B YAaCTHOCTH, AJd OpTOFOHaﬂbHOﬁ CHUCTEMBI KOOp]lHHaT MoJIy4uMm
a? =) (al)? =) (a7)* = a¥al, (1.2.10)

Tenepp paccMoTpuM 06beKkTHl Gosiee CJI0KHOW NMPHUPONBl — TEH-
30DHI.
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Tensopom parea n Hasvisarom obvekm T, He sasucsuyuii om
svlbopa cucmemol KOOpOUHam u npedcmasumblii 8 QUKCUPOBAH-
HOUL KoOpOuHamHOU cucmeme 8 8ude AuHelHot opmbl noauad
parnea n onpedeséHHOl cmpyKmypoL:

T=T"%"%¢e, e,,...€q4, =

— Q2...0n a1 — —
=T, e“le,,...eq, =... =

= Talag...anealea2 .‘.ean‘ (1211)

(MHorzma ucnosbayetcs crenuasbHasi orepanys AMagHOTO MPOH3-
BeneHusi (X) Ga3HCHBIX BEKTOPOB, Hampumep T*1%2-%ne, &) ...
Qe R ... Re,,.) HcHo, uTO AN TeH3opa paHra n Crpa-
Be[JIUBbl Pa3/H4Hble NIPe[CTaB/eHHs, SABJ/AIOLIHEeCs ero pasJjoxe-
HMSMH 10 NoNIMajiaM paHra n onpefesaéHHoro euaa. Kosdduuuen-
Thl [ ¥12:n TQ?Q'“@", <o »Ta,an...0,, HA3BIBAIOTCS KOMIIOHEHTA-
MU TeH3opa. OHM ObIBAlOT KOBAPHAHTHBIMH, KOHTPBAPHAHTHBIMU
U CMellaHHbIMH, B 3aBUCHMOCTH OT TOI'O, UMeeT JIi KOMIIOHEHTa
TOJIbKO HHXKHHE HHIEKChl /M TOJBbKO BepXHHE, MJIM Te U JpyTue
BMecTe. Beero umeercs 3™ KOMIIOHEHT TeH30pa paHra m.

Mexny KOMIOHEHTaMH TeH30pa PasHOro THINa CYLIeCTBYIOT
cBsi3U. JlefCTBUTENBHO,

T =T %e, €4,...€4, =
_ a2...0n Bl .
=Ty, e’ley,...eqy, =

a...0m «
=Ty g7 e, eq, ... 00,

OTKYyZa

T2 an TB?2~~~057L90¢151. (1‘2'12)
TouHo Tak ke MOJYYaAIOTCS COOTHOIIEHHUS

T 020 = gg, 0, T2 00, (1.2.13)

Dopmyner (1.2.12), (1.2.13) BeIpa)kalT onepaiyy ONyCKaHUS U
TIONHSITHS UHAEKCA — HCOHESAUPOBAHUS UHIEKCAMHU.

JIn NpsIMOYTOJIbHOM 1eKapTOBOH CHCTeMbl KOODAHMHAT §op =
=g, 97 = 5% u u3 (1.2.12), (1.2.13) BbHIBOIMM paBeHCTBa

)

a2...0n __ x1O2...0n — 1Q2...Qpn
T2 = 6,0, T n =178 ",

a2y az...0n S1 81 @2...0p
T n= Tt gerft = T 02 am

(1.2.14)
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T.€. B 3TOH cHCTeMe MOoJIOXKeHHe MHJIeKCa He CYLleCTBeHHO W Mo-
3TOMY HET PasJIMuHOr0 THUIAa KOMIIOHEHT.

Hrak, B GUKCHPOBAHHON CHCTEeMe KOODAHWHAT TEH30p paHra n
onpefessieTcsl 3ajJlaHUeM ero KOMIOHEHT KOHKpeTHoro tumna. Ko-
HEeYHO, 3TU KOMIIOHEHTBl 3aBHUCST OT BBIOPAHHOH CHCTEMBI KOOp-
JUHAT. YCTaHOBUM 3aBUCHMOCTH MeXXJy KOMIIOHEHTaMM TeH30pa
B cucTeMax KoopauHat K (z®) u f{(ga). [lycts B mepBoOit cucre-
Me KOMIIOHEHTbl UMEIT BHJ Taol‘2"'a", a BO BTOPOH — TBfQ“'B"L.
B cusy nHBapuaHTHOCTH TeH30pa M 3aKOHOB Npeobpa3oBaHus Oa-
3WCHBIX BEKTOPOB MOJYYHUM

n

T= Tﬁ[?'”ﬁ"@m@gz c.eg, =T 22 ee,, .. e, =

— T @z-.an dzr g 9E g~

o 067w Dan e'leg, ...eq,. (1.2.15)

Orcrona, BBUIY JMHEHHOH HE3aBUCHMOCTH IOJHAM PaHra n ompe-
IeNéHHOH CTPYKTYPBl, HAXOOUM (hOPMYJIBl TTPpeoOpa3oBaHUS KOM-
TIOHEHT:

T\ B2..-Bn _ T Qz2...0m Oz 65,82 65'8"

o e B e (1.2.16)

O6patHble (OopMyJsbl MOJSYYAIOTCS aHAJOTHUHBIM CIIOCOOOM:

B &P 92 Qxen
axal 8552 U 855" :

T @2--0m ,1': B2-
1

P (1.2.17)

©Dopmyner (1.2.16), (1.2.17) nokaselBarT, UTO KaXAbIH KOBa-
PUAHTHBIH WM KOHTPBApHUAHTHBIH HHIEKC KOMIIOHEHThI TeH30pa
npeobpasyeTcsi N0 OJHOWMEHHOMY 3aKoHYy. Kpome Toro, xomro-
HEHTBl TEH30pa B HOBBIX [l€PeMeHHBbIX eCTb JHHeHHble KOMOUHA-
I[N BCEX KOMIIOHEHT B CTaphiX nepeMeHHbIX. [loaToMy TeH30p Oy-
JeT HYAEBblM, €CIU 8CE €20 KOMNOHEHMbL PABHbL HYAHO B ONHOU
U3 cucTeM KoopauHat. Termepb MOXKHO JNaThb U ApPYroe olpefese-
HUe.

Tensopom parnea n Hasviearom obvexm, KOMOpwil 8 GuKcu-
pOBaHHOL cucmeme Koopdunam onpedeasemcs 3" uuciamu —
KOMNOHexmamu, npeobpadyrowumucs npu nepexode Kk Opyeotl
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cucmeme KoopouHam 8 mom e npocmparcmee no Gopmyram
(1.2.16).
IlepBoe ompeneJsieHre ynoOHO UCII0Mb30BaTh B TEH30PHOM aHa-
JiM3e, a BTOpOe — B TEH30pHOH ajreope.
@Dopmynel npeobpasoBaHus KO3()(ULIMEHTOB OCHOBHOH KBaj-
paTUYHON (hOPMBbI
0z 02"
9aB = YGor 850( 65’8

M0Ka3blBAIOT UX TEH30PHYIO MPHUPOLY. 3HAUUT, COBOKYMHOCTh [e-
BSITH BEJMYMH (o8 ONpPELe/sAeT TEeH30pD BTOPOTO PaHra

G = g.pe”e’. (1.2.18)

OH HOCHUT Ha3BaHUe MempuuecKkoeo TeH30pa.

Yacmuote 8udet men3opos. [lpun =0, N =1 (N = 3" —
YUCJI0O KOMIIOHEHT) MOJYYMM TEH30p HYJEBOTO paHTra — HHBApHU-
AHTHBIH OOBEKT, OMpe/e/sieMblll B HEKOTOPOH CHUCTEME KOOPAHMHAT
OfHUM 4HcaoM. DTO ecThb cKausip. [Ipy n = 1, N = 3 nosaydaem
Tenzop 1-ro panra — uHBapuaHTHbl 06bekT T = T%, = Tse’,
T.e. BeKTOp. [Ipu n = 2, N = 9 uMeeM TeH30p BTOPOrO paHra,
JIJIs1 KOTOPOTO CIPABE/JIMBhL UeThIpe Pa3JIMUHBIX MPENCTaBIEHUS

T =T"e,es = T,pe“e’ = T%eaeﬁ =T e%s.  (1.2.19)

[lpu n = 3, N = 27 — rteH3op Tperbero panra u T.A. C pocTom
paHra OBICTPO BO3pacTaeT YUCJIO KOMIOHEHT M YHCJO0 Pa3/IHYHBIX
TNpecTaB/leHUH TeH3opa.

BBeném, aHajoruyHo BekTOpaM, (HU3HYeCKHe KOMIIOHEHTH
Ten3opos. Ilycts (e}, ,...,el ), (ef',...,e{") — HOpMHpOBaH-
Hble 3J1eMeHTbl KOOpAUHATHbIX 0a3ucoB cucTeMbl K. Torna

*

*
_paiaz..apgl 1 a
T=T e, ---€, =T,

2~‘O¢ne{111 e?n — —

:jﬁ‘alag‘“an e(1)41 e e?n‘ (1.220)

[lockonbky e, = H,el, e’ = Hﬁef, TO M3 MpejcTaB/eHHH
(1.2.15) u (1.2.20) Haiiném cBsi3W (HU3UUECKUX KOMIOHEHT UYepe3
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0ObIUHbIE KOMIIOHEHTHI

*
TOéla2...Oén = TO““‘O‘"HO“ o HOén7

*
a2...00n __ ag...Qp a1

Ty =T, *"H* H,,...Hq,, (1.2.21)
*
Ta1a2~~~05n: Tal‘“anHal “ee Ha",

JIns opToroHasnbHOH CHCTEMBbl KOOPAMHAT e = e, U Bce (u3nye-
CKH€ KOMIIOHEHTHl Pa3/JIUYHBIX THIIOB COBMAAAIOT.

MoxXHO paclIMpUTb MOHSITME TeH30pa CJelyIOLIUM 00pa3oM:
pacmpocTpaHWM HasBaHHe TeH30pa Ha 00bekT 1,72 %", KOoTOpbI
npeodpasyeTcs Mo 3aKOHY

Qa1 9P 9P
9P Dzaz " aon

T B2...0n M
T2 Pn = JMT, 020

s (1.2.22)

otnuyatomemycs ot (1.2.16) tonbko muoxutensem JM | rme J =
= |8§"/8x°‘]. HoBoe onpenesiennie TeHsopa BKJ/O4aeT B cebsl CTa-
poe pu M = 0. O6bekT, npeobpasytominiics no 3akony (1.2.22),
Ha3blBaeTcsl ncegdomeH3opom paHra n, a uuciao M — eeo se-
com. TeH30pBI, paccMaTPUBABIIHECS paHee, UMEIOT HYJIEBOH BeC U
4acTo Ha3bIBAIOTCS ab6COAOMHbIMU, UNA UCTUHHBIMU TEH30PaMHU.

[IceBnoTeH30pbl HYJEBOrO U NEPBOrO PaHra Ha3blBAIOT COOT-
BETCTBEHHO ICEBIOCKASPAMH U TICEBIOBEKTOPAMH.

OtmeruM, 4TO J11060MYy ICEBIOTEH30py paHra n W Beca M
MOXKHO COMOCTABHUTh UCTHHHBIH TeH30p. JleCTBUTEBHO,

Ozt QP> oEBn
OB Pgaz T Ppom

J/c\erf ,?2“'57:. _ (ffMT 042‘“0(")

al

T.e. f’MTaol‘Q‘“a" y2Ke UCTHHHBIH TeH30p (HCT0/b30BaHO MPABHIIO
npeoGpasoBanus ncesgockanspa f = Jf, fM = JM M),

Jlanee paccMaTprBalOTCS TOJIbKO UCTHHHBIE TEH30DHI.

Onepayuu c¢ men3opamu. BBenéMm HeKOTOpble ONepauud C
TEH30paMH, KOTOpble CHOBA MPUBOAAT K TEH30paM, MpH 3TOM Oy-
IIeM T10J1b30BaThCsl BTOPHIM OINpefe/ieHHeM TeH30pa.

Bosbmém nBa TeHsopa P u Q omHoro u Toro e paHra n H
CJIO’KMM TIOUJIEHHO (hOpPMYJIBl MpeoOpa3oBaHUs ONHHAKOBHIX KOM-
MIOHEHT
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~ aé’al agan
potan _ poi..on
Axor T Pxon’
~ afal agan
Q1.0 _ ()O1...0n o
@ @ Ozt Oxon’

NPUXOAUM K PaBEHCTBY

&M

Dot e

ﬁal...an + @al...an = (P71 4 QU1

OHo 03HayaeT, YTO 0OBEKT

TO1--0n — PO1---On + Qa'l---Un

agan

Oxon

ecTb TeH30p paHra n (1o BTopoMy omnpefeseHuo). JJaHHBIH TeH30D

W Ha3bIBA€TCA CyMMOli UCXOOHBLX meH30pos, T. €.

T=P+Q.

BunHo, uTo cKJambIBaTb MOXKHO TOJIBKO TE€H30pbl OAWHAKOBOI'O

paHra v onepauus CJA0KE€HHSI KOMMYTaTUBHA.

[lycTb uMeroTcsi nBa TeHsopa: P panra p u Q pasra ¢, u ux

KaKre-1100 KOMIIOHEHTHI, HallpUMep

85041 850@,
Ozor " Oxor’
ox™ Ox™e

TQW%

~
Pocl...ocp — Pol...op

Qﬁl“*ﬁ(] = QTL

[TepeMHOXKUB 3TU (YOPMYJIbI, IPUAEM K PaBEHCTBY

ﬁal...apéﬁluﬁq = P79 Q

K3 KOTOpPOro cJjaenyet, 4To 00BEKT
01...0 _ 01...0,
T I:rl“nrq =P PQTlm‘rq

€CTb TEH30p paHra p +4q, Ha3blBaeMbIH NpOU3BEAECHUEM
TE€H30POB, W 3allUCBhIBAIOT B BHUIE

T =PQ.

0&Xt oEr ' ox™ Jxe
“Tqal'al 81"717 8551 agﬁq )
HCXOIHBIX
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Takum o6pa3om, yMHOKEHHE TeH30POB ONpPeAe/IeHo s IBYX TeH-
30pOB MPOU3BOJBHEIX PAHTOB, U PaHT MPOU3BENEHHs pPaBeH CyM-
Me paHTOB COMHOXHTeJeH. [Ipon3BeieHHe TEH30POB CYIIeCTBEH-
HO 3aBHCHUT OT MOPsiiKa COMHOXHTeJell U OHO, BOOOLIe TroBops,
He kKoMMyTatuBHO: PQ # QP. B uactHocTH, ecan f — ckagsp,
tTo KomnoHeHtamu T = fP 6ynyr T = fP* % Ecau ne-
pPEMHOXKAIOTCSl IBa BeKTOpa a U b, TO mosyuaeTcss TeH30p 2-TO
paHra
T=ab, 7 =a®b’,

T.e. [Mafa. Eciau nepeMHOXKalTCs n BEKTOPOB ai, ..., a,, NOJIY-
YUM TEH30p paHra n

— ap...oy 01 (2 Qnp
T=aj,aq,...,a,, T = a\ag) A,
T. €. MOJNHaLY.
Csépmoisanue mensopa. Ilyctb T — TeHsop panra n > 2 u
OJlHA M3 ero CMellaHHBIX KOMIIOHEHT MpeobpasyeTcs Mo (opMyJe

o a Qn
f 2.0 — T 02...0n ax ! ag 2 ag
aq o1 65(11 Oxo2 e Oxon ’

(1.2.23)

rie o ..., = 1,2,3. Bo3bMéM Telepb TOJIBKO Te PaBEHCTBA, B
KOTODBIX MHJEKCHl (v7 MU (v OJMHAKOBBI, U 00pasyeM HX CyMMY:

Qa7 9E pges gEon

j'\v a13...0p, — T 0203...0
a1

7 O& 9zo2 Qo3 T Quon
. 85043 agan

— T 0103...0n
a1 daos " Daon

(1.2.24)

TaK KaK (0x7' /OEY)(0E /0x7?) = 671, . [lonmyunnu 3akoH mpe-
o6pa3oBaHus TeH30pa paHra n — 2, KOTOPBIH HasblBaeTcsl c8épm-
kou men3opa T no nBym uHiekcaM. TakuM o6pasom, omepauus
CBEPTHIBaHUA TeH3opa 1,927 [0 Pa3JMYHOrO THUMA HHIEKCAM
01, 02 COCTOMT B COIOCTaBJEHUHM HCXOJHOMY TeH30py TeH30pa
T,7%+7", paHT KOTOPOTO Ha JiBe eJMHHULbI HUKe. SICHO, 4TO MOXK-
HO 006pa30BbIBATb HECKOJBKO Pa3JHUYHBIX CBEPTOK, Ba)KHO TOJb-
KO, YTOObl OAUH U3 HMHIEKCOB OblJ] BEpXHHUM, a APYroH HHXKHHM.
Ornepannsi cBEPTHIBAHHST MOXKET OBITb MOBTOPEHA HECKOJBKO pas,
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U TEH30py YETHOTO paHTa MOXKHO COMOCTABHUTh TEH30p HYJEBOTO
paHra, Ha3blBaeMbIH UHBAPUAKMOM UCXOLHOTO TEH30pA.
3aMeTUM, 4TO

TUJGS"'U" — T‘r wag...frn nggaw —
=7 e ong e =TT T (1.2.25)

w
T.€. eCJIM B CBEPTKE MOJHUMAeM HUKHHUH MHIEKC CyMMHpPOBaHHS,
TO BEPXHUH HHIEKC CJEIYeT OMyCTHTb.

CransapHroe ymuodxcenue men3opos. CKaJsipHbIM TpoU3Befie-
Huem TeHsopa P panra p u TeHsopa Q paHra g sIBAS€TCS pe3y/bTaT
MOC/IEIOBATEJNBHOIO BBIMONHEHHST IBYX omnepauui: 1) yMHOXeHHe
P Ha Q; 2) cBépThiBaHUE MPOU3BENEHUS MO TOCAETHEMY HUHIEKCY
MIePBOTO COMHOXKHTEJISI ¥ 10 IEPBOMY HHIEKCY BTOPOro. Jpyrumu
caoBamMu, T=P-Q u

Toc1...ocp_1 Ba. B — Palmapila@aﬁguﬂq,

npuuéM rp = rp + rg — 2, TAe uyepe3 T, rp, g 0003HAUYEHbI
paHTH TeH30pOB. fICHO, UTO CTENEHH TeH30pa 2-ro paHra CHOBA
SIBJISIIOTCS TeH30poM 2-ro panra: ecan T = T%eaeﬁ, TO

T =T-T=T¢ %eqae”,

(1.2.26)
T =T -T° =TT T eqe”, ..
Jnst nonHoTe! psima (1.2.26) yc/a0BHO CUMTAIOT, UTO HYJeBas CTe-
NeHb
T’ = g,pe%’ = G (1.2.27)

COBIIaaeT ¢ METPUYECKHUM TEH3O0POM.
Kak yXKe 0TMe4daJloChb, CBéprIBaHI/IeM MO2KHO MMOJYYHUTb MHBa-

puanTthl. M3 mocnenoBarenbuoctu (1.2.26) Haiiném ux:
J = , Jo=T9T9, J3=T°T7T",
(1.2.28)
Jy = TO;T‘;TLT“O’” .

dra HeOorpaHn4deHHas InocJjaen10BaTe/JbHOCTb UHBAPHUAHTOB o6pa3o-
BaHa HW3 KOMIIOHEHT HCXOOLHOTO TE€H30pa; OHW Ha3bIBAIOTCHA elé
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ceépmramu. MoxKHO BUIETD, UTO J1, Ja,... IBJASIOTCS OQHOPOJHBI-
MU (PYHKLHUSIMH KOMIIOHEHT ¥ HOMep CBEPTKH AAET TOPSIO0K OTHO-
ponHocTH. anee 6yner MokasaHo, 4YTO CTh TOJIBKO TPH (HYHKIHO-
HaJIbHO He3aBUCUMbIX WHBapUaHTa, Hampumep Ji, Jo, Js.

Cummempus u anmucummempus mensopos. Ilocne nepe-
CTAaHOBKHM Yy KOMIIOHEHT KaKHX-JuOO JBYX BEPXHUX HJH JBYX
HW2KHUX MHIEKCOB, BOOOILIE rOBOpPS, MOJy4YaeTcsi APYyrod TeH30p.
Ecnn nocse Tako#l mepecTaHOBKH TEH30p HE M3MEHSIETCS, TO OH
Ha3bIBAeTCS cummempuunoim. ECIM Kaxkible IBe KOMIIOHEHTH C
nepecTaBleHHBIMU HMHAEKCAMU OTJIHYAIOTCS TOJNbKO 3HAKOM, TO
TEH30p — QHMUCUMMempuuHbli 0 3TUM HHAeKcaM. Tak, ec-
JIA TEH30Dp TPeThbero paHra TO‘BW CUMMeTpHUYeH No o U 3, TO
T8 L= The - Ecnt on anTHCHMMeTpHYEH, TO T8 L= —TBe -
KoMmmnoHeHTB aHTHCHMMETPUYHOTO TEH30pa, B KOTOPOM MepecTaB-
JisieMble MHEKChl OJJMHAKOBBI, PaBHBI Hym0: 1% y = —Tex ~» OT-
kypa T** = 0. TeH3op CHMMeTPHYeH HJIM aHTUCHMMETPHYEH I10
KaKOU-100 T'pyTIe OJWHAKOBO PACIOJIOKEHHBIX WHAEKCOB, €C/H
OH SIBJISIETCSl TAKOBBIM 0 KaXXAOH Mape WHAEKCOB 3TOH TPYIIIbI.
[lyctb, HanpuMep, TeH30p 3-r0 paHra CUMMETPHUYEH IO BEPXHUM
uugexcam, 1oria Tory = T goagrs = TP grpgoa = Troy —
CUMMETpPHYEH 0 HMXKHHUM HHIEKCaM. 3HAuuT, NPH ONpeleseHHH
CUMMETPHH TEH30pa 110 ABYM HHIEKCAM CYU4ECMBEHHbL HOMEepa
amux uHOeKcos W He BaXKHO, PACIOJIOXKEHbl OHU 062 BBEpXY HJIH
00a BHHU3Y.

Csoticmso cummempuu ULl QHMUCUMMEMPUL SBASEMCS UH-
8apuaHmmMbimM, XOTS KOMIIOHEHTBl T€H30pa M 3aBUCAT OT BbIOOpA
cHCTeMbl KOOpaMHAT. B camom nesie, HanpumMep AJisi TeH30pa 3-ro
panra, ecau T8 L= T 2 TO

T\UTw:Taﬁwggszﬁa gg@:fﬂ; )
Ox® OxP OEw Y OxP Ox OEw w

AHanoruyHO 10Ka3biBaeTcss MHBAPHAHTHOCTb CBOHCTBA aHTHCHM-
METPHYHOTO TEH30pa.

Cummempuposanue u anvmeprHuposanue. VI3 KOMIOHEHT
Tnp TEH30pa BTOPOTO paHra o6pasyeM CUMMeTPUUHEIH T\, 5) U aH-
THCHMMeTPUYHBIH Tiq ) TeH30pbl T(ap) = (Tap + Tpa)/2, Tlag) =
= (Twp — TBa)/2. Tensopy tpetbero panra T,p, aHAJTOTHUYHBIM



1.2. Tensopor u anrcebpaureckue onepayuu Had HUMU 29

croco60M MOXHO COIOCTaBHUTh TE€H30PbI

1
Ttapy) = 57 Tapy + Tpya + Tyap + Toay + Tays + Thpa),

1
Tiapm = 57 (Tapy + Toya + Trap = Thay = Tanp = Tysa),

U3 KOTOPBHIX MepBbIH fIBJSETCS CHMMETPHYHBIM, a8 BTOPOH — aH-
TUCHMMETPHUUHBIM MO BCeM TPEM HHAeKcaM. Jlerko BHIETb, YTO
CUMMETPHUYHBIH TEH30p ONpelessieTcss Kak cpefiHee apHdmeTHye-
CKO€ TE€H30pOB, MOJy4aloLUXCsl U3 UCXOAHOI0 NyTéM BCEBO3MOXK-
HBIX TEPeCTaHOBOK HHJEKCOB; aHTHCHMMETPHUUHBIH TEH30p eCTb
cpenHee apu(MeTHIECKOe TEH30POB, NOJYUEHHEIX BCEBO3MOXKHBI-
MU TOACTAHOBKAMM HHIEKCOB y HCXOMHOTO TeH30pa, MpHYéM B
clydae YETHOH IOACTAHOBKM OepéTcs 3HAaK IJIIOC, a B cJydae
HEUYEéTHOH — MHHYC.

[Tono6Has omepauusi npUMeHHMMa K TeH3opaM 4-ro u 0GoJee
BBICOKHX PaHTOB.

Ornepanus conocraBieHUs] JaHHOMY TE€H30DPY TE€H30pa TOTO XKe
paHra, CUMMeTPHUYHOT0 [I0 HEKOTOPOH IpyIIe OfMHAKOBO PaCIOoJIo-
JKEHHBIX MHIEKCOB — CUMMEeTPHPOBAHHE, a ONepalLus CONocTanJe-
HUS JaHHOMY TEH30py TeH30pa TOr0 K€ paHra, aHTHCHMMeTpHY-
HOT'0 110 KaKOH-/J100 Ipyrne HHIEKCOB — ajbTePHUPOBaHHE.

Teopema 1.1 (cBoiicTBa ABOHHON CBEPTKH). [B0iinas ceépm-
KQ MeH30pa Npou3BoAbHO20 PAHea, CUMMEMPUYHOEO NO C8Ep-
MbL8AEMbIM UHOCKCAM, C MEH30POM NPOUSBONLHOEO PAH2A, QH-
MUCUMMEMPUYLHBIM NO dmum xe undekcam, pasua Hyarw. 06-
pPaAmHO: ecau pasHa Hyao 080UHaA c8épmKa 08YX MeH30p08
NpoU3BOLLHBIX PAH208 U eCAU O0UM U3 MeH30p08 ecmb npo-
U3B80MbHYLLL MeH30p, cumMMmempuuHbll (aHmucUMMempuiHbLLl) no
ceépmoigaemoim urdexcam, mo Opyeou MeH30p AHMUCUMMEN-
puden (cummempuier) nO IMUM UHOCKCAM.

Hoxazamenscmeo. Ilycte S, A — TeH30pbl PaHIOB S U a CO-
OTBETCTBEHHO, CBEPTHIBAIOTCS IO ABYM MEPBbIM HHAEKCAM H

Soraz...as SOC2C¥1~~~045; (1229)

AB,By..p0 + Apspy...p. = 0. (1.2.30)
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Torma nBoitHasi cBEPTKA CHMMMETPUYHOrO T€H30pa S M aHTHCHM-
MeTpPHUYHOro TeH3op A paBHa HyJ0. [leHCTBUTeJbHO, B CHIY
(1.2.29), (1.2.30)

551B2043~
_ 1
2
1 B1B2as...a
=55 “(Ap1as...00 + Apapifs..p.) = 0. (1.2.31)

"% AB,Bafs.. e =

(Sﬁ1ﬁ2as- + Sﬁzﬁlas-

"asAﬁlﬁQﬁS,,,ﬁa “aSAﬁzﬁlﬁsuﬂa) =

Jns nokasatesbcTBa o6paTHOro 3amMeTuM, uto u3 (1.2.31) nas
MPOU3BOJIbHOrO TeH3o0pa S caenytoT paBeHctBa (1.2.30), Bblpaxka-
IOlIMe aHTUCHMMETPHUUHOCTb TeH30pa A.

[lycts Temepb A — MPOU3BOJIbHBIA aHTUCHUMMETPHYHBIN TeH-
30p 1 cBépTKa S u A paBHa HyJw0. Torna

0= Salo&aswasAalazﬂsuﬂa =
1

- 5 (SalomagmasAoqoczﬁs---ﬁa, + Sa?alasmasAa20¢1/33~ﬁa,) =

Salagag...as _ Sagalag‘“as) — 0

1
= 5 Aa1042[33~ﬁa, (

U B CHJY IMPOU3BOJIBHOCTHU TE€H30pa A noJIy4YuM CHUMMETPUYHOCTDb
TeH30pa S no CBéprIB&EMbIM HHIEKCaM. TeopeMa JOKa3aHa.

DTa TeopeMa 4acTO MCIMOJb3yeTCs NPU pas/IMYHbIX Npeodpaso-
BaHUAX TEH30PHBIX BbIPAKEHUH.

Teopema 1.2 (nenenusi tensopos). Ob6vexkm T, 3adasaemoiii
8 cucmeme Koopouram x% ¢ nomowjpro 3" ducesr — KOMNOHEHM
T % agaaemca meH30pOM panea n, ecAu Npu YMHOMEHUU
ee0 Ha Npou3BoAbHbLL meH30p 8§ panea m < n U C8EPMKU NO M
undexcam noryuaemcs meusop P parnea n — m:

Pomti O PO OmOm g (1.2.32)
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Hokazamenoscmeso. 3anuiiem paserctso (1.2.32) B cucreme
R(e):
fﬁlmﬁmﬁm+1~ﬂn§51Hﬂm —
agBerl agﬁn

_ ﬁﬁnLJrlmﬁn — pOmt1.an

Oxem+1 T Gron
g 6£B7n+1 6£Bn B
= Q1. Oy al’am'"l e 3%0‘" -
g aEh OEPm  §ghm+ &P
Probn uar " Grom dpamit T Pron

OTKyIa

R 8551 agﬁn ~
Pt _peren O KNGy

Tax Kak S — NpOU3BO/NBHEIH T€H30p, TO KOMIOHEHTH Sg, .3, —
TNPOU3BOJIbHBIE BEJUUHHBI. 3HAUHT,

j’\ﬁluﬂn — o0 8551 . agﬁn
Oz Oxn’

T. €. TEeH30pHbIH 3aKOH npeobpasoBaHus U 00beKT T cyTb TeH3op
panra n. Teopema noKasaHa.

JlaHHasi TeopeMa [aéT KPUTEpU, YCTAHABJIUBAIOIIUE TEH30D-
HbIH XxapakTep o6beKToB. [/ HJIIOCTPALUH PACCMOTPHM OCHOB-
Hylo KBagpatuunywo gopmy ds? = gopdr®dxP. B neit do“da’ —
TNIPOU3BOJIbHBIH T€H30p 2-I0 paHra, 6o caMu A hepeHLHaIbl MO-
ryT ObITb MPOM3BOJBHBIMH; BeJHUYMHA ds? — CKajsip — TEeH30p
HysneBoro pasra. Ilo TeopeMe AByXHHIEKCHBIH OOBEKT gng €CTb
TEH30p 2-T0 paHra, Ha3BaHHbLIH Bblllle METPUUECKUM TE€H30POM.

1.3. METPMMECKMHM U OUCKPUMMHAHTHbBIA
TEH3OPbBI

MeTpI/I‘-IeCKI/II./JI TE€H30p TECHO CBsA3aH C MeTpHKOﬁ IIPOCTPAHCTBA
H UMEEeT BUJ

G = g.pe”e’. (1.3.1)
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Dopmyna (1.3.1) maér npencraBieHHe ¢ NOMOLLbIO KOBAPHAHTHBIX
KOMNOHEHT Gog = gog, COBMNAJAIIUX C KO3(h(PHIHEHTaMH OC-
HOBHOH KBafpaTUUHOH (opMbl. KOMINOHEHTHl ApYyroro BHAa MoJy-
4aloTes MyTéM MOAHATHS MHIEKCOB!

Ga[—} = gaagaﬁ - 502—37 Go? = gaaggﬁ - 5aﬁ,
GP = G% g7 = §%g°" = ¢°F,

T. €. CMellaHHble KOMIIOHEHTH! NPeacTaB/sT coboi aebThl Kpo-
Hekepa. Takum ob6pasowm,

G = gope”e’ = 5%eaeﬁ =6e%s = g"Pe e (1.3.2)

U MeTPHUECKHH TeH30p cHUMMeTpudeH. [asee, B so6oil npyro#
cucTeMe KOOpAMHAT

o, — go 0002 087 07 s
C o =0 507 067 ~ oav 087 0

M CMelllaHHBle KOMIIOHEHTHl TOXKe eCTb AesbThl KpoHekepa.

Bosbméwm sr060i1 TeHsop T, Hanpumep 3-ro paHra, u o6pasy-
eM ckaJjspHoe npoussefieHde S = G - T. {19 KOHTpBapHaHTHBIX
KOMIIOHEHT TeH3opa S umeem

SoPY = ga TP =78 G.-T=T. (1.3.3)

JIpyrumu cji0BaMH, TPU YMHOXKEHHH MEeTPUUYECKHH TEH30p MIpa-
€T poJib €IMHUUYHOTO TeH3opa U Jirbdas creneHb G coBmajaer ¢
camuMm G.

Kak yxe oTMeudasoch, BEKTOpHbIE MPOWU3BENEHUsS 0A3HCHBIX
3JIEMEHTOB MOXHO pasJioXKUTh MO BEKTOPaM KOHTPBapHAHTHOrO
HJIH KOBapHaHTHOTO 6a3ucoB

€, X €3 = €a5,€7, € x el = e re,

(1.3.4)
e, xe” =e“e,.

Paccmorpum mepsyio u3 dopmya (1.3.4) 1 yMHOXKUM €€ cKa-
JISIDHO HA e.:

(ea,eg,e«,) = 604,30(5% = €af~- (135)
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Haiiném 3akoH mpeo6Gpa3oBaHHs BeNHUUYHMH eqg, NPH Nepexose
K HOBO# cucTeMe KoopAHHaT. MMeem

O‘aga’ BafT’ 'yagw
o oa o
= CaBy aga ag‘r agw’

é\a‘rw = (/e\av/e\‘f'v/é\w) = <
(1.3.6)

OTKYyZa BEITEKAeT, YTO €n3y €CTh KOMIIOHEHTHl TeH30pa 3-r0 paH-
ra. On o6o3Hauaetcst 4yepe3 E u HasbIBaeTcs duckpumunanmuoim
TEH30POM:

E =c,5,e% e = eaﬂveaeﬁe”y =c"Peyese, =... (1.3.7)

W3 cBoficTB cMmemanHoro npousseneHus (1.3.5) cienyet ero aH-
TUCHUMMETPHUYHOCTD 110 BCeH TPOHKe HHIEKCOB:

€aBy = ~€Bay,  Cafy = TCEyfas  Cafy = ~Cays- (1.3.8)

3HauuT, BCe KOMIOHEHTBl T€H30pa, Y KOTOPBIX [Ba WJH BCE TPU
WHIEKCA OIMHAKOBBI, paBHBI HYyJ0. HeHyseBble KOMIIOHEHTHI OT-
JIMUAIOTCS OT €193 TOJBKO 3HaKOM. Tak Kak

(ea,€p,€,)° =g, (1.3.9)

TO €123 = \/g, W KOBapHaHTHbIE KOMIIOHEHTBI Te€H30pa E umeroT
3HA4YeHHU4A

V9, «afy — déTHas nepecraHoBka u3 1,2, 3;
€afy = -9, «f7y — HeuéTHas mepecTaHoBKa U3 1,2,3;
0, B oCTaJbHBHIX CayyYasX.
(1.3.10)
3ameTuM, 4TO KO3(QUIHUEHTH BO BceX pasnokeHHsx (1.3.4)
€CTb KOMIIOHEHTbl TUCKPHMHHAHTHOIO TeH30pa. Tak, HJs JeBoH
YaCcTH BTOPOr'O PaBeHCTBA HMeeM

et x et = gmg“ﬁ(ea X eg) =

= 9" enpre” = g 9"’ 9" enpoe).
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CpaBHeHHe 3TOTO BbIpaXKEHHsI C MPaBOH YaCThi0 MOKA3bIBAET,
4TO
A Ao
e =g g“ﬁgpoea@,, (1.3.11)

T.e. KO3(DPUUKEHTb e P TMOJy4alnTCss M3 KOMIOHEHT €5, C

MOMOIILBIO OTepaldd TMOAHSATHS HHAEKCOB U, 3HAYMT, SBJSIOT-

csl KOHTpPBapHaHTHBIMH KoMrnoHeHTaMH TeH3opa E. Ilockosbky
2 e3)2 = gy, T0

(el,e?, e
' = (e',e2,e%) = /71, (1.3.12)

v aas e“?Y nonyuum Bbipaxkenus Buaa (1.3.10) ¢ sameHoi g
Ha gi.

3ameuanue 1.4. B TpéxmepHOM INPOCTPAHCTBE POHU3BONBHbIH
AQHTUCUMMETPHUYHBIH TeH30p S TPeTbero paHra Toxe HMeeT TONbKO
OJIHY He3aBHCHUMYIO KOMMOHEHTY St23 7# 0. [loaTomy cyiecTByioT
CBSI3H

€123Sa8y = S123€a8y, €235 = §1Zeal, (1.3.13)

MeTpuueckuél ¥ AHCKPUMHUHAHTHBIH TEH30pbl YYacTBYIOT B
CKaJIIPHOM M BEKTOPHOM IIPOM3BeNE€HHH TeH30poB. CKaJjsapHoe
MPOU3BeJieHHe IBYX BEKTOPOB a U b

f=a-b=(a.e%) - (bge’) = anbs(e”-e’) = g*Panbs = anb®.
Ecniu T — teH30p 2-ro paHra U a — BEKTOp, TO

b=T a= (Taﬁeaeﬁ) (a,e7) =
= Tapaye (e’ - e7) = Typa,g"7e”, (1.3.14)
bo = agaygm = Taﬁaﬁ.

BeKTOpHOE npousBeaeHUEe NBYX BEKTOPOB

c=axb=(a,e%) x (bge?) =
= a,bpe” x e’ = e*Fra,bge., (1.3.15)

& =e*®aybg.
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AHaJIOI’I/ILIHO, BEKTOPHO€ MMpOKU3BeiIeHHE BEKTOPAa a4 Ha TEH30p T

Q=axT=
= (ane®) x (Tg,e’eY) = a T, (e x e’) e’ =
_ afo o __ _afo
=e"a,Tp €., Q7 =e*a,Tp,. (1.3.16)
Wrak, npu cKaJsipHOM ¥ BEKTOPHOM MPOM3BEJEHHH BEKTOPOB
M0JIYYaloTCsl TEH30Dbl, PAHTH KOTOPBIX HMXKE CYMMBI PAHTOB CO-
MHOXKHTEJIeH COOTBETCTBEHHO Ha 1BE W ONHY €IHHMIBL.
CylecTByeT TecHasi CBSI3b MEXIY AMCKPUMHHAHTHBIM TEH30-

pOM U omnpefenuTenssMu. JeHCTBUTENBHO, CMEIIaHHOE IPOH3BeIe-
HHe BEKTOPOB

a-(bxc)=(a,b,c)=(e,,ese,)a"b’c’ =
= eamaabﬁcw = 1930 b2 + e300 B3P+

273 1 271 3 371 2
+ eg31a“b’c” + es13a°b ¢’ + e310a°b ¢+

a1 a2 a3
+ ezma®b?ct = \/g| b b2 B3|, (1.3.17)
61 62 63

rie npuMeHeHbl paBeHcTBa (1.3.10). Ecou mosb3oBaThesi KOBapH-
AHTHBIMH KOMIIOHEHTaMH BEKTOPOB, TO MOJNYYUM

ay az as
(a,b,c) = e““asbrc, = /gi| b1 ba by |. (1.3.18)

i C2 C3

[lyctb Temeps B Qopmyne (1.3.17) a® = T9, b° = Tg,
¢ = T?s’ rue T% — KOMIIOHEHTH TeH30pa 2-ro paHra. Torma
apy T TP T 5 = /g T |, (1.3.19)
awus (1.3.18) —
M T \T? T°, = \/o1| T, (1.3.20)
Bunno, uto

eap T \T7 T, (1.3.21)
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€CTb aHTUCUMMETPHUYHBIH T€H30p 3-T0 paHra, U KOoTaa A, i, v MpH-
HUMaIOT 4yacTHble 3HaueHus 1,2,3, To BeauuuHa (1.3.21) ectb
VI|T",|. Orctona 1 u3 (1.3.10) genaem BIBOZ, 4TO

eOéﬁ’YTa )\T,B ;,LT‘Y v = |Tlm|e>\ul/~ (1322)
Amnajoruuso,
o TH TV =T |eM™. (1.3.23)

[TocsienHue nBa paBeHCTBA MOKA3EIBAIOT, UTO MepeMeHa MeCT JIBYX
CTPOK HJIM CTOJIOLIOB U3MEHsIeT 3HAK OIpeae/nuTe/s. B yacTHOCTH,
TPU PaBeHCTBE IBYX CTPOK HJIH CTOJIOLOB ONpeeHTeNb 00paria-
eTcsl B HOJIb.

Ecnu nmepeMHOXHUTb ABa AUCKPUMHHAHTHBIX TEH30pa, MOJY-
yuM TeH30p wiectoro paHra. O6pawasce K ¢opmynam (1.3.11,
1.3.12), HeTpynHO yOeoUTbCs B TOM, YTO CMeLIaHHBIE KOMIIOHEH-
TBI TeH30pa 6-ro paHra

1, xorma afy ¥ oTw
OTJIMYAIOTCSI Ha YETHOE
YUCJIO MePECTAHOBOK;

§oaBy

v, =ePe,, = —1, korma afyu oTw

OTJIMYAKOTCH Ha HEYETHOEe
YUCJIO MTePeCTaHOBOK]

0, B OCTaJIbHBIX CJayydasiX.

OkaspIBaeTcsi, YTO MOJYYEHHBIE TEH30P MOXKET OBbITb BbIparkKeH ye-
pe3 cMellaHHble KOMIIOHEHTBI METpHUueckoro texsopa. Iljs atoro
BocmoJib3yemcst paBencrteamu (1.3.22) u (1.3.23)

§too8%2 83
Corw = 6>\HV5)\05#7-5V4U = \/§ 517‘ 527‘ 537- )

5L, 82, 88,

w
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57 0% 0%
e = M §a 5P 8, = \Ja1 | 8% & 8,
LR FA A
[lepemHOXKasi 3TU paBeHCTBAa M YUHUTBIBas, YTO ¢gg; = 1, MOJYyYUM
BbIpaxKeHue

LR A L DA L U8 s 5o ge
5a5777'w = 561/51/0' 5BV5VT 5%/5111 = 5BO' 567' 55{.«/ )
RN LA o CAT o L 56 8,

OTKy[a, B Pa3BEPHYTOH 3alHUCH,

5By

oTW

= 5206857, 4+ 68 67.6% 4+ 67 6%68 —

— 0P 6967 — 526768 — 67 6% 6% . (1.3.24)

PaccmoTpum cBEpTKH 3TOro TeHsopa. [Ipu cBEpPTHIBaHUU 10
HUHIEKCAM « U o TIOJyUHUM TeH30p 4-ro paHra

6P =308067 +67.6°% + 6768 — 36768 —

— 0857, —676° =6867, — 6767 (1.3.25)

CgepHéwm el1é pa3 no nape UHIEKCOB 3 U T, MOJYYUM TEH30p 2-TO

aHTra
P 5a57

afw

=367, —67, =267, (1.3.26)
[Tocnenusisi cBEpTKA M0 MHAEKCAM Y U w NAET UHBAPHAHT
5P 5 =267, =6. (1.3.27)

O6mbexTo (1.3.24)-(1.3.27) HasbiBaloT cuMBosiaM#t KpoHekepa;
BCE OHM BhIpaxkatoTcsi uepes nesbThl Kponekepa. Cumpoda (1.3.26)
UCIIO/b3yeTCs /s MOACTAHOBKU HHIEKCA

1
5 eaﬁweanTUu} _ 6'waa'w — Ta"y;

cumBoa (1.3.25) MoxeT ObITH CBSI3aH C OMepalyell anbTepHUPOBa-
HHS 10 IBYM HHAEKCaM:
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%6015760”_“)1"7@' _ % (TP — 178 = T8,

a cuMBoJ (1.3.24) — c anbTepHUpOBaHUEM MO TPEM HHIEKCAM:

1 1
8 ey T = G (TP 4 TPY4

4 7B _pBay _ o _ Tvﬁa) — TleB]

OTMeTHM ellé 1Ba MOJE3HBIX Pe3yJbTara, CB3aHHBIX C IHC-
KPUMUHaHTHBIM TeH30poM. [lycts A,3 — aHTHCUMMETPHUYHBIH
TEH30p 2-T0 paHra u

a¥ = e*PY A (1.3.28)

Jannas Qopmyna nponyckaer obpamieHde. [leHCTBUTENBHO, IO
dopmyne (1.3.25)

eaﬂr'ya’y = eaﬁ’yeorfone,B =
= (0208 — 68 69) Aup = Agr — Ay = 244,

OTKyIa

1
Aor = 5 earya. (1.3.29)

Tensopel Anp W a”, cBssaHHble popmynamu (1.3.28), (1.3.29),

Ha3bIBAIOTCS 080LCMBEHHbIMU, UITH OYaLbHbIMU, TEH30PAMH.
YMHOXKMM 06e uacT paseHctBa (1.3.22) Ha e u mpocyM-

MUpPYEM IO MHAEKCAM A, i, v, ucrnoabays dopmyay (1.3.27):

M e TSTETY, = [T M7 er,, = 6|T, |,

oTcIona
|T

l‘:
m

10
2 g amB
65 By AT, (1.3.30)

Takum o6pasom, onpenenutenb |T', | aBasercs uHBapuaHToOM
TeH3opa 2-ro paHra. B ero o6pasoBaHuM yuyacTByeT TeH30p 6-TO
paHra — cumBoJ KpoHekepa.



1.4. Tensopol 8mopozo parea u meH3opHbie GYHKYUL 39

1.4. TEH3OPbl BTOPOIO PAHTA
U TEH3OPHbBIE (bYHKLHUU

Jlns TeH3opa 2-ro paHra MMeeM cielylolIue yeTblpe (POPMBL:
T = T,se%e’ = T%eaeﬁ =T/ e%es =T e es. (1.4.1)

[TosTOoMy B (pUKCHPOBaHHOH cHCTEME KOOPAMHAT 3TOMY TEH30pY
COOTBETCTBYIOT UeTbIpe pa3jHuHble KBajpaTHble MaTpULBl 3-TO
MOPSifIKa, COCTaBJIEHHbIE U3 KOMIIOHEHT TEH30pa,

Ay = (Tap), A2 =(T%), A3 =(T,0), As=(T"), (142)

NpuUuéM TMepBBIH HHAEKC COOTBETCTBYET HOMEPY CTPOKH, BTO-
poit — HoMepy crosibua mMartpuil. [Tockonbky Tog = gaol'G =
= T.°9o8 = Gacl’"grp, TO Mexnpy Marpuuamu (1.4.2) cymue-
CTBYIOT CBSI3H

Al = Q*Az = ASQ* = g*A4g*, (143)

rae Matpuua g« = (gag), cM. (1.1.13).

flcHo, uTo ecu 3amana onHa u3 matpull (1.4.3) B pUKCHpPOBaH-
HOH CHCTeMe KOOpPIHMHAT, TO B 3TOH CHCTEMe U3BECTHbl KOMIIOHEH-
THl TEH30pa C HEKOTOPBIM CTPOEHHEM HHAEKCOB, 3HAUNT, U3BECTEH
U caM TeH30p. [lpyrUMu c/oBaMH, MeXIy TE€H30paMH 2-T0 paH-
ra ¥ KBaJipaTHBIMM MaTpPULAMH 3-TO TMOpPsSIKAa UMeeTCs B3aWMHO
OJIHO3HAUHOE COOTBETCTBHE.

Jllo6omy TeH3opy 2-ro paHra MOXKHO CONOCTaBUTb 1Be JIMHEH-
Hble BEKTOP-(PYHKLHUH

b=T-a, b'=a-T b*=T%" V*=T"". (144)

OueBHIHO, UTO 3ajaHue JHHeHHOH BekTOp-pyHKIMU (1.4.4) nau
3aJlaHye TeH30pa IKBUBAJEHTHBI APYT APYTY.

Tensopy 2-ro panra T comocraBasiercsi 6uanHelHasi gopma
(x=12%0, y = y¥eq)

f(@7,y7) = Tapz®y” (1.4.5)

¢ MHBapHaHTHO# BesnunHo# f. O6paTHo, 3ananue dopmer (1.4.5)
onpenensiet Mmatpuuy A; u3 (1.4.3) uiu, 4TO SKBUBAJIEHTHO, TEH-
3op T.
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3HauuT, XapaKTepUCTHKA TeH30pa KaK HHBAPUAHTHOH BeJIUYU-
Hbl COBMAJaeT C MHBAPUAHTHBIMH CBOHCTBAMH MAaTpPHIBI, JHHeH-
HOHM BEKTOP-(YHKIHUH WM OUJUHEHHOH (DOPMBI.

[IpousBosbHBIH TeH30p 2-ro panHra T mnpexncraBisieTcss envH-
CTBEHHBIM CII0COOOM B BHJE

T=S+A, (1.4.6)

e KOMIOHEHTbl CHMMETPUYHOT'0 TeH30pa S ¥ aHTHCHMMETPUYHO-
ro teHsopa A omnpezessorcs GopMyaaMu

1
5 (Tocﬁ + Tﬁa)’

1
Aap = Tiag) = 5 (Tap — Tia)-

Sap =Tiap) = (147

BBeném nJist mepBbIX HHBapHaHTOB — CBEPTOK TeH3opoB T, S,
A — o0603HaueHus

JE=tT=T2, JP=trS=2S8%, J'=trA=A4%. (1.4.8)
ITo Teopeme o0 cBoficTBax ABOHHON CBEPTKU
T = A% = g Age =0,
1 13 (1.4.6) BbITEKaeT paBeHCTBO
JE =78+ J = J2. (1.4.9)
Tenszop P BTOporo paHra HasblBaeTCsl ULApOBbIM, €CIH
P=fG, P%=/fi%, (1.4.10)

rie G — MeTpuuecku# TeHaop, f — ckanasp. [lepBblli HHBapUaHT
1IapOBOT0 TeH30pa

JP = trP = P2 = f5 = 3f.

CumMmMmeTpuuHbIH TeH3op 2-ro panra D HaseiBaeTcs desuamo-
pOM, €CTM PaBeH HYJIIO ero mepBblil uHBapuant, J{¥ = 0. Jlio6omy
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CUMMETPUYHOMY TE€H30pY S BTOPOro paHra MOXKHO COINOCTaBHTb
JieBUaTOp 0 (popmyJie

D=S-P, Pz%ﬁG, (1.4.11)

Tak Kak JP = D% =S¢ — P% =S¢ — J76%, /3 =J7 —JF = 0.
[To3TOMy CHMMETPUUHBIH TE€H30p MPEACTABJSETCS B BHIE CYMMBI
L1apOBOrO TEH30pa W [eBHATOPA:

S=P+D. (1.4.12)

Tem cambim HpOI/I3BOJ]beIﬁ TEH30p T BTOPOr'o paHra MMeeT BUL
1
T=P+D+A, Pzgﬁh. (1.4.13)

[TocsienHee BbiTeKaeT u3 ¢opmyasl (1.4.11).

Ia tensopa T u T~ ' HaseiBaloTCst 83aUMHO 06PAMHbLMLL, €C-
JM HUX CKasspHOe NPOH3BeJileHHe COBMajaeT C MeTPUYECKHUM TeH-
sopom: TT ™! = G.

ITycts T — TeH3op 2-ro paHra, UMeloOLUH JieBbIH Tl_1 U 1pa-
ot T, ' rensops:: T, - T=G, T-T,' =G. Torna T, ' =T, "
M CYIIECTBYET TOJBKO OIMH TEH30p, 00paTHHIH TaHHOMY.

Ecan Q — npaseiit o6parsslil Tensop, To T'0Q% = 5. Pas-
naras onpegenutens |T'| no snementam a crpoku: T9t%, =
= [T |69, t% — CyTb anreGpanueckue JOMONHeHHUs (3TO (op-
myJa Jlamsaca), Jerko HaxonuM

o _ B

Qﬁzmlr (1.4.14)
po= Lyw  pap
a_2 afyT pr v

HyCTb BEKTOp a UIET 8 21A8HOM HanpasieHuu meH3opa T,
T.€.

Aa=T-a, AG-T)-a=0, (A%—T%a’=0; (1.4.15)

pa=a-T, a-(uG—T)=0, (uss"—Ts")a”=0. (1.4.16)



42 Paszden I. Mamemamuueckuii annapam

HenyneBble pellleHHst CUCTEM JIMHEHHBIX ajireOpauuecKux ypaBHe-
Hui (1.4.15), (1.4.16) cyliecTBYIOT JIMLIb TPHU YCJIOBUH oOpallle-
HUSl B HOJIb OTIpeflesInTeNel

(A% = T3 =0, |pds" —T5=0. (1.4.17)
Mockonbky A" — Ty = gap(A6% — TS )g™*, T0
IAG5* — T = g|A6% = T%|gr = [A6%, — T,

Tak Kak gg~' = 1 u, Ha caMoM jeJse, 1Ba ypasHenus (1.4.17)

NpeaCTaBJ/SIOT COO0H OfHO ypaBHeHHe
|A§% — T4 = 0. (1.4.18)

OHo HasbIBaeTcsl xapakmepucmuueckum 0as mensopa T u sBs-
eTcsl MHBapHaHTHBIM. JlefCTBUTENbHO, B CHCTeMe KOOpAHHAT K

o6+ 00
dx™ Q&

AOH, — T¥ = (A6% — T'%)
U Mepexol K ONpelesUTe/]IsIM B 9TOM MaTPUYHOM PaBeHCTBe Aaér
S T -1
IAOH, — Th | = [A6% — T%|TT " = [A6% — T%.

fcHo, uTO A\ ecTb pelleHHe KyOUYECKOTO ypaBHeHUs. PackpeiBas
onpenenutens (1.4.18), moayunm

AN =AY =TH =N = LN +LA—I3=0, (1.4.19)

L =1T°

!
7y L=t Is=1T"| (1.4.20)
Bennuunst I7, Is, Is HOCAT Ha3BaHWE OCHOBHbLLX UHBAPUAHMOB
mensopa T. Ouu BhIpaxkaworcs yepes cBépTkH (1.2.28) caenyio-

UM o6pasom:

L =79 = Jy,

« oTW

1
Ir=c 5P T TRTY =

oTW

1 1
Iy = t® :55“57 %I 5(Jf—JQ), (1.4.21)

(J} —3J1Ja 4 2J3).

ol |l
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[Ipu BbIBOmE 3THX (OPMYJT HY?KHO BOCIIO/b30BATHCS CBOHCTBOM
TeHaopa 6-ro panra (1.3.24)-(1.3.27). O6parusle k (1.4.21) cop-
MYJIbl HMEIOT BUA

Ji=1, Jy=1I?-2L, Jy3=1I}—301,+3I3. (1.4.22)

Ecny Bce KOpHM XapaKTepUCTHYECKOTO ypaBHEHHS NeHCTBH-
TeJbHBIE U DA3JHUHbE, TO COOTBETCTBYIOLIME UM COOCTBEHHBIE
BEKTOpa JIMHEHHO He3aBUCHUMbl. BriGepeM TPOHKY TaKHX BEKTOPOB
B KauecTBe KOOpPAUHATHOro 6asuca:

e, =a,, a=123, (1.4.23)

M TMOCMOTPHM, KaKOH BHJ NPHHHUMAIOT, HalpuUMep, CMellaHHble
KOMIIOHEHTHl TeH3opa B 3ToM Oasuce. Mmeem T - eg = T'7 e e” x
xeg = T%e,, e - (T -eg) = T%e* - e, = T%; aHaIOrM4YHO
(eo - T)-e# =T.°, snauur,

T%=e"(T-ep), T,)=(eq-T) e’ (1.4.24)

B cuny Bbibopa 6asuca (1.4.23) A,e, =T - e,, U cMelIaHHbBIE
KomroHeHThl T'%, cornacHo (1.4.24), 6ynyT UMeTh 3HAUEHHS

T% =e*- ()\565) = /\,g(saﬁ, (1.4.25)
T. €. MaTpuua A2 3TUX KOMIIOHEHT SIBJIIeTCSl MaroHaJIbHOM:
A2 = (T%) = diag()\l, )\2, )\g,) (1426)

Opnnako matpuubl A;, Az, A4 B 3TOM 06asuce He 0053aTeNbHO
JIMaroHaJibHbIe.
© / —
Ecau B3aTh 3a 6asuc Opyrywo TPOHKY BEKTOPOB al, = e,,
Ao€o = €, - T, TO K JHaroHaJbHOMY BUAY TPUBENETCS MaTpH-
na As:

TP =X0F, Az = (T,F) = diag(\1, A2, \3), (1.4.27)

a Matpuubl Aj, A, Ay, BooOlle TOBOPS, He THATOHANBHBI B 3TOM
0asuce.
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[pencraBaenuss (1.4.24), (1.4.27) B riaBHBIX OCfiIX HasbiBa-
I0TCS KAHOHUUECKUMU, @ HEHYJIEBbIE BEJUUUHBI A\, — 2AAB8HbIMU
snayenusmu Tensopa T; gacto ux obosHauawt T, = A,

SlcHo, YTO OCHOBHBIE HHBApPHAHTHI TEH30pa BhIPAXKAKOTCS Yepes
ero rJaBHble 3HaueHHs no ¢opmyaaM (Teopema Buera)

Ii =X+ X+ A3, =X+ dads + Az,

(1.4.28)
I3 = A A2,

OTKyla TEH30p 2-r0 paHra UMeeT TPH He3aBHCHMbIX HHBapHaHTa
I, I, I5.

U3z (1.4.22) u (1.4.28) nasi cBEPTOK MOJYUYUM BbIpaXKEHHEe Ye-
pes )\1, )\2, )\32

Ji=M+ X+ A3, Jo=A+A3+ 13,

) ) (1.4.29)
Js=X+X+X, JL=M+A+A,. .
3HauuT, M3 Bced MmocaegoBatesbHocTH J,, n = 1,2,3,...
B (1.4.29) He3aBUCHUMBIMH GYLYT TOJBKO TPH.

OcobeHHOCMU CUMMEMPUYHBIX MeH30p0o8. J1Jisi CHMMeTpUY-
Horo Tensopa 2-ro paura T T.g = Tsa, T*® = TP u, suauur,
cumMeTpruHbl MaTpulbl A = (Thg), Ay = (TF).

JInsi cMelaHHbIX KOMIIOHEHT HMeeM

Ty = Toeg™, T%=Topg"" (1.4.30)

u Matpuuel Az (T°%), A3(T.P) copnanator. Jlasee, 1Jist TAKOTO TeH-
30pa BMeCTO OHUJIMHEHHOH (POPMBI JOCTATOYHO PacCMOTPeTh KBaj-
paTH4HyI (hopMy

f=(T-x)-x, f(2°) = Topz®a”. (1.4.31)

Kpome toro, T-a = a-T u TpoHKM IMaBHBIX HalpaBJeHUH a,
¥ a), COBMAjAIOT; AJs PA3/HYHbIX KOPHEH XapaKTepHCTHUEeCKOro
ypaBHeHHSI A, # A, BEeKTOpHl a, M @, B3aMMHO OPTOTOHAJIbHBI:
a, -a, = 0. MoXHO 10KasaThb, UTO eC/JH CPelu TPEX KOpHeH 1Ba
OIMHAKOBBI, TO CYIIECTBYeT LieJ1asl IJIOCKOCTb IVIaBHBIX Harpas-
JIEHHH W ellE OJHO HalpaBJ/eHHe, MeprneHuKyJIspHoe 3TOH mioc-
koctu. Ilpu paBeHcTBe Bcex Tpéx KopHel no0o0e Hampab/eHHe
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sBasieTcs ryaBHbIM. UTO Kacaercsi KOpHeH XapaKTepUCTHYECKOro
ypaBHEHUS, TO BCe OHU JeHCTBUTEJIbHBIE.

H3zomponnosie menzopnote pynkyuu. Ilycts H — TeH30p paH-
ra g, T — TeH30p paHra rp; 3TH TEH30pbl CUUTAEM NepeMeHHbI-
MU Cc 00JacTsAMU 3HaueHUH Ry u Rp. Ecnn xaxnomy asnemeHTy
MHOXecTBa R KakKUM-J1H00 Cioco60M MOCTaBJEH B COOTBETCTBHE
3/7eMeHT MHOxecTBa Ry, To rosopst, yto Tensop H spisercs
¢dyHkuue#t Tensopa T, u 0603HauaOT 3Ty PYHKLUIO

H = F(T). (1.4.32)

W3 nanHoro ompepeseHusi TeH30PHOH (YHKUHH CJenyeT eé HH-
BapHaHTHOCTb. B UKCHpPOBaHHOH cHCTeMe KOOPAWHAT TEH30pHas
(yHKIHS H306paxkaeTcsi CHCTEMOH PaBEHCTB, UHCJIO KOTOPBIX PaB-
HO YHCJy KOMIOHeHT TeH3opa H.

Oyuxuus (1.4.32) MoxeT 3aBUCETb ellé OT HEKOTOPBIX TEH30-
poB A;, i = 1,n, Torna

H=F(T,Ay,...,A,) (1.4.33)

— TeH30pHas (QYHKLHS HECKOJBKHX MEePEMEHHbIX TEH30POB.

TeHsopHasi (YHKIHS Ha3blBAETCS UBOMPONHOL, €CNN BCe Ta-
paMeTpHUYeCcKHe TEH30pbl SIBJSIOTCS WIAapoBBIMH, T.e. A; = 1;G,
THe (i — CKaJsphl.

Jlanee, vMess B BHUAY NPHJIOKEHHS K MeXaHHKe CIIIOLIHBIX
cpen, 6ynem cuutath T TeHsopom 2-ro pogpa.

[lycts ry = 0, Torna uMeeM CKaJspHYI (PYHKLHIO TEH30PHO-
ro apryMeHTa, HalpUMep TaKOBHIMH SIBJSIOTCS WHBAPHAHTHl TeH-
gopa Jy =T, Jo = T¢T9, J3 = TeT9T7, wn I; = T,
Iy = 2716°P, [ TRT, Is = 6716°P)  TST,T%. B stux pa-
BEHCTBAaX CHMBOJIbI KpoHekepa cyTh napaMeTpryeckue TEH30PBbI.

[Ipn rg = 1 “MeeM BeKTOpHYIO (DYHKIHMIO TEH30PHOTO apry-
MenTa, HarpuMep b = T-a, b’ = a- T. B 3tux dyHKuuax a —
napaMeTpHYeCcKHi BeKTOp — TeH30p 1-rTo paHra.

[Ipy rg = 2 moJydyuM TeH30pHYI0 (YHKLHIO TEH30PHOIO
aprymenTta, Hanpumep Hy = koG, Hy = koG + k1T, Hy =
= koG + kT + kT ..., H, = koG + kT + ... + k,T", rze
KO3((UILHEHTH TTOJMHOMOB MOKHO CUMTATh IIAPOBBIMH TeH30pa-
mu k;G.
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O6o61as npeablayIlHe MPUMEPBl, PACCMOTPUM PsiJ
H=FT)=kG+kT+... +kT" +..., (1.4.34)
COOTBETCTBYIOLIMH aHAJUTHUECKOH (PYHKLUU
fR)=ko+kiz+...+ k2" +...,

B TIPeITONOXKEHHH, UTO Bce AeBsiTh psinoB (1.4.34) cxomsatcs. Tak
JJI51 TIOKa3aTesNbHOH (PYHKLHH

2 n
14 2L E ‘-
flz)y=e=1+ ottt ot
TeH30pHast QYHKIIHS
H=F(T) = =G+ r r
- ()—6 - +F+?++F+
U BCe [eBSTb PSANOB CXOASATCS MJs JIOOBIX KOHEUHBIX 3HAUeHHH
T9. MoXHO BHIETb, UTO H?2 = eT. T = 2T . H™ = T,
a aas oopatroro H™' = e T. Ognako eTreT> £ ¢T1tT2 mpy

T1 X TQ#T2~T1.

TensopHble (YHKUHUHU YOOOHO HU3yuaTh B KAHOHUYECKUX CU-
cmemax koopduram TteHsopa T. Ilpenmnosnoxum, 4To TIJaBHBIE
3HaueHUs A\, = T, Pa3NUUHBl, TOTAA B IVIaBHBIX OCSIX 1JIS KOM-
TMOHEHT HMEIOT MeCTO cooTHowenus TG = Tgé% YU TEH30pHas
¢yuxuus (1.4.34) nepenumiercs B BUIe

H% = f(T)0%, f(Tp) =ko+kiTs+koT5+ ..., (1.4.35)

UJY
(H%) = diag(f(T1), f(T2), f(T3)).

3HauuT, ecaM TeH30pHasl (YHKLHS H30TPOMHA, TO €€ apryMeHT U
OHa caMma OJIHOBPEMEHHO MPHUBOMSATCS K JHaroHaJbHOMY BHAY —
UX TJIaBHbIE OCH COBMAJaloT, MPUUYEM IJIaBHblE 3HAUeHHsl TeH30pa
H ectv Hg = f(15).

KoneuHo, MOxHO cyuTaThb, 4TO Ko3hduuueHTs k; (i = O,
1,...) 3aBHCAT OT IVaBHbIX 3HaueHu# rtensopa T: k; = k;(Ty,
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T5,T3). Torna

(H%) = diag(f(T1, T2, T5; T1),
f(Th, T, T5; 1), f(Th, T2, T5;T3)).  (1.4.36)

CrienoBaTesibHO, MOXKHO MOCTPOUTb TEH30PHYIO (DYHKIHIO C IPO-
U3BOJIBHBIMU TVIaBHBIMH 3HaueHusiMu Hpg = f(T4,Ts,T3;1p) =
= @g(T1,T>,T3). Hanpumep, xorna Bce Ty, pasjiuyHbl, TO B Ka-
YyecTBe f MOXHO B3SIThb (DYHKIIHIO
(Z — TQ)(Z — Tg,)
11,15, T = Ty, 15, T
[T, T3, Ty, 2) (T = Do) (T, = T) e1(Th, T2, T3) +
(Z - Tg)(z — Tl)
T1,T5,T:
+ (Ts —T3)(To — 1) (T, T, T5) +
(z —T)(z - T3)
(T3 = Th)(T5 — T2)

+ ©3(Ty, To, T). (1.4.37)

OuesupnHo, f(Th,Ts,T5,1p) = ¢5(T1, T2, T3).

Takum 06pa3oM, U30TPOINHbIE TEH30pHblE (DYHKLHUH C TOYHO-
CTbIO 110 MpeoOpa3oBaHUsl KOOPAMHAT CBOAATCH K (PYHKLHOHAJMb-
HBIM CBSI3IM MeXJYy TJIaBHBIMH 3HaYeHUsIMU. [J1aBHBIE OCH TeH-
3opoB T u H coBnapaior. B 3Tux ocfX ryIaBHEIMM 3HaueHHSIMH
TeH30poB OynyT Tg U g, a Gopmyna (1.4.37) naér cBa3b MexIy
HUMH U, 3HauuT, H — usorponHas ¢yHkuus teHsopa T. JanHoe
CBOMCTBO COOCHBIX TE€H30POB HA3bIBAIOT CBOUCMBOM USOMPONULU.

Bo3bMéM B KauecTBe aHaNUTHYECKOH (DYHKLHH XapaKTepUCTH-
yecKHH MmoJuHOM TeH3opa T:

fI, 15, T3,2) = Az = 28— 2%+ Iz — I3,

rie I, — ocHoBHble MHBapuaHThl TeHsopa T. Torma TeH3opHas
¢dyukuus H = A(T) umeer HyJeBble IyaBHble 3HaueHuss Hg =
= A(Tp) = 0 u H ecTb HyJIeBO# TeH30p, UK

T — L T? + LT — I3G = 0. (1.4.38)

PagenctBo (1.4.38) BHIMOJIHEHO AJIS JIOOOTO TEH30pa 2-TO paHra
U HOCUT HasBaHue moodecmsaa [amusromorna—Keau.
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Jwooit nomurom H = koG + kT + ... + k,T" MoxHO
NPeNCTaBUTh B BHAE KBaIpaTHYHOro TpéxuseHa. [leAcTBUTENb-
Ho, us (1.4.38) T = IT> - LT + G, T = T (T?) =
= (I? - j'g)T2 + (Is — LLIL)T + 113G u 1.8. B pesyabrare
noayuum gopmyny H = egG + ;T + esT?, rre KO03((UIIUEHTEI
€0, €1, €2 CYyTb (PYHKUUHU HUHBapUaHTOB I1, Io, I3.

OkasbiBaercsi, uto Jw0by0 nzorponnyo dyHkuuio H = F(T)
MOXKHO MpEACTaBUTb B BHJE KBaApaTHUHOTO mNojuHOMa. [lycTb
CHauasa ryaBHble 3HaueHus T, TeHsopa T paznuuHel, a GyHKUUS
f(2) ecTb aHanuTHYecKasi B Toukax z = T,,. Bo3bMéM KBagpaTHu-
HBI{ mosuHOM P(2) = ko + k12 + koz?, npuHUMalOlMii B ToYKax
z =T, 3Hauenus f(T,). On umeer Bun (1.4.37)

_ -T)-T)
P() = o=y T+

(Z —T5)(z —Th)
(To=T5)(T2—=Th) f)+

(z—-T)(z - To)

(Ts=T)(T5—T2)
Oyukuus g(z) = f(z) — P(z) B Toukax z = T, obpaiiaercs B
HoOJIb, 3HaUHT, g(2) = (2 —T1)(z — Ta) (2 — T3)91(2) = A(2)g1(2),
rie A(z) — xapakrepuctuueckuil nosuHom (1.4.19), mostomy
f(z) = P(2) + A(2)g1(z). Ananuruueckoil ¢pynkuuu f(z) co-
orBetcTByeT TeH3opHas QpyHxuus H = F(T) u, B cuy Toxxnectsa
(1.4.38), H=P(T) + A(T)g1(T) = P(T), usu

H = koG + kT + ko T2 (1.4.40)

+

F(T5). (1.4.39)

— ¢opmyna Jlarpanxxa—-CusbBepcra.
Cornacho (1.4.37) rensopuast ¢pyukuus F(T) umeer koHKper-
HOe MpeACTaBJeHHe

(T = T1G) - (T — TxG)
Tty T
(T - T5G) - (T — T1G)
@ —STg)(TQ ) f(T2)+
(T—T.G) - (T — T»G)

(T3 = T0)(T5 — Tz)

H=F(T)=

F(T5). (1.4.41)
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Cpasnenue dopmya (1.4.40), (1.4.41) mokaswiBaeT, 4To

po = DTs(To—T3) f(T) + T Ty (Ts—Th) £ (T2) + Ty T (Ty — T3) f (T)
o (Th — To)(Tz — T3)(T5 — T1) ’

T3 =T3) f(Th) + (T3 =T7) f(T2) + (T7 =T3) f (Ts)
(Ty — To) (T2 — T5)(T5 — T1) ’

oy = & (1.4.42)

(T2 =Ts) f(T) + (Ts—T0) f(T) + (11 = T2) (T5)

ha= (Ty — To)(T> — T5)(T5 — Th)

Ha csiyuaii paBHBIX IaBHBIX 3HaueHu# T, opmyna Jlarpas-
)ka—-CuubBepera (1.4.40) obobimaercst ¢ NMOMOIIBIO MPEIENBHOTO
nepexoza.

[IpuBenéM mnpuMep NpenCTaBIeHHS H30TPONHOH TEH30PHOH
(YHKUHHM B BHIE KBafpaTHUHOro TpéxuseHa. KoMIOHEHTH 06-
parHoro Tensopa Q = T~ ! onpenensiorest paBenctsamu (1.4.14):

Qa _ taﬁ _ 1 §ouv ot
T, 2T, Ao e

3Hauut, Q sBasieTcss U30TPOMHOM (yHKIMel TeHzopa T, uMeHHO,
Q = F(T). U3 roxnecrsa ['amunbrona—Kenu (1.4.38) nonyuum

T.%(T2—11T+IQG):G,
3

OTKyda U cjenyeT UCKOMOe IpeacTaBJ/ieHre

_ I I, 1.0
Q=T '=2G6-2T+ =T 1.4.43
I I I ( )

npru4yém KoappuuueHTsl kg, k1, ko UMEIOT BUJ

hy = — . (1.4.44)
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1.5. AUDDEPEHLMPOBAHMUE TEH3OPOB

BekTopsl 6a3MCOB 3aBUCAT OT BLIGOPOB TOUEK MPOCTPAHCTBA:
e, = e, (vl 22, 2%), e* = e*(x!,22,2%), a = 1,2,3. Temn us-
MeHEeHHS 3TUX BEeJHUYMH IPH Mepexofe OT OJHOH TOUKH K JPYroi
XapaKTepu3yeTcs NPOM3BOAHBIMU 110 KOOpAHHATaM. MMeeM pasiio-

KeHHe
e,

OxP
K03(h(PULHUEeHTHl KOTOPBIX Ha3blBalOTCs cumgoramu Kpucmogpern
TIEPBOTO H BTOPOTO POJA, COOTBETCTBEHHO.
Csoiicmea cumsonos Kpucmoggpensa.
1) ¥YmHoxas cooTHomeHue (1.5.1) ckaJsIpHO Ha BEKTODHI €., H
€7, mpuxonumM K Qopmynam

rape” =17, 5€,, (1.5.1)

(‘3ea 8ea
ey 55 = Lrage’ ey, el o5 =T e, e,
OTKy1a
oe, y oe,
— e . — 7.

Fhap =e, Eek wp =€ 928 (1.5.2)
Tlle MCMOJIb30BaHbl COOMHOULeHUs 63aumHocmu €’ - e, = 07,
e, e’ =4,

2) TlockoabKy
0*r 0*r
Thop=ey oo, I =" —,
Or*dxh Ox*0zP

TOo cuMBOJB Kpucrtoddesns cHMMETPUUHBI MO ABYM [OCJAEIHUM
CHMBOJIaM

Tyap =Dogay D7, =17 (1.5.3)
3) MimetoT MecTO CBSI3H MEXIY CHMBOJIAMU:
Oe
F’yaﬁ = g'ywew . ﬁ = Gyw wa,B,
o (1.5.4)
F’Yaﬂ = g"e, - ﬁ _ gwwrwaﬁ,

T.e. y cuMBosioB Kpucroddens MoKHO MOAHUMATb M OMyCKaTh
HHJIEKCHl 110 OOBIYHOMY MPAaBHUJTY.
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4) OxasblBaeTcsi, YTO 9TH CHMBOJIBI BBIPAXKAIOTCH Yepe3 KOM-
TMIOHEHThl MeTpuueckoro TeHsopa. IIpopuddepeHuupyem papeH-
CTBO €. - €4 = (o 10 KOOPAMHATAM T, mosyunm

99ya
Tap + Canp = %. (1.5.5)

LIMKIH4eCKOU MepecTaHOBKOH HHIEKCOB a3y BbiBoAMM u3 (1.5.5)
paBeHCTBa

99a

Lapy +Dpay = S (1.5.6)
9

Tiya + o = 6‘?{3 . (1.5.7)

CkaageiBast (1.5.6), (1.5.7) u BblUMTAs H3 MOJYYEHHOH CYMMBbI
paBeHcTBO (1.5.5), mpuxoaUM K UCKOMOH (opmyJie (MCIONb30BaHO
cBofictBo cummerpuu (1.5.3))

1 /0 0o, 0ya
rma:—(gﬁ”ju Job _ g”). (1.5.8)

2 \ Oz~ oz ozP

CumBosiel Kpuctoddesst Broporo popa B cuay paseHcTB (1.5.4)
MMEIOT BUL

1 09wy 09ua  09ya
B _ Z ,Bw 2 o 2
M0 =39 <8x0‘ + o ) . (1.5.9)

5) I[J'IH NPOU3BOAHBIX IO KOOPpAHWHATAM OT 3JE€MEHTOB KOHTP-
BapHaHTHOI'O 6asuca uMeeM npeacTaBJJeHUsA

oe®

W = aﬂa_eg = Gaﬂ Te,,.’ (1510)

OTKy[a, NnoJb3ysick paBeHcTBaMu (1.1.20),

oe” oe”
aﬁ.y:w'e—y, GOCB'Y:W.e’Y. (1511)
Jlebie wacty B (1.5.11) MOXHO BEIpa3uTb uepe3 cUMBOJBI Kpu-
croddens:

N o . . Oe o o
,B’Y:W(e .e,y)_e .ﬁ:—r’yﬁ:— ,B'y; (1512)
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G% " =-T%,97", (1.5.13)
u opmyJsl (1.5.10) mepenwuinyTes Tak:
oe”
57 = el =—1%,97"e,. (1.5.14)
CyuiectByeT cBsi3b cuMBOJIOB Kpucrtoddens ¢ BeJuunHOU
V9 = (e1, ez, e3). [uddepenunpys mnocienHee pPaBeHCTBO IO
KOOpAMHATaM M MCNoJb3ys (opmyasl (1.5.2), Haliném
10
re,=— v9) . (1.5.15)
Vg 0x“

[TocnenHee cooTHOIIEHHE YACTO HCIOJb3YETCS IMPH Pa3JHYHBIX
TEH30pHBIX MPe0OpPa30BaHUSX.

B HoBoO# cucTeMe KoopauHAT I?(g") cumBosibl Kpuctoddens
HUMEIOT BU[

R S TR e S N UL
P =€ agv_(e oz ) 9er \*oer ) T

& 02z . 08 oxv
Oz \ OEHOEY T ogv

>. (1.5.16)

TouHo Tak Xe

N
Apr = EN gaﬁaguagu By ocm ggv )

Bunno, uto 3akoHbl npeobpaszosanus (1.5.16), (1.5.17) He TeH30p-
Hble U cuMBoJibl Kpructoddens TeHsopa He o6pasyioT. TeHzopamu
OHO SIBJISIIOTCS TOJIBKO TIPH JIMHEHHOM peoOpa3oBaHUM KOOPAHUHAT
2 = 2% (£, €%, 63).

Ynpaxxunenue. [okaszaTb, 4TO B OpPTOrOHAJbHOH CHCTEME KO-
OpAMHAT UMEIT MECTO PAaBEHCTBA

Ipya =0 (B#7#a#p),

1 0gaa
Fﬁaa - _5 63)6 (O[ 7& B)v (1518)

(1.5.17)

1 9gss
Pspa =Lpap =35 5 o>

10
F088 =3 ur
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I =08#7#a#p),
]'—‘Baoc:_L agaa :_ﬂ% (O[#ﬁ),
2g9p3 Oz Hg OzP (1.5.19)
g __1 9gss _ 1 OHp
of ™ 2988 oz Hﬁ oxe’
re B MOCJAEHEM PaBeHCTBe HeT cymmupoBanus no 3, H, — Ko-
spduunentsl Jlame: H2 = goq.

Ecnu cucrema KoopiMHAT NEKapTOBa, TO gap = const U W3
(1.5.18), (1.5.19) cnemyeT paBeHCTBO HYJIO BCeX CHUMBOJIOB Kpu-
croddens. B kprBosMHEHHOH cHCTEMe KOOPAWHAT OHU BCE B HOJb
He obpauaiores. JJaHHBIN (aKT U OTpaKaeT HeTEH30PHYIO PUPO-
Iy 3THX 00beKToB. [lJ1si TeH30pa M3 paBeHCTBA HYMIO BCEX KOM-
TIOHEHT B OJHOH CHCTeMe KOOPAHHAT C/eIyeT X PaBeHCTBO HYJIO
B JIIOOOH APYrof cUcTeMe KOOpAHUHAT

[ycts ¢ = p(zt, 2% 2%) — ckanspuas onHosHauHasi audde-
peHuupyeMasi (DYHKLHSI CBOMX KOOPAHMHAT B HEKOTOPOH 00JacTH
TPEXMEPHOTro NpocTpaHcTBa. BosbMéM nBe Giu3kue Touku M (z®)
u M'(z™ + dz®), torna npu nepexome ot M Kk M’ ckazsp ¢ mo-
Jqyudaet npupaiienue do = dx® Op/Jx*. 3nech JeBas yacTb —
CKaJisip, a mpaBas — CKaJsipHOe Npou3BeleHHe o0beKTa MepBo-
ro paura dp/dz* Ha dr® — MPOU3BOJBHHIE BekTOp (Touka M’
npousBosibHasi). [lo Teopeme neseHust TeH30poB e€* Jp/dx* ecTb
BEKTOp — CKaJIsipHBIN rpanueHt. st Hero ynotpeb.isiioT 0603Ha-

yeHUs
dp _ O¢ d¢
= dp=-"L="Tr¢,=-—"- B
Ve=grade =50 = 5= g, ©
KOMMOHEHTBI CKaJIsIPHOTO IPafMeHTa eCTh
_ Oy B, . — Jyp
Vap = ek p= Fros

Tak kak dz® = g*Pdxg, dvg = ggadaz®, TO

Op dp Ox® 99 s de Op

_r 7 _ 7 X =_ . 1.5.20

Org 0z Jrg Oz T e Ozp 9B ( )

KBaﬂpaT MOAYJSA CKAJIAPHOro rpadv€HTa €eCTb MHBAPUAHT U

dp Oy dp Op  OJp Oy
2 frd QB— _— _— = —
Vel =g oz 0zf 9T 0x, Oxr Oz Oxo (1.5.21)
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Wrak, u3MeHeHue cKajsipa B OKPECTHOCTH NaHHOH Touku M xa-
paKTepU3yeTCst BEKTOPOM — CKaJISIPHBIM [PaIHEHTOM.

Ec/ii HEKOTOPHIE BEKTOp a €CThb IPafHeHT CKajspa, TO ero
Ha3bIBAIOT NOMEHUUAALHbIM BEKMOPOM, & CKAJAP — NOmMeHyua-
AOM.

[yctsb @(zt, 2%, 2%) = const ecTb MOBepPXHOCTb YPOBHSA, TOrMA
CKaNIPHBIH TPaJUeHT HAmpaBJeH [0 HOPMAaJH K 3TOH MOBEPXHO-
CTH, MOCKOJBKY dp = dx® dp/dx* = 0.

PaccMoTpuM Ternephb OHO3HAUHYIO AUPPEPEHIHPYEMYIO BEKTOP-
dyukuuio a = a(r!, 22, 2%); eé ewé HasbBAIOT BEKMOPHLLM NO-
sem. TpupaieHue BeKTOpa MpH mepexone U3 TOUKH M B TOUKy
M’ naércst BeIpaXKeHHeM

da = dxaa—a = dxaa—a , (1.5.22)
Ox® 0xq

OTCIONd MO TeopeMe [eJieHHs] TeH30POB 3aKJI0YaeM, uTO OOBEKT
e*0a/dx* ecTb TeH30p 2-r0 paHra. Ero HaselBalT 8eKmopHuIM

epaduermom 1 0603HAYAIOT CUMBOJIAMHU
Vaz%:eaﬁ:eaﬁ. (1.5.23)

or orx> 0y

Takum 06pa3oM, U3MeHEHHEe BEKTOpa B OKPECTHOCTH TOUKH Xa-
pAKTepH3yeTCst TEH30POM 2-TO PaHTa — BEKTOPHBIM IPaIHEHTOM.

Hcnoabsyst dhopmyasl (1.5.1), Haiiném

08 _ 0 (o
oze oz 7
B
= <§% + aarﬁm> es = Vaales, (1.5.24)
T.€
Va = V,d’e;. (1.5.25)
Bennuunnbl 5
Vaa? = 2% 4 qors (1.5.26)
oz

HOCAT Ha3BaHHE KOBAPUAHMHbLIX NPOU3BOOHbIX OT KOHMPEApu-
AHMHbLX KOMAOHEHM BEKTOPa M SABJAIOTCS KOMIIOHEHTAaMH TeH-
3opa Va. [lnsi fekapTOBOH CHCTeMbl KOOPAMHAT KOBapHaHTHas
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MPOM3BOJHAS COBMANaeT ¢ OOBIYHOH MPOM3BOLHOM MO KOOPAHHA-
Te Voa® = 0aP /0.

Ec/v mpencTaBuTh BEKTOp a Yepe3 ero KOBapUaHTHBIE KOMIIO-
HeHTBI, TO moJyuuM (cM. paBeHcTBa (1.5.14))

86% = ;% (a,e7) = Vaageﬁ, Va= Vaageaeﬁ; (1.5.27)
Vaag = gﬂ — a,T%,, (1.5.28)
xOé

TZle TIOC/IeIHIE BeJIHYNHBI HAa3bIBAIOT KOBAPUAHMHbIMU NPOU3B800-
HbIMU OT KOBAPUAHMHKbIX KOMNOHEHM 8eKmopa.

Hcnoabsys ceasu (1.1.34) mexny KoMHnoHeHTaMu dx® U dxg,
MO2KHO MOJIYYUTb elllé Ba NMpPeLCTaBJIeHHs BEKTOPHOTO TpajiueHTa

Oa Oa
Bun ~Bap? =V 07ee = Viarel, (1.5.29)
Va =V e,e, = V%a,e,e",
rJie BeJHUYHHbI
V@’ = gaBVga", V%, = gO‘BVgaT (1.5.30)

CYTb KOHMPBAPUAHMHbLE NPOUZBOOHLLE OT KOKMPBAPUAHMHLLY U
KOBAPUAHMHbIX KOMNOHEHM BEeKTopa, cooTBeTcTBeHHO. Ha dop-
myay (1.5.30) Taxxe MOXKXHO CMOTpeTb KaK Ha ONepalHio >KOH-
FJIUPOBAHUS HHIEKCAMH.

Takum 06pa3om, BeKTOPHBIH PPafiMeHT HMeeT CJeAYIoLIHe (hop-
Mbl (TIpencTaBJeHus):

Va = V,ape”e’ = V,a’e%es =
= V%age.e’ = V*aPe,es. (1.5.31)

Ecan a — nocrosiHHOe BeKTOpHOe mose, T0 Vaag = 0, o, =
=1,2,3.

PaccmoTpum  HekoToprle audQepeHIUanbHble BblpaXKeHHUs.
[TepBBIfi MHBapHAHT BEKTOPHOTO TpaiveHTa Ha3blBAOT OuBepeer-
yuetl sekmopa:

da* ., _ 1 0(a"\g)

diva=Vya® = re = ,
WS Vel = Gga T 00 T 5 T age

TJle UCMoJb30BaHo paBeHCTBO (1.5.19).

(1.5.32)
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B oproroHanbHOl cucTeMe KoopauHaT, nosaras a. = Hoa® U
yuuThIBasl paBeHcTBO g2 = HyHy Hs, nonyuum us (1.5.32)

. - 1 8(H2H3af)
diva = H1H2H3 8.13‘1 +
3(H1H3a§) 8(H1H2a§)
+ pre + 9 (1.5.33)

Jlns nekapToBoi cucTeMbl KoopauHat yl, 32, y3 Hy = Hy =
= H3 =1, a} = a* = a4, 1 popmyaa (1.5.33) ynpoiaercs:

diva = 201 Doz, Das
oyt 0y Oyd

BekTopHoe noJse, B KaxX10# TOUKe KOTOPOro JHUBEPreHLHs Bek-
TOpa paBHA HYJIO, Ha3biBaeTcs coseHoudanrvHuim nosem (BeKTO-

pom).
BBenéwm elié onuH BeKTOp w Mo dopmyJe

w® = eC‘B”VgaW. (1.5.34)

OH HasbiBaeTcs BUXpeM 8EKMOpPHOcO noas U o603HauaeTcs Tak:
w = rota. KOHTpBapI/IaHTHbIe KOMIIOHEHTBI BUXPSA UMEIOT BULI

8a3 8&2
W= Vo <@_%)’
8a1 8&3
wzzwgl <$_ﬁ), (1535)

8a2 8&1
W' =V (% - %) !

MOCKOJIbKY uJIeHbl ¢ cHMBosaMu KpucToddess B3auMHO yHHUTO-
xaiorest. B oproronanbHoil cucteme koopauHat g3 = (HyHoHsz) ™!
U, BBOAS (PHU3MYECKHEe KOMIIOHEHTHl BeKTOpa w: wi = H,w®,
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al = ao/H,, 6ynem uMeThb

W = 1 _8(H3a§) . 8(H2a§)_

! H2H3 L 8.13‘2 63)3 ] ’

1 [O(Hhai) 9(Hja3)]

5 = — 1.5.
w2 H1H3 L 8.%3’ 81'1 ] ’ ( 5 36)
o = 1 _8(H2a§) . 8(H1a*1‘)_

3 H1H2 L 8.13‘1 63)2 ]

I[J'[H HpHMoyFOJIbHOIL/'I ILeKapTOBOﬁ CUCTEMBbl KOODAWHAT KOMIIO-
HEHTbI BUXPSA PABHBI

w 8(13 8(12 w 8&1 8(13
1= 55 " 53 W2=55 7 59,
9 Oy %" Oy (1.5.37)
wy = 202 Om
BT oyl oy?

BekTopHoe moJie, BUXpb KOTOPOrO PaBeH HYJI0 B HEKOTOPOH
o6sactu, HaspiBaeTcsl 6esguxpesvim. Ecau ob6nacTb OfHOCBA3HA,
TO BEKTOPHOE MoJie siBJisieTcs 6€3BUXPEBBIM TOT/IA U TOJBKO TOT/A,
KOTJIa OHO TOTEHLHAJbHO.

[Tyctb BekTOpHOe mose a = V. Ero nuseprenuus diva =
= divVyp = V,V%p o6o3Hauaercsi CrelHasbHbIM CHMBOJIOM
Ap = V.,V 1 HasbiBaeTcs oneparopoM Jlammaca. M3 (1.5.32)
caenyeT popmysia

1 A(/GV%) 1
V9 oz~ f@xa

npurogHas aJs UCIOJIb3OBaHUSA B l'IpOPISBOJIbHOﬁ CHUCTEeMe KOOpAH-
HaT. B OpTOl"OHaJIbHOﬁ CUCTEME KOOpAHWHAT

o 1 0 H2H3 6@
AP = T, L‘):ﬂ( o oxt )"

) <H1H3 8@)+i<H1H2 aw)} (1.5.39)

Ap=— <\/_ as 9 > (1.5.38)

8m2 Hy, 0Ox2 ox3\ Hy 0x3
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B YaCTHOCTH, B ﬂeKapTOBOﬁ CUCTEMe olepaTop Jlanyaca uMeer
IPOCTOE BhbIpaxKeHHe

0? 0? 0?
2t ot o

@y')? ~ (9y?)*  (0y*)

[lepefiném K paccMOTpPeHHIO TE€H30PHBIX MoJied. B mpoussoJib-

HOH cHucTeMe KOOpAMHAT (PYHKUHUAMH TOUKHU o6sacTu OYLYT Kak
KOMIIOHEHTBI T€H30pa, TaK U 3JE€MEHTHl MOJHaL

Ap = (1.5.40)

Q1...Qy __ Q] ...Qlp 1 2 3
T =T ( y Ly & )7 ea]-

— 1.2 3
=eq, (z,2%,27).

3ameuanue 1.5. Ha camom gnejie TeH30p MOXKeT 3aBHCETb U
OT HEKOTOPBIX JIOTIOJHUTEJNbHBIX NTapaMeTPOB.

WsyynM BHayase M3MeHeHHe TeH30pa Broporo panra T =
= %eaeﬁ B OKPECTHOCTH MpPOU3BOJbHOH Touku M. Ero mpu-
pallleHHe MpH Tepexofe OT Toukd M K Gaussexaiieél Touke M’
ecThb

oT oT
dT = dz® — =dzo-—.

Ox® Oz,
[To Teopeme nesnenusi TeH3opo 06bekT €*IT/0x™ ecTb TeH30p
3-ro paHra, HasblBaeMblii meH30pHbIM epaduernmom U 0603Hadae-

MBIH CHMBOJIAMH

(1.5.41)

oT oT oT
T=—=e*——=¢e,—. 1.5.42
V= o = s ~ o, (1.5.42)
DTOT rpaMeHT U OMpefessieT MoBefeHHe TeH3opa 2-ro padra T
B OKPECTHOCTH TOYKH M.
[Tonyunm, ucnonbays gopmyast (1.5.1), (1.5.14),

oT 0 oTs
— - (T 7y — 2] v
Jdr® Oz (T"ese7) ozr™ ese +
+ T% %50€s€7 — T%F”aaege" = VaTgegeW, (1.5.43)
rie
B aT@Y o 1B Rl
Vo T7% = Fa + T 0 —T61%,, (1.5.44)
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3HAUMT,
VT = VT e%ege”. (1.5.45)
Beanuunbr (1.5.44) cyTh KOMIOHEHTHI TEH30PHOI'O T'DafHEH-
Ta, OHH HA3BIBAIOTCS KOBAPUAHMHLIMU NPOUSBOOHLIMU OM CMe-
wannblx Komnonenm mensopa T. B nekaptoBoil cucreme Ko-
OpIMHAT KOBapHaHTHblE MPOM3BOAHBIE COBMAfAIOT C OOBIUHBIMH:
B — B et JCR— o _
V. T? = 0T) [0z, rak xak ', , =0, 7, =0.
Jlaist [pyroro npeacTaBJeHus TeH30pa, HalpUMep Yepe3 KOHTP-
BapuanTHele kKomroHentsl, T = THVege.,, nmeem

VT =V, T7e%ege,,
rje BeJUUYMHEI
oTB

VQT,BW - a? + TOJYFBO’O( + TBUF’YG’O( (1546)

Ha3bIBAIOTCS KOBAPUAHMHLIMU NPOUIBOOHbIMU OM KOHMPBAPU-
aumuolx komnounenm menzopa T.
Hcnonbayst Bropoe paBeHctBo (1.5.42), Haxomum

oT oT 027

— = — — =V*T%e,¢",

Oxo  0xP Oz, T (1.5.47)
VOT? = g*#VsT%, VT = VoT%e e e

Besnnuuner VOT'7 Ha3bIBAIOTCS KOHMPBAPUAHMHbIMU NPOU3-
g8o0Hbimu men3opa T u BbIpaXKaloTCsl uepe3 KOBapUAHTHbIE TPO-
W3BOJIHble C MOMOLIbIO OTepalry NOJHATHUS UHIEKCA.

AHaMOTHUHO MOTYT OBbITh TIOJNYYeHbl U APYTHe TMPOU3BOIHLIE.

YcraHoB/IeHHBIE BBILLE NpaBuia AU((epeHINPOBAHHS OUEBU/-
HBIM 00pa3oM 00001Ial0TCsl Ha caydal TeH3opa paHra n > 2. [lpu
3TOM TEH30PHBIH I'PalUeHT eCTb TeH30p Mopsaka n + 1.

Ynpaxxuenue. J[okazaTb, UTO [Js METPHUECKOTO W AUCKPH-
MHHAHTHOTO TE€H30POB MMEIOT MeCTO paBeHCTBa

v’ygaﬂ - 07 vaeaﬁ'y == O (1548)

HetpynHo y6enuTtbesi, UTO aHaJOTHUHBIMH CBOHCTBAMH 00J1a-
JaoT KoMIoHeHTH! TeH30poB G 1 E ¢ MHBIMU CTPOEHUSIMH HHJEK-
coB. JIpyrumu cnoBaMH, 10JIst 3THX T€H30POB OJHOPOJIHbIE, CJIe/0-
BaTeJIbHO, UX KOMIIOHEHTBbI MO2KHO BHOCHTb H BBIHOCHUTL 3a 3HAK
IIPOU3BOLHOH.
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BBenénHoe Bhillle KoBapuaHTHoe AuddepeHLHpoBaHHe 0bJa-
JlaeT HEKOTOPBIMHM CBOHCTBaMH OOBIUHOTO NU(()epPeHLHPOBAHHS:

a) KOBapHaHTHasl NPOU3BOAHAS CYMMBI IBYX TEH30pPOB paBHA
CyMMe MX KOBapHaHTHbIX IPOH3BOJHBIX;

6) KoBapHaHTHas NPOM3BOAHAS HHAE(DHHUTHOTO NPOHU3BEJEHUS
IBYyX TEH30DOB MOAYMHAETCA 0OBLIYHOMY NIPaBUJIY JU(depeHLHpo-
BaHUS [IPOU3BENEHUS:

Vo (a®V?) = (Voa®)b’ + a®(V,b7); (1.5.49)

B) Orepalyd KOBapHAaHTHOrO HH(p(pepeHIUPOBAHUS U CBEPTHI-
BaHHUS MEPEMECTUTEJbHBI: €C/IH, HATPUMED, BEIUUC/IUTD VQT?W "
A
CBEPHYTb M0 A\ U {1, WJIM CHadana cBepHyTh 77, 10 A U ji, a 3aTeM
BBIUHCTUTD Vo 17, TO Pe3y/bTaT GyeT ONMHAKOBBIM;
r) ymHoxeHHe dopmydbl (1.5.49) cHauana Ha go3, @ 3aTeM Ha
€apB~ U CYMMHPOBaHHeE 10 UHIEKCAM «v, [ 1T paBeHCTBa (yUTeHbl

cBoiictea (1.5.48))
Vo (9a506") = gap (Voa™ )b’ + gaga®(Vob?),
Vo (€apra®b?) = eapy(Voa )b’ = egara®(Vob7),
WU B MHBapHUaHTHOU (opMe
V(a-b)=(Va)-b+ (Vb)-a,

(1.5.50)
V(a xb)=(Va) xb—(Vb) x a.
ycts T*# — Tensop BrOpOro panra, a V.7 — TensopHbiil
rpanuent. Ero cBépTku

tY = VT8 t'* =VThe (1.5.51)

HasbiBaloTCs Jugepeeryusmu TeHsopa T COOTBETCTBEHHO MEPBOro
1 Broporo pona. Ouu siBjsiiOTCst BekTopaMu. [losib3ysich popmysion
(1.5.46), mosyyuM BHIpa’KeHHs

oT*s
a B aocpB
= S A TT + T, =

TP
_ L oveTY) | 770 (1552)

NG Ozh
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oT P
o ocafB Bo
ta_—axﬁ + T2, 5+ TP % =
1 0(/gTP*) o
__\/5781;5 + 17T, 5. (1.5.53)

Ecnu tensop T cummerpuuen, o T = TP u us (1.5.51)
cJleflyeT COBMajJeHHe AHMBepreHIUH epBoro U BTOPOro poia, U Ta-
KOMY TeH30py COOTBETCTBYeT TOJBKO OfHa AuBeprenuus. Mcnosb-
3ys cumMetputo T u cBoficTBa crMBoJIOB Kpuctoddesns, noayunm

1 a(/gTr
to = vﬁTaB — M — TUBFO‘O(B =

N

_ L OGITS) L o090s (1.5.54)
Vg 02f 2 Oxe ’ e

1) IJIs1 OPTOTOHAJIbHOM CHCTEMBI KOOPAMHAT V9= H{H>Hs,
1 9908 0983 0Hjg
Z o9 Tﬁﬁ TBBH —
2 oz 2 oz« e
_ Tﬁi 0Hjg _ 30InHg
B Hg oz B oz '

u dopmyaa (1.5.54) ynporiaercs:

T
L 9/9TS) Z ﬁalnHﬁ. (1.5.55)

fa = \/E  oxf

BBonsi ¢pusnyeckre KOMIOHEHTHI Tﬁ HgH; 1T , ByzeM HMeTb
3
1 0 [(H, * * 5 0ln H
= — — | = TS )-1f b 1.5.56
;{\/gaﬂ(HB\/g 2 )10 S| ase

OoTCloga AJisd ﬂeKapTOBOﬁ CHUCTEMbl KOOpAWHAT

Z oT.p aT Looor? N oT.?

o~ St (1.5.57)
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Ecnu tensop 2-ro panra seasercs mapoBeM: T = ¢G, To
TP = ¢6f, rne p — ckansp u

ta = VTP =V5(p6) = Vap, t= Vo, (1.5.58)

T. €. AWBEPreHLHs 1LIapOBOro TeH30pa PaBHA 'PaHEHTY CKaJsipa .

Bo3bMEM Terepb B KauecTBe TeH30pa 2-T0 paHra BEKTOPHbIH
rpanuent riankoro moas a: T = Va = V%a’e,es. Emy coor-
ercrByior Bektopel TP = V%afe, u T” = VFAae, = V’a.
CornacHo ¢opmyaam (1.5.52), (1.5.53) uHBapHaHTHBIH BUA [IH-
BepreHuui 1-ro u 2-ro poga Takos:

B
t—diVT:LM TP = T8¢
CEC : (1.5.59)
5 5.
t'=div'T = % a(\ggg ) . TP =T1P%,.
g X

Jlnst paccmaTpuBaeMoro cijyuasi ANBEepPreHnus 2-ro poia TeH-
3opa Va nMeerT clielHa/bHYI0 CTPYKTYpPY U 0003HauaeTcs uepes

1 9(/gV’a)
VI OxP ’
OHa HOCHUT Ha3BaHHe ornepatopa Jlanaca ot BEKTOpa U ABJIAETCA

TaK2K€ BEKTOPOM. KommnoHeHTH 3TOTO BEKTOpa HMMEIT BHUI (CM.

(1.5.53))

Aa=t'= (1.5.60)

1 [9(ygVPa%)
% 0xP

Hn aJid JleKapTOBOﬁ CUCTEMBbI KOOpAWHAT

Aa® = t/® = + g VPa’T? (1.5.61)

9%a®  9*a” d%a®
Aa® = 5 > T 5 - (1.5.62)

0y1)? ~ (0y?)* ~ (9y®)
[Tono6HO TOMy, Kak BBOAMJMCH MOTEHLHaJbHBIE BEKTOPbI,
MOXKHO BBeCTH M IOTeHLUa/bHble TeH30pbl. PaccMOTpuM cKa-
asipHyto ¢yHkunio teHsopHoro aprymenra f = f(T), e T —
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TeH3op 2-To paHra. Eé mpupaiieHude npu nepexomge ot Touku M K
6ausnexanied Touke M’ ecTb

o Of

T,

[Tockonbky dT'% = dx?V,T'%, 1O

o Of
Pory’

df =dz°V,T (1.5.63)

[lo Teopeme nesneHusi TEH30pPOB 0OBEKT 6f/(9Ti‘3 €CTb TEH30p BTO-
poro paHra, Ha3blBaeMblil men3opHbiLM epaduernmom ckasapa. Ero
0603HAYaIOT TaK:

of of

HE = H=_= 1.5.64

¢ 0T ’ oT ( )

u tensop H HaswiBaloT nomenyuarvHoim men3opom, a f — cka-
AAPHBLM NOMEHUUALOM.

CoorHouenne (1.5.63) siBasieTcst TeH30pHBIM. B cucreme Ko-

opauHat K (£7) oHO UMeeT TOT ke BHL df = dfTﬁTfﬁﬁf/af’l\“
T.€.
i = 2L
Aoy,
m
Ecau Bocno/sib30BaThCsi 0YEBUAHBIMU (DOPMYJIaMH

OT™M
T)\ A T A
a 5(1 (;gou’ 8T?‘7 —(5&90“, ggag”“ —5[3#,

TO JIErKO TNOJYUYHUTDb BbIpaxKeHUs AJisd APYTUX KOMIIOHEHT MOTEHIIU-
aJIbHOI'O T€H30pa

Hoo=gran B =gr2 H' =575

«

(1.5.65)

Bunum, 4To omepauuu NMORHSITHS U ONMYCKAHHS HHIEKCOB MpHMe-
HHUMBI U K NOTeHLHaJbHbIM TEH30PaM.

[Tycts Tenepn Tensop 2-ro panra H ectb nsorponnas teHsop-
Hast pyukius Tensopa 2-ro paura T: H = F(T). Cnpasensiusa
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Teopema 1.3. /[1s nomenyuarvnocmu mensopa H Heobxo-
Oumo u 0OCMamouHO BbiNOAHEHUS CAEOYIOULUX PABEHCME:

OHg,  OHy,
T e — 9TaB

(1.5.66)

JloKa3aTeJbCTBO OYEBUJHO, TaK KaK MOCJAEIHHE COOTHOILIEHHUS
SIBJISIFOTCS YCJIOBUSIMH MHTEIPUPYEMOCTH JIMHEHHOU nuddepeHn-
abHOH hopMbl H o dTP.

Yopaxxuenus. [lycTb ckanspHbld noTeHuuas f 3aBUCHT OT
TeH3opa 2-ro paHra T ToJbKO 4yepe3 ero OCHOBHble WHBAPHUAHTHI:
f = f(117I27I3)-

1. JloxasaTb, 4TO

of oI
B _— 2 a
Ha oI, oT%

2. Wcnonbsyst dopmynsl (1.4.21)

1 1
Lhi=J, L=35(’=h), Is=z ()" =30k +2k),

S =T, Jo=T°T7, Jy=ToT"T%,
YCTAHOBUTb PaBEHCTBO
of of of
HP == +15L-% +1,— |6 —
o <511+ Yo, T ar, )0

(9, 2 Vs O g
<612 +I1 6I3>Ta + 6[3 TG'Tou (1567)

T. e. popmyay Jlarpanxa—-Cusbbepcra (1.4.40), rue

) B) B
=Ly 2L p 2
oI, oI, Ol (1.5.68)
g 9f ,of o, _0f B
! oL, ‘oI; * 0l

B uactHoctH, ecnu f = f(I1), To Tensop H siBasercs wapo-
Boim: H = (0f/011)G.
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1.6. TEH30OP PAMAHA U EFTO CBOUCTBA

BBeném B TpEXMepHOM IMPOCTPAHCTBE METPUKY C IOMOLLbBIO
TOJIOXKHUTENBHO ONpeeéHHON KBapaTHUHOH (hOPMBI

ds? = gapdzda”. (1.6.1)

Eci gog = gBa, TO TaKOe NPOCTPAHCTBO HAa3bIBAIOT PHMAaHOBBIM.
PrMaHOBO MPOCTPAaHCTBO HA3LIBAIOT EBKJHIOBBIM, €CJH BO BCEM
MPOCTPAHCTBE MOXKHO BBECTH ONHY H TY K& JEKapTOBY CHUCTEMY
KOOPIHHAT.

Teopema 1.4. Cucmema koopdunam 6ydem Oexapmosoti mo-
eda u moavko moeda, Koeda sce cumsosv. Kpucmodghgpers pasnol
HYAtO.

HokaszatenbcTBO caenyet u3 ¢popmyn (1.5.8) u paBeHcTBa

9g
V’Ygaﬁ = 8;75 - gdﬁrga—y — Gao Jﬁ—y = 0.

YcTaHOBMM Terepb YCJOBMS, MPH KOTOPHIX PHMaHOBO MpO-
CTPaHCTBO OyeT eBKJMHOBBLIM. [lycTh K (1°) — mnpoM3BoJbHAas
KPHBOJIHHEliHas CHCTeMa KOOpAMHaT, a K (£7) — IekapToBa, Tak
yro 2@ = (€1, £2,¢3) ecTb OPMY/IBI MEpPEXoaa OT CHCTEMbl K
K cucreMe K. Tornma

S 0€° 0?x® o 02 92PN\
= 5o (oo T o) =

OTKyIa

0?z® w 0% 0z
Wﬁ-raﬂ@a—f”—o. (162)

Coornotenus (1.6.2) ects cucrema w3 27 nuddepeHunatb-
HBIX ypaBHEHHH /sl ompeneseHus Tpéx dyHkumit x(£1,€2,€3).
Jlns mosydyeHUs! ycJOBUH €& COBMECTHOCTH Npoau(depeHLupy-
eM ypaBHenus (1.6.2) mo & W HCKJIOUMM BTOpble NPOU3BONHbBIE
B HOBOH cucTteMe 1o dopmynam (1.6.2). B pesynbrate mosaydnm
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CUCTEMY ypaBHeHHH

Pt 0a" 0 o
OEHPEVOEN — DEM DLV DEX

re,
) < 5 Losl ey ~Tao ",37> =0. (1.6.3)

MeHsis B 9TOH cCUCTeMe HHAEKCH A U  MeCTaMH, HHIEKC CyMMHU-
poBaHus [ Ha 7y, 7y Ha 3, MOJYyUUM

Pt 0a" 00 0uP
OEHDENDEY — DER DEXN DEY

8F8€0¢’Y ¢l o ® o
X W_FU'YF aﬁ_raa 'YB :0 (164)

[Tockonbky npeo6pasoBanue £7 — x mpennosaraeTcsi HEBBIPOXK-
neHHbiM, To U3 (1.6.3), (1.6.4) U cenyioT ycJoBHUsI COBMECTHOCTH:
0%, B or=

ary o g —
Rﬁ'yoc *& = ax’y 81'5 —+ ]_—‘ai_,y].—‘ aB ].—\890.5].—‘ ay — 0 (165)

3Ha4yuT, ecyau Ry, ® = 0, To cucreMa ypaBHeHHI (1.6.2) cos-
MeCTHa U e& MOXXHO NPOMHTErPUPOBATh U YCTAaHOBUTb (DOPMYJIbI
nepexofa OT MPOU3BOJMBHOH cucTeMbl K (x%) K OeKapToBOH cH-
cTeme f{(ga). Ecan xe Ry, ,® # 0, T0 B NPOCTpaHCTBE HeJb3s
BBECTH €JMHYIO I€KAPTOBY CHCTEMY KOOPAHWHAT H PHUMAHOBO INpPO-
CTPaHCTBO GYHET HEEeBKJHIOBHIM.

[Tokaxem, uto o6bekT Ry ' ecTb TeH3op 4-ro panra. Bosp-

MEM TIPOU3BOJIbHBIN IMIaIKHH BEKTOP a U 06pasyeM BTOpPEIE KOBa-
PUAHTHBIE IPOU3BOLHEIE OT €0 KOMIIOHEHT:

VsV, a0 = % —Voaal% 5 — VyasT%s,
OV paa
V,Vsan = % — Voaal%, — Va,1%, .

HMcnonbayst Boipaxkenue (1.5.28), mocsie nmpocThix mpeobpasoBaHuii
HaUgéM
VsVyaa =V, Vgas = Ry, "a;. (1.6.6)
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B cusy mpou3BOIbHOCTH BEKTOpA a, MO TeOpeMe IejeHHsl TeH30-
poB BbIBOAMM, 4TO Ry 7 — TeHsop 4-ro panra. Popmya (1.6.6),
B YAaCTHOCTH, YTBEPXK/IAET, YTO B €BKJIKIOBOM MPOCTPAHCTBE MOXK-
HO MEHSIThb TMOPSNOK KOBAPUAHTHOTrO AU(hepeHIHPOBaAHHUS.

Il moJiyueHHst KOBapPHAHTHBIX KOMIIOHEHT TeH3opa PumaHa
MPUMEHHM OMEpALHIO ONycKaHus uHaekca B hopmyne (1.6.5):

or
RB’YQ)\ - RB'YOC aegaeA = ﬁ_
o'y o
- ax27 + g (Fwa7rg>\5 - Fwaﬁra)\fy), (167)

TJle MCoJb30BaHo paBeHCTBO (1.5.9).

Uro6bl yCTaHOBUTb ApyrHe CBOHCTBa TeH3opa Pumana, yno6-
HO paccMaTpuBaTb HEKOTOPYIO CIIELIMaJ]bHYI0 CUCTEMY KOOPAUHAT,
rie oH MMeeT HauboJjlee NMPOCTOH BUA. DTO He MOXKeT ObITh fe-
KapToBa cHCTeMa KOopAMHaT. BBomuTcsl Tak HasbiBaeMas eeode-
3uueckas cucmema Koopouram £°, Takasi, YTO B 3aJlaHHOH ToU-
Ke IIPOCTPaHCTBA Z{f, COOTBETCTBYIOIIEH £, 00pallaTcs B HOJb
BCEe CHMBOJIbI IA“’E,87 (HO He nx mpou3BoxHblE). Bo3bMEM, HampHMep,
KBaJpaTU4Hble MHOTOYJIEHbI

o™ =2 + 0T — ) — 5 T (67 - 606" ~ &),

[0]
rue F‘fx — 3HaueHus I'® g B TOUKe &7, Torna
0?x® e
nHLY vy
T

U ypaBHeHHe (1.6.2) B Touke £J BbBINOJHEHO, U, 3HAYUT, B ITOH
x

TOUKe I‘ = =0, Faﬁw Jao F 3y = 0. Tensop Pumana nns pac-

CMaTpUBaeMOH TOYKHU UMeeT BHJ

b Oaas Ol _
M= T T wh

_ 1 Pps Pgas | Pgay Py
=3 <8x0¢83ﬂ T o oxY + 0 OB 633@6335)' (1.6.8)
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M3 (1.6.8) BbIBOOMM paBeHCTBa

Rygax = —Rgyax, Rpyra = —Rgyars
Roxgy = Rgyars Bgyar + Ryapr + Rapyr =0, (1.6.9)
Rﬁ,@o&\ =0, R,nyaoe =0.

B TtpéxmepHom mpocTpaHcTBe TeH3op Pumana nmeer 81 kommo-
HeHTYy, Tak Kak a, 3,v,A =1,2,3.

B cuay cBofictB cummetpu (1.6.9) He Bce KOMIMOHEHTHI 3TOrO
TeH30pa He3aBHUCUMBI. JIerKo BHUOETb, UTO BO3MOXHBI TPH CHTY-
auuu: Ju60 y KOMIIOHEHT BCe HMHIEKChbl ONWHAKOBbI, JHOO [Ba
WHIEKCA pasjnuyHbl, JMO0 pa3udyHBl TpPU HHOeKca. fcHo, uTo
Roooe = 0, B UaCTHOCTH, /IS OTHOMEPHOTO MPOCTPAHCTBA

a:ﬁ:'y:)\:l H R1111:0,

T.€. OJIHOMEepHOe MPOCTPAHCTBO BCerjga eBKJIUIO0BO. Ecau y KoM-
TIOHEHT TOJIbKO J1Ba Pa3JIMUHBIX HHJEKCA v U [3, TO OyleT He3aBH-
CHMa TOJNBKO KOMIOHeHTa Rqga8, U B TPEXMEPHOM NPOCTPAHCTBE
umeeM Rjsi2, Rasz23, R3131 — TPU HE3aBUCHMBIX KOMIIOHEHTHI.
JInsi AByMepHOTO TMPOCTPaHCTBA HMHAEKCH NPUHUMAIOT 3HAUEHUS
1, 2 u otiM4yHa OT HYJsl KOMIIOHeHTa Ris12. Kak 6yner BugHo B
JaJbHEHIIeM, 3Ta KOMIIOHEHTa CBsi3aHa C KPUBH3HOH TOBEpPXHO-
CTH, OTCIOJIa TIPOUCXONUT APYroe Ha3BaHue TeH3opa Pumana R —
TEH30p KPHUBU3HBHI.

[TycTb y KOMIIOHEHT pa3jinyHbl TPU HHAEKCA «, 3,7y, TOTOA cpe-
IV 4YeTBIPEX [Ba WMHAEKCA JOJIKHBl COBNACThb, HANpUMep HHIEK-
cel o. [Ipruém OHM HOJIKHBI HAaXONHUTBbCS HAa TEPBOM M TPEThEM
Mectax (MHaue KOMIIOHEHTa paBHa Hynw 1o cBoicTBy (1.6.9)).
B pesysnbrare mosyuuM TpU HeHYJIEBBIX HE3aBHUCHMBIX KOMIIOHEH-
Thl R1213, Ros21, R3132. 3HAUUT, B TPEXMEPHOM PHMAaHOBOM IpO-
CTPAHCTBE eCTb TOJIbKO IIECTh HE3aBUCUMbIX HEHYJIEBBIX KOMIIO-
HEeHT

Ri212, Ro323, R3131, Ri1213, Ra321, R3130. (1.6.10)

CeépTka Tensopa R no mepBomy u mocsienHeMy MHOEKCaM Ha-
3bIBAETCS] meH3opom Jinwmelina:



1.7. lu¢ppepenyuposarue no napamempy mern3opos 69

Ryo = g" Rgyan. (1.6.11)
IT0 CHMMETPHUHBIH TeH30p 2-r0 paHra, MocKoJbKy u3 (1.6.9)
Ra'y = gﬁARBawA = gAﬁR'y)\,Boz = gABRA'yaﬁ = Rfya-

1.7. BUDDEPEHUMPOBAHME MO NAPAMETPY
TEH3OPOB

Byzem Tenepb cuutaTh, 4TO (POPMYJIbI MEPeX0a OT CHCTEMbI
K(2%) k cucteMe K (£7) nmelor Bun 2® = 2 (¢4, €2, €3, 1) ¢ Heko-
TOPBIM CKaJIIPHBIM TapameTpoM t. CuuTaercs, 4To ¢ He 3aBUCHT
OT CHCTeMBI KOOPAMHAT (B (PU3MUECKUX 3a1a4ax PoJb MapameTpa t
yacto urpaet Bpemsi). Takxke Mpeno/naraeTcs, uto AJs J060ro ¢
SIKOGHAH Mepexoia oT cucTeMbl K K cucteMe K OTIHUEH OT HyJIst:

ox®
JZ\(WWO'

SlcHO, 4TO B CHCTeMe KOOPAMHAT K GasdCHble BEKTOpa CyTh
BeKTOp-(DYHKLHMH KOOPAMHAT W TapamerTpa: €,(£7,t), € (E7,1).
[Ipu usMeHeHHH MapaMerpa GyAeT MeHSThCS M caMa KOOpAHHAT-
Hasi cucteMa K. E8 HasblBaloT nodsudcHoii cucmemoti Koopou-
Ham, a cucreMy K — nenodsusicroil. Jlanee, n3aMeHeHHe CUCTEMBI
K TpakTyeTcs KaK M3MeHEHHe CBS3aHHOTO C HElo IPOCTPAHCTBA.
Torna ka)kpomy 3HaueHHI0 napameTpa ¢ OGyHET COOTBETCTBOBAThb
CBOE TMpPOCTPAHCTBO, COBMAJAIOLIee C HEMOABHKHBIM MPOCTPaH-
ctBoM cucreMbl K. [TofBHKHBIE IPOCTPAHCTBA, COOTBETCTBYOLHE
sHauenusM t° u t, 6y1eM HasblBaThb HAUAAbHLIM U AKMYAALHOLM
npocTpaHCTBAMH. BasucHbIe BEKTOPBI B HAYaJbHOM [POCTPAHCTBE
0

ecThb %a: e, (¢7,10), e"=e"(¢7,t%), a=1,2,3.

PaccMoTprM Termepb TEH30pBI, 3aBHCSILIME M OT MapameTpa.
TeH30p MOXKHO OTHECTH K Ga3HCaM HEMOABHXKHOHM WJIM MOIBHUXK-
HOU CHCTeMbl KOOpAMHAT. B mepBoM ciydae oT mapamerpa GyayT
3aBHCETh TOJIbKO KOMIIOHEHTBI TEH30pa, a BO BTOPOM — KOMIIO-
HEHTHI TeH30pa ¥ moJsiuanbl. [109TOMy W BO3HMKAIOT MPOU3BOIHBIE
OT TEH30pa M0 NMapaMeTpy B Pas3HbIX CMbIC/IaX.
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[Tycth cHavyana nMeeTcs ckajsipHoe moJje ¢ = (M, t). B no-
IBHXKHBIX KoopanHatax ¢ = @(£°,t), a B HENOABHXKHBIX —
¢ = p(z",t), NI0ITOMY MOXKHO pacCMaTpPUBaTh pas3JjHUHBIE MpPO-
U3BOIHBIE OT CKaJsipa [0 MapaMeTpy: UHOUBUOYAAbHYIO W AO-
KaavHyro. IHIMBULYyaqbHAs NPOM3BOAHAS 10 MapaMeTpy t ecTb
YyacTHas IPOU3BOAHAS NPU (PUKCHPOBAHHBIX £7:

dp _ 9p(§7,1)

- 5 (1.7.1)

£7 =const

Ota npou3BOAHAs XapaKTepudyeT U3MeHeHHe B NaHHOU Touke &7
TMOJIBUKHOTO TIPOCTPAHCTBA.

JlokasnbHOH NPOU3BOAHOH cKassipa ¢ MO NapaMeTpy ¢ Has3blBa-
10T YaCTHYIO IPOHU3BOAHYIO NMPHU (PUKCHPOBAHHBIX KOOpAUHATax x7:

Op _ Op(a7,1)

= (1.7.2)

x T =const

OHa XapakTepusyeT H3MeHeHHe BeJMUMHBl B JaHHOH TOUYKe Hero-
JIBMKHOTO TPOCTPaHCTBA.

[Mockoabky & = z*(£1,€2,€3 ), Mexay HHAMBHIYaNbHOH H
JIOKaJIbHOH NPOM3BOHBIMK HMeeTcs CBA3b, onpe/eseMas hopMy-

JIOH
dp _dp@™(€7,0.0) _0p | Op do”

dt dt T ot ' Oxm dt

BBonsi BekTOp

dx™
e, u =2 1.7.3
u=u'e m o ( )
TI0JYYUM
dp Oy dyp
W _9% Vo= 22 Ly v 1.7.4
7 at—l—qup 8t+u Vo ( )

ﬂpyr‘I/IMI/I CJIOBaMH, U3MEHEHHE BEJUYHUHBI ¢ B JIaHHOM TOYKe TO-
ABUKHOI'O MMPOCTPAHCTBA CKJaAblBaeTCAd U3 €€ M3MeHeHUs B TOUKe
HEINOABHU2KHOT'O IMPOCTPAHCTBA. [TocsiegHsist yacTh €CTh ’LLTVTQO, Ha-
3blBaeMasi KOHBEKMUBHOLL npouseo@rzoﬂ. 3Ha‘{I/IT, WHAWBHUAYAJb-
Has MpOU3BOAHAA CKaJisipa M0 ImapaMeTpy paBHA CyMMe JIOKaJIbHOU
U KOHBEKTHUBHOH NPOU3BOAHBIX.
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) [0)
,HJ'IH 0a3UCHBIX 3JIEMEHTOB €q, ea HO,E[BI/I)KHOﬁ CHUCTEMbI KOOD-
JUHAT uMeeM
9 2
de, 0 de
dt T dt
TaK KaK B Ha4aJbHOM HpOCTpaHCTBe HapaMeTp (iJI/IKCI/IpOBaH.
Jlsis 3/1eMeHTOB éa, e MOJBHXKHOU CUCTEMBl B aKTyaJIbHOM
HpOCTpaHCTBe HHAWBUAYaJbHBIE HpOI/ISBOILHbIe BBIUHUCJAKTCA I10

thopmyam
deq _ d or(€7,t)  ou _ o

=0, (1.7.5)

—2 = =V, 0%¢€,,
dt — dt 0¢ o T ooge (1.76)
a/\a _ -7 /\wra :
Vau PR + .
B
‘?—t = —V,ue’, (1.7.7)

rfie noc/efHee PaBEHCTBO CJelyeT W3 COOTHOLICHHS B3aHMHOCTH
Aﬁ e — 5B

3HaquHH WHAMBUIYabHbIX IPOU3BOJHBIX B HEMOABHIKHOM CH-
CTeMe KOOPAMHAT MoJydaloTcs NyTéM AuddepeHLHpOBaHUs Hop-
MyJIbl [Ipe00pa3oBaHuUs

e, =e 07

no napametpy. Bui6upasi mogBuxHyto cucteMy K Tak, 94ToObl TIpH
NaHHOM | OHa COBIIajaJia C HEMOABMXHOHM cHcTeMOoH K, HaXomuM
(ucnonb3oBansl popmynsl (1.7.6), (1.7.7))

d

% = e, e, (1.7.8)
deP

% s (1.7.9)

Jokaxxem paBenctsa (1.7.8), (1.7.9). Nmeem

dt — dt 9&> 7 dt 9g”’
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uau, B cuay (1.7.3) u (1.7.6),

P de, 0x° ou®
Voll’€y = —— —— + €.
dt g~ g~
[TocKOMbKY MpH [IaHHOM 3HAYEHHH Mapamerpa t €, = €., e =
=e% 10 V,u’ =Vau’, u’ =u’ u
oz Ou®  Ou? Ox" ou’ . Ou’
o Y 9 Qo 9¢e Qam T ¢ Qa

TOrAa npenbiayuniee COOTHOIIEHHWE MEPENUIIeTCd Tak:

<8u i a)eg _ deg 5 8u de, ou

- _ _|_ e, ——
ox® S e T dt 70z’
oTKyna ¥ cienyet paBeHcTBo (1.7.8). l/is moKa3aTesbCcTBA paBeH-
ctBa (1.7.9) mocratouHo mpoauddepeHUUpPOBATh MO MapameTpy ¢
COOTHOIIIEHHe B3auMHOCTH €° - e, = 67,
JlokanbHble TPOU3BOJNHBIE OT GA3UCHBIX 3JE€MEHTOB CHUCTEMBI

K paBHBI HYJIO,
(e}
Oea _y 07 _,, (1.7.10)
ot ot
MOCKOJIBKY 3TH BEKTOPbI He 3aBHUCAT OT ¢ B KaXIOH TOUKe Hero-
JIBUXKHOTO MPOCTPAHCTEA.
[lycts umeercst riiafkoe BekTopHOe moje a = a(M,t). B mno-

JlBH)KHOﬁ CHUCTEME KOOpﬂI/IHaT
a=a", =age . (1.7.11)

WunuBuayabHasi MPOU3BOAHAS T10 [TAPaMeTpy OT MEPBOTO PaBeH-
crBa (1.7.11) ectb

E‘Z d;: +aevaare, = 2% (1.7.12)
rae BBeIeHO o6o3HaueHue
%L: = % SNAVATLE (1.7.13)
3nauutr, A = A; +A],
A =T, A} =a°V,i%¢, =a - Vu. (1.7.14)

dt
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Bextop A; Ha3blBaeTcsi OmMHOCUMENbHOU NPOU3BOOHOL BEK-
TOpa a U XapakTepusyeT H3MeHeHHe BeKTOpa OTHOCHTEJBHO IO-
JBHXXHOH CHCTeMbl KOOpAMHAT. Bekrop A mpeacrap/sieT yacThb
U3MeHEeHHsl BEKTOpa a, CBA3aHHYIO C IBHXKEHHEM MOABHKHOH CH-
CTeMBI, I09TOMY €ro Ha3blBAIOT NePeHOCHOL Npou3sooHol.

Ilnsi BToporo npenactasaenus (1.7.11) naiiném

da 1365 ~B 1365 da/;e P
— == =L _ 7. 1.7.1
@ - Dt Dt @ GeVel (1.7.15)

A

CrnemoBatesibio, A = Ag + A3,

dag .
_ dag op

A, = _ _aﬁﬁoaﬁé\a =—Vu-a, (1.7.16)

a 2
T. €. TIOJNIYyUHUM APYTO€ TpeacTaBleHHe MHIUBUIYaJbHOH MPONU3BO/-
HOH 4epe3 OTHOCHTENbHYI As W TepeHOCHYI0 A5 MPOM3BOAHbIE.
* *
3ametuM, uto A; # Ag, AT # AJ.
B HemnonBu:KHOH cHCTeMe KOOPIMHAT BEKTOP @ UMeeT BUJ

a=a", =age’, (1.7.17)
HOQTOMy
da Da® Da® da®
da v = goueTe 1.7.18
at = Dt ¢ Dt at e ( )
Hcnonb3ys paBeHCTBO
da® da® da®

o

ot G
dopmyny (1.7.18) moxHO 3amucaTb Tak:

+awraw> =99 L, (17.19)

Da*  0Qa® uo da®
ot

Dt ot o
Tenepb u3 pasencts (1.7.18), (1.7.19) crenyer, uTo

da  Oa® - o
E = Wea +u Vaa €. (1720)
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[Tockosbky Oe, /0t = 0 (em. (1.7.10)), To dopmyne (1.7.20) mox-
HO TPUAATh HHBAPHAHTHYIO OpMy
d—az@—l-u-Va. (1.7.21)
dt ot
WTak, HHIMBHAYabHAsi IPOHU3BOJIHAS O MapaMeTpy OT BEKTO-
pa paBHa CyMMe JIOKaJbHOH ¥ KOHBEKTHBHOH MPOM3BOAHBIX. WH-
IMBHIyaJbHasi MPOM3BOIHAS BEKTOpPa XapaKTepH3yeT ero naMe-
HeHHe B (DUKCHPOBAHHOH TOYKe MOABHXKHOIO MpocTpaHcTBa. Jlo-
KaJbHasi MPOW3BOAHAS MMOKa3biBAaeT M3MEHeHHe BEeKTOpa B COOT-
BETCTBYIOIEH TOUKe HEMOJBHXKHOTO MPOCTpaHCTBA. KOHBEKTHB-
Hasl POM3BOIHAS BbIPAXKAET Ty YaCTb U3MEHEHHs BEKTOPa, KOTO-
past 00ycJIoBJIeHa TlepeMelleHHeM MOBHKHOTO MPOCTPAHCTRA.
Jns BToporo mpexactaBneHust Bektopa (1.7.17) unnuBHIyasb-
Hasi MPOM3BOJHAS PaBHA

d
da _ das 4
dt dt

Da[-} B
Dt e, (1.7.22)

—apuT?, e” =
rae

Das _ dag +uw<% _%powﬁ> _ 99 | e ap. (1.7.23)

Dt ot Oxw ot

Jlerko Buzmeth, uto ¢opmyna (1.7.23) nonyuaercs u3 (1.7.19) c
TIOMOIIbI0 OMEepPalUH OMyCKaHHUs HHAEKCAa — NOCTATOUYHO YYecTb
paBeHCTBO Ogqp/0t = 0. [osaromy dopmyna (1.7.23) npencras-
JIsleT 3allUCh BeKTOPHOTO paBeHcTBa (1.7.21) uepes KoBapHaHTHBIE
KOMITOHEHTHI.

[lycts mMmeercss mose TeHsopa T Broporo pasra, 3aBUCsIIee
OT mapaMeTpa. B MOIBHXKHOH CHCTeMe KOOPAMHAT CIpaBelUBbI
npeaCcTaBJIeHHs

T =T8¢ =T7778,8, =T)8\&" =T9e"e,.  (1.7.24)

WunuBunyanbHas Npou3BoaHas 110 TapaMeTpy [IJsi epPBOTO U3
BeIpaxkeHu# (1.7.24) umeer Bun
AT DTop o
= B goeh,

H=—=
dt Dt

(1.7.25)
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DTas  dTag A = o A o
= —TypVot” —The 7. 1.7.26
Di i BV u Vgu ( )

B npaBoit yacTu 370 hopMyJibl KaxKAbIH UJeH sIBJASETCS TEH30POM
2-ro panra, 3nauut, H = H; + H’lk, rue

ATop ~orp
H =
S Ta ¢ % (1.7.27)

H; = (—T,3V i — Too Vi )ee’.

Ecau Bocmosb3oBaThesl APYTHMH INIPENCTaBJEHUSIMH TEH30pa M3
(1.7.24), nonyuum H = Hs + H, H = H3 + H;, H = Hy + HJ,
rie

dTes

H, = 7 e.€eg,

H; = (T7°V, 0% + TV , 0" )e,85;

(1.7.28)

dfo/%/\ ~B * To o Tas ~oya B
H; = Weae , Hy = (TGV,u* —T7Vsu’)ee”; (1.7.29)
aT.p .
H, = —% ¢%
LTy ¢ (1.7.30)

~

H; = (-1.,/V. a7 — T,0V " )e"es.

Tensopsl H; tak ke, Kak ¥ TE€H30DbI H;f, j=1,4, PasUYHBL.
[lepBrie pnaioT usmMeHeHue TeH3opa T B (uKcHpoBaHHOM 6asuce
MOIBIKHOH cUCTeMbl (0600IeHHe OTHOCHTENbHBIX MPOU3BOAHBIX
BEKTOpa), a BTOPble XapaKTEPU3YHIOT Ty YacTb M3MeHEHHs, KOTO-
pasi CBsi3aHa C ABHXKEHHEM 3TOH XKe CHCTeMbl KOoopaHHAT (0606-
1IeHHEe MepeHOCHO! MPOU3BOAHON BekTopa). Bripaxenus (1.7.25)—
(1.7.30) matoT pasnHuHble pa3fioXKeHHs HHIUBHIAYyaJbHOH MPOM3-
BOJIHOH TEH30pa Ha OTHOCHUTEJIbHBEIE H MEPEHOCHBIE POU3BOAHBIE.

Bosbmém Tenepb mnpenctasieHde TeHsopa T B 6asuce Hero-
IBY2KHOH CHCTEMBI KOOPAHHAT:

T= Tageaeﬁ = Taﬁeaeg = T%eaeﬁ = Taﬁeaeg. (1.7.31)
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B sToM ciyyae uHIMBHAYyasbHBIE TPOU3BOLHbBIE BEIUHUCSIOTCS IO
(hopmyam

dT  DT.p dT  DT*8
— = —"e%’ — = e.eg
dt Dt oodt Dt ’ (1.7.32)
dT  DT¢ dT DT.? o
i B eaeﬁ e o eaeﬁ
dt Dt Todt Dt ’
e DT, oT,
af _ af ~ T
Dt ot 4 VaTes
DT*? 9T
= —a + u’YV—yTaB,
Dt ot (1.7.33)
DT _ T% T
Dt ot R
DT.?  9Th8
@ =« VTP,
Dt o T Vala

[pu BeiBOME hopmyat (1.7.32) Mcrmosb30BaHBl paBEHCTBA BHIA

dT g _ 0Top _Hﬂ@Ta/g .
dt ot oxY
[TockosbKy JlOKaJIbHble NPOM3BOJHbIE OA3UCHBIX BEKTOPOB PaBHbI

uymio (cM. (1.7.10)), To dopmy.st (1.7.32) MOXKHO 3amucaTh B HH-
BapuaHTHOH (opme

dT 0T
dt ot
obobmatonieit popmyny (1.7.21) st BekTopa.

+u-VT, (1.7.34)

3ameuanue 1.6. Eciu nose TeHsopa opHopoxpHo, To VI' = 0
U MHAMBUIYaJbHas POM3BOAHAS COBMNAAAET C JIOKAJBHOM.

1.8. AUDDEPEHLLMPOBAHME MO MAPAMETPY
MHTEMPAJIbHbIX BbIPAYXEHMH

HanoMHUM HeKOTOpBle HHTerpaJsibHblE BbIPa’KEHUS BEKTOPHO-
ro ananusa. [lyctb a — moJie ryagkoro Bektopa, a L = AB —
KOHTYD B 9TOM M0JI€, 3aJaHHbIH ypaBHEHHEM T = r(S$) C MOMOIILbIO
napamerpa s, cM. puc. 1.6.
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A

Puc. 1.6
K onpedenenutro yupkyrsyuu sekmopa

KpuBonuHe#HbIH HHTErpan
F:Ja~dr (1.8.1)
L

Ha3BIBaETCS YUpKYyAayUel BEKTOpa a Mo KOHTYpy L. dto ckansp-
Hasl BeJIMUMHA U B MPOU3BOJILHON CHCTEMe KOOpaUHAT T

= J Qe dz®, (1.8.2)

L.

rie L, ecTh 3agaHue KoHTypa L B KoopouHaTax z¢.

[lycts Temepp ¥ — MOBEPXHOCTb B MOJe BekTopa a (CMm.
puc. 1.7).
Wurerpan
Q:Ja~nda (1.8.3)
b

Ha3bIBA€TCA nOMOKOM BEKTOpa a 4epe3 IMOBEPXHOCTb Y. O10 Be-
JIMYKWHA CKaJisipHasd U B NE€PEMEHHbIX % rnoJsqiydaeM

Q= J a“ne do. (1.8.4)

273



78 Paszden I. Mamemamuueckuii annapam

Puc. 1.7
K onpedenenuro nomoka sexmopa

AHasiornuHo onpepensiercs BekTop Q — MOTOK TeH3opa 2-ro paHra
Yyepes MOBEPXHOCTb X:

Q=JT~nda (1.8.5)

P

Dopmyner (1.8.3), (1.8.5) MoxHO 3amucaTh B GoJsiee yHIOOHOH
IJs JajbHei1ero ucrnosb3oBanusi dhopme. st 3TOr0 B MPOM3-
BOJIbHOH TOYKe M TpocTpaHCTBA PaCCMOTPHM KOODIHHATHBIE JIH-
HUM M KOOPAMHATHBIE MOBEPXHOCTH CHCTeMBl KoopauHaT zt, x2,
23, TlyeTs dro = dx®eq ¥ dry = WVQ, cm. puc. 1.8.

JIs1 KOOpAMHATHBEIX TMOBEPXHOCTEH x = const cYUTaeM, 4TO
do, ecTb BEKTOp 3JIEMEHTAPHOU MJIOIIAIKH 3TOH MOBEPXHOCTH.

Puc. 1.8
Koopdunamroie AunUL 1 NOBEPXHOCTMU
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Heno, uto

doi = dry X drs = ey X e3 dz?da?
= egg1dz’dael = \/gdx2dx3e1,

OTKyna
doy = doe', doy = /gda’da®. (1.8.6)

TouHo Tak xe
doy = drs x dry = doge?,  dog = \/gda’dx’; (1.8.7)
doz = dry x dry = dose®, dos = \/gda'da?®. (1.8.8)

O6o03HaunM uepe3 do BekTop muowanku NiNo N3, MOJYIHUM
—_— —
do = N1N2 X N1N3 = (dl‘2 — drl) X (dl‘3 — dl‘l),
3HAUUT,
do =do1 +dos + dos = do,e”. (1.8.9)

Ecau n — Hopmaub K mioianke Ny No N3, HallpaBJeHHasi B CTOPO-
HY, OTKyJIa 00XOJ 3TOH MJIOMIAAKH BHIEH NPOTHB YACOBOH CTpeJ-
KH, TO

do = don = n,doe®. (1.8.10)

CpasuuBas dopmyJs (1.8.9), (1.8.10), Haxomum, uTo
do, = nado, (1.8.11)

U Ipyroe BEIpaXKeHHe JJIs MoToKa BeKtopa (1.8.3) u moToka TeH-
3opa (1.8.5) ecTb

Q:Ja~da’, Q:JT-da. (1.8.12)

P z

[Iycte V' — 00BEM B moJie HEKOTOPOro TeH3opa. B kaxknoh
Toyke M 3Toro o6bEMa BEKTOPBl 3JE€MEHTapHBIX MepeMelleHnH

drg = Mﬁa onpeniesiIloT ajeMeHTapHbld TeTpasnp M NjNaNj
(cM. puc. 1.8). O6béM 3TOTO TeTpasapa

dV = (dry,drs, drs) = /g dz'da?da®. (1.8.13)
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Bennuuns
@:Jwv, A:JadK P:JTdV (1.8.14)
7 v v

Ha3bIBAIOT KOAUUECMBOM CKAAApa p, eexmopa a, men3opa T B
o6béme V. B s060t cucteme KOOpAHHAT = 3TH BeJHUHHbBI Bbl-
YUCJAI0TCS N0 (hopMysaM

O = | p(x®)\/g(x?) dz'dz?da?;
i

A= | a(z%)\/g(z®)do'dz?dz?; (1.8.15)
v

P = | T(z%)\/g(z®) dz'dz?da?.
v

[IpenmonoXum, 4TO TJIaAKYIO MOBEPXHOCTb Y. OTPAaHUUHUBAET
KYyCOYHO-TJIaiKUil KOHTYp L W Ha ¥ 3amaHa nuddepeHuupyeMas
BeKTOp-(pyHKUMSA a. Toraa crnpasennuBa (opmyna Croxca

jga~dr:Jrota-ndo (1.8.16)
L b

U MOTOK BHUXPSl Uepe3 MOBEPXHOCTb Y paBeH LUPKYJASLHH CaMOro
BEKTOpa BIOJIb 3aMKHYTOrO KOHTYpa, OrPaHUUYMBAIOILETO 3TY MO-
BepxHOCTb. B KommoHeHTax paBeHcTBO (1.8.16) B mpousBosbHOM
cucTeMe KOOPAHHAT UMEET BUJ

%aa dx® = Jeamvlaavna do. (1.8.17)
L s
Eciu 06véM V' HaxomuTcs B MoJie TVIAJKOTO BEKTOpa a, TO

cripaBensuBa (opmyna [aycca—Ocrtporpanckoro

JdivadV:Ja-ndo (1.8.18)
v )
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IJIST KYCOYHO-TJIaZIKOH IMOBEPXHOCTH X, OTPaHHYMBAIOIIMH 3TOT
o6véM. B mpousBosbHON cHcTeMe KoopauHaT (opmyna (1.8.18)
3aIiCEBaeTCs TaK:

o(al

J M d1'1d1'2d1'3 _ Jaana dO', (1819)
OxP

v >

HJIH
J Vsa? dV = Jao‘na do.
v »
PagenctBo (1.8.18) serko o6obiaercs Ha cayuail TeHzopa T
BTOPOTO paHra:
JdideV:JT-nda, (1.8.20)

|4 P
HJIN

o(T- f

J % da' dz’da® = JVQT“ dv = JT“ ‘nedo, (1.8.21)
v v b

rae ucrnosb3oBaHo npencrasierne T = T%e®. B wactHocTH, mis

waposoro teHzopa T = ¢G, div (pG) =V, G-n=nu

JV@dV = Japnda. (1.8.22)
v b

Konmyp L 6ydem Hasbieams unou8uO0yarbHbiM, €CIA OH MIPO-
XOIHT Yepe3 OIHU U Te Ke TOUKH MOABHIKHOTO MPOCTPAHCTBA 1Jis
Joboro sHayeHus napamerpa t. Torna ypaBHeHMs KOHTypa L¢ B
cructeMe 7 He cofiep:KaT napamerp t.

Lupkynsuus ecTb PyHKLHUS apamerpa:

(t) = J o (27 ) dz® = Jaa(gf,t) dco, (1.8.23)
L. Le
3HAUUT,
dr [ dan ..
@ J o *

Le
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[TockoabKy 1o mepBo# popmyse (1.7.6)

da d d
o jeo = & (.ea)dga:d—?.dma-du,

TO UCKOMas MPOMU3BOAHAA MMeeT BUL

d da
T Ja dr—J(E -dr—i—a-du). (1.8.24)
L L

1o uHBapUaHTHas HopMa U eé MOXKHO UCIOJIb30BaTh B JIHOGOH cH-
creme koopauHat. [logblHTEerpasbHOE BbIpaXKeHHe B MPABOH 4aCTH
(1.8.24) nerko nmpeoGpasyeTcs K BULY

Oa

En -dr+d(a-u)+ (rota x u) - dr.

Tenepb paBenctBo (1.8.24) mepenwuiercs Tak:

B

4 Ja dr—% Ja~dr+ J(rotaxu)~dr+a-u . (1.8.25)
A
L L, Lo

JlokanpHasi MpOW3BOAHAS BEIHECEHA 33 3HAK HMHTerpana, Tak Kak
BbIpaxkeHue L, He CONEPKUT SIBHO TMapamertp t.
Hawm nonanmo6utces cienytomas Gopmysa (Teopema disepa):

f = gdivu. (1.8.26)

Ona BLITEKaeT U3 HEeNOoYKH PAaBEHCTB

dyg _d . .

dt _E(e17e27e3):

= ~o o~ o~ = ~o S ~ s ~g S N~
= V11 (e,,€2,€3) + Vau’ (e1,€,,€3) + Vsu (e, €2,€,) =
~ o~ o~ S ~1 & ~2 & ~3 e A~
= (€1,€2,83)(Via! + Vot + V30®) = /G Vai
[Tosepxnocme Y. nasvieaemcs uHOU8UOYAALHOL, €CJH OHA
MPOXOIMUT Yepe3 OIHH U Te Ke TOUKU MMOJABUKHOTO MPOCTPAHCTBA
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NpH N1000M 3aJaHHOM 3HaYeHHH napameTpa t. YpaBHeHHe Y¢ B I10-
JIBUXKHBIX KOOpAUHATaxX MapameTpa t He COAEepPXKHUT, B OTIHYHE OT
ypaBHeHHS Y. [Ipu 3THX ycnoBUSAX MOTOK BekTopa OyaeT (yHK-
uuen t:

Qt) = Ja -do = J 3°d5., (1.8.27)
b e
OTKyHIa
dQ da® a0,
E— J < p dO’a"‘a W)
e

[TockoabKy (ucnosnb3oBana popmyna (1.7.7))

da® . da . ~asa da
P a—<E ¢~V )daa—dt -do—(a-Vu)-do

U, B cuny dopmynsl ditsepa (1.8.26),

do, d
L _ (\/_) d£a+1d£a+2 le ll \/_d£a+1d£a+2
dt dt
dt
TO MPOXU3BOJHAsA OT MMOTOKA BEKTOPa paBHaA

aQ
dt

= (divu)a® do, = (divu)a - do,

- J <Z—? —a-Vu + adiv u> -do. (1.8.28)
b

[TonwiHTerpasnbhoe Beipaxkenue B (1.8.28) moxer 6vITb ympo-
eHo. JleldcTBUTEIBHO,

Z—? = %—ku Va, rot(axu)=adivu+u-Va—udiva—a-Vu,

u dopmysa (1.8.28) npumer Bua

dQ [ (oa
- = J <a + udiva + rot (a x u)) -do. (1.8.29)
D
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[pumensisi Teopemy Crokca (1.8.16) K TpeTbemy cjaraeMoMy
(1.8.29), naiigém

a Ja-da = J <% —|—udiva) ~da+f{;(a x u)-dr, (1.8.30)
oY 5 L

dt ot
rie L — KyCOYHO-TIAIKUH KOHTYp, OTpAaHUUHBAIOLIME MOBEpPX-
HOCTb 2.

O6vém V nasvigaemces uHOu8UOYaLbHbIM, €CIA OH TIPH JIO-
60M 3HaueHWH MapameTpa ¢ COCTOMT M3 ONHHUX U TEX XKe TOueK
TMOABHKHOrO MpocTpaHcTBa. CHOBa 00bEM Vi OT ¢ He 3aBHCHT.
PaccMoTtpum npousBoaHbie oT Bennuud (1.8.14) mo mapamerpy mo
TaKoMy 00BEMY, HcmoJibays ¢opmyasl (1.8.15). Hampumep, s
nepBoro OyneM UMeTh, B cuay (opmyJnl Dinepa (1.8.26),

dd d =
= | 5 (A OV D) detagtac’ —
Ve
dy .
= E—I—g&dwu dv. (1.8.31)
v
Tak kak J 9
dp O
7 + pdivu = T + div(eu),
10, Hcnonb3ys paBeHcTBo (1.8.18), mosmydnm
ij dV—gJ dV—i—jg u-nd (1.8.32)
| eV =g ] © o. 8.
v Ve S,

BEKTOp @u Ha3blBAETCHA NAOMHOCMbIO NOMOKA CKALApAQ.
I[JIH [10J1d TJIaAKOro BEKTOpPa a HaXOAUM

d 0
EJadV_E JadV—i—ﬂg au- do. (1.8.33)
7 Vy b

TeHsop 2-ro paHra au HasblBaeTCs NAOMHOCMbIO NOMOKA BeK-
mopa.



1.8. Juppepenyuposarue no napamempy 85

3agaua. Beisectut hopmysnbl

da ou
o ~dr+a~dufa ~dr +d(a-u)+ (rota x u) - dr,

rot(a x u) =adivu+u-Va—udiva—a-Vu,

C MOMOIIbI0 KOTOPHIX moJsyueHbl paBeHctsa (1.8.25) u (1.8.29).



Paszoen 11

MPUITOXXEHMNA
TEH3OPHOIO AHAJIU3A
K AU DEPEHLMATIBHOM
FEOMETPUU

B 3ToM pasgmesie MpUBOASTCS, HAa OCHOBE TEH30PHOTO HCYHC-
JIeHHsl, OCHOBHble (hakThl AH((epeHLIHaNbHOH reoMeTPUH B TPEX-
MEepHOM eBKJHAOBOM MpocTpaHcTBe. AT0 — hopmyssl Ppene, sne-
MEHTBl BHYTpPeHHeld reOMeTpPUM MOBepPXHOCTed, NHUpdepeHLHanb-
HBle MapaMeTpel benbTpaMu ¥ HHTErpasbHblE TEOPEMBI, YACTO UC-
NoJib3yeMble B MeXaHHUKe U (DU3HKe.

2.1. KPMBbBIE B MPOCTPAHCTBE

I[lycts y” — opToroHa/ibHas NeKapToBa CHCTEMa KOOPAMHAT,
B =1,2,3, a x“ — KpUBOJNMHEHHAs CUCTeMa KOOPIHHAT, TIPHUEM

=2y %Y%), a=1,2,3; 9r” =J#0.
oyb

Torma y? = 3% (2!, 2%, 23), cm. dopmyan (1.1.6)-(1.1.8).

KpuBasi B mpocTpaHcTBe ompefiesisieTcsl Kak reoMeTpHuecKoe
MeCTO TOUeK, KOOPAHHAThl KOTOPbIX 3aBUCAT OT OJHOrO MapamMer-
pa. Eciu AB — paHHasi KpuBasi, TO KOOPIUHATHI J1060# Touku M
Ha Hel SBJAIOTCS (QYHKUUAMM HeKoToporo napametpa t. [loctpo-
UM B Touke M KaKoH-1n0O BEKTOp, a 3aTeM B KaxKIOH Npyro#
TOYKE 3TOH KPUBOH MOCTPOMM BEKTOP, PABHBIA M MapaJjliesbHBEIA
NepBOMY, MOJYYHUM BEKTOp X<, ompeles€éHHBIM B KaXKAOH TOUKe
AB, cwm. puc. 2.1. TeM caMbIM NOCTPOUJIH NAPAALEAbHOE BEKMOP-
Hoe nose 8exmopos 80oab Kpusoli AB.

Haiiném ypaBHeHHe, KOTOPOMY JOJI?KHO YIOBJETBOPSATb TaKoe
BekTopHOe noJie. [Tycts Y — koopnunath B cucteme y”. B s1oii
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A

Puc. 2.1
[Taparrensvroe 8ekmoproe noie Ha Kpueot

CUCTEME COCTaBJSIIOIIME MapPaJJIeJbHBIX ONHUHAKOBBIX BEKTOPOB
paBHEI, 3HauuT, Y7 cyTh nocrosiHubie BRoib AB u dY P /dt = 0.
Mockonbky Y = X79y8 /027, cM. dopmyasl (1.2.2), To nudde-
peHUuUpysi No ¢, HakOEM
dX° 0y . 0P dav
dt 0x° 0x°0xY dt

YMHOXHM 3T0 ypaBHeHHe Ha ¢@7dy® /0x™ u npocymmupyem 1o 3
oT 1 10 3, IpUXOAUM K ypaBHEHHIO

dxe o 0%yP  dyp U@

dt 0x°0x™ Ox™ dt

rae y4TeHbl PaBEHCTBA

:O’

_ ayﬁ 3y6

«
997 = Pam Dum '

9org™" =0,
CorstacHo BTopoMy cooTHoleHuo (1.5.2) nnis cumosioB Kpucrod-
thess, uMeeM

2y’ W _ .
0x°0xY Oz Ty
U mapaJijiesibHoe BEeKTOPHOE ToJie BIOJb KPUBOH AB NOMKHO yIo-
BJIETBOPSITh YPaBHEHHUIO

T

dxe , da”
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O6paTHo, ec/iM ecTb BEKTOPHOE MoJie Ha KpuBoi AB, ynosie-
TBOpsifolllee ypaBHeHHIO (2.1.1) U MMelolee 3alaHHOe 3HAUEHHE B
OJIHOH U3 e€ ToueK, TO OHO — MapaJl/e/ibHOe BEeKTOpHOe MoJle.

Bo3bMéM Kakoi-nn60 BeKTOp B HAaHHOH Touke M U mOCTpo-
UM B KaXKJIOH TOUKe MPOCTPAHCTBA MapasJelbHble eMy BEKTOpBbI.
DTo mnapaJjJesbHOe BeKTOpHOoe moje X< 3aBucur ot x. Ilpo-
BeEéM MPOM3BOJNBHYIO KPHUBYIO uepe3 TOUKy M, TOTZA BEKTOPHI
3TOrO MoJisi ecTh pelueHusi ypasHenus (2.1.1). Hanee, dX*/dt =
= 0X*/0x" dx"/dt u, B CHJTy IPOM3BOJBHOCTH KPHBBIX, BBIXOAS-
wux u3 M, T.e. 0Js BceX 3HaueHHit Bektopa dx”/dt, mpuxoouMm
K YpaBHEHHUIO

&

ox”
L5 apaJsJielbHOro BeKTopHoro noss. O6paTHO, U3 BbIpaKeHHs
(2.1.2) cnenyer cooTHolenue (2.1.1).

KoopnuHatel Touku M Ha KpuBoil ADB omnpelensiioTcst paBeH-
CTBaMH

+T%. X7 =0 (2.1.2)

x* = z(t). (2.1.3)
W3 cootHowenus (1.1.31) pauHa Oyru s KpUBOH NAETCS UHTerpa-
JIOM .
dz® daP\'?
= —_ . 2.14
§ J(gaﬁ dtdt ) dt @14)
to
BosbméM s B KadecTBe mapameTpa BIOJb KpuBoi AB, Torma
dz® daf
ap—— —— = 1, 2.1.5
JeB 05 ds ( )

OTKYyZa cJefyerT, 4yTo dx®/ds ecTb eNIUHHUUHBIH BeKTOp (AJHHA a
BekTOpa a® ecTb (gapa®a®)V/? nubo (g*aqap)'/? nas kosapu-
aHTHOTO BeKTopa, cM. dopmyny (1.2.7)).

Paccmorpum Touky Mi, 6am3Kylo K M W TOXe JeXKaliyio
B HalpaBJeHHH POCTa S Ha KPUBOH ADB; e€ KOOpAHHATH PaBHHI
x® + dz®. Bekrop lim MM, /ds npu ds — 0 HasbiBaeTcs Kaca-
MeAbHbIM 8eKMOPOM U 0003HAUYaeTCs Uepes (:

dx® dx
=4 ( T q) (2.1.6)

flcHo, 9TO @ — eIMHHUYHBIN BEKTOp, KacaTeJbHbIH K KpUBOH AB.
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JI1060ll BeKTOp, OPTOrOHa/NbHBIH K KacaTeJbHOMY, Ha3bIBAIOT
HOPMAALHLLM BEKMOPOM KPUEOLL; 0003HAYUM ero Yepes n = (n).
[TockoabKy yroJi § Mexay ABYMsl MPOW3BOJNBHBIMH HarpaBJeHHS -
MH, 3a[laBaeMbIMH €IMHUYHBIMH BEKTOPAMH €1 U €3, OTlpeaesseTcs

thopmy.ioi

cosf = gage?eg, (2.1.7)
TO, B35IB €] = (, €2 = N, MOJYYUM
g(wqanﬁ =0. (2.1.8)

Tak kak ¢® — eIUHUUYHBIH BEKTOp, TO gagqo‘qﬁ = 1. Bnoab kpu-
BOH JieBasl 4acTb ecTb (BDYHKLUSA NapameTpa s. B3siB nHANBHAYa/b-
HYI0 TIPOM3BOAHYIO 10 s mo dopmyse (1.7.18) ¢ ucnosb3oBaHueM
paBeHcTB (2.1.5) u (1.5.48), Hatiném

«Dd” _
Gapq Ds
3uauut, Bektop Dq”/Ds optoronanen k kpusoit AB. ITycTb
D¢
= | = 2.1.9
w= |2, (2.1.9)
TOTHA €IUHUYHBIH BEKTOP
1 Dg? 1 Dq
B -1 === 2.1.10
" & Ds (n & Ds) ( )

Ha3bIBAETCS eAABHOL HOpMaabto Kpusoli AB, a & — eé Kpusus-
HOUl B pacCMaTpuUBaeMOH TOYKe.

TouHo Tak e HnOKa3blBaeTCs, UYTO MHAMBUAYaJ/ bHAS POHU3BOL-
nas Dn”/Ds oproronanbna k n°. B3sB HHAHBHAYaNbHYIO IPOU3-
BOJIHYIO 1O s OT paBeHcTBa (2.1.8), monyuum

g an_”B:_g Dg® s _
ob Ds ob Ds

B cuay ¢opmya (2.1.10) u (2.1.5) (B nocsenHeélt Hamo = 3ame-
HUTb Ha ¢*). CHOBa MoJib3ysich paBeHcTBOM (2.1.5), HallnméM

Dn?
9apq” (ﬁ + BEQB) =0,
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1.e. BekTop DnP/Ds + aq® oproronanen k ¢®. Ilo Toit xe npu-
YUHEe 3TOT XKe BeKTOp OpToroHaseH U BekTopy n®. [losatomy enu-

HUYHBIH BEKTOD
1 (Dn®
Y == @ 2.1.11

YT < Ds ™ ) @110

OpTOrOHaseH U K ¢* u K n®, 7 = £|Dn®/Ds + 2q®|. 3Hax 7
BbIOHpaeTCs Tak, YTOOHI

eamqo‘nﬁzﬂ =1, (2.1.12)

e e,y — KOMIOHeHThl NMCKPHMHHAHTHOIO TeH3opa. lpyrumu
CJI0BaMH, BEKTOpHl ¢%, n%, v“ 06pa3yloT B3aWMHO OJHO3HAYHYIO
OPTOrOHA/BHYIO MOJNOXKHTENbHO OPUEHTHPOBAHHYIO (HJIU TPABYHO)
TPOHKY BeKTOpOB. Bekrtop v® HasblBaeTcs 6UHOpMAALIO KPUBOL
AB B paccMaTpUBaeMol TOUKe, a T — KpyueHuem 3TOH KPUBOU B
NAHHOHU TOUKe.

Yopaxuenus. 1) Jokasatb, 4To

1/2
x=|g D" _Dqﬁ ! T=e qanﬁ —D(ﬂ
“*"Ds Ds ’ aby Ds -’

2) Tlokasars, 4To
v = eo‘mqgnv, (2.1.13)

rIe ¢g, Ny, — KOBapHaHTHEIE KOMIIOHEHTHl BEKTOPOB ( U 1.
Yxaszanue. Bocrosb3oBaTbcsi OPTOrOHAMBHOCTBIO V' K ¢, n®
1 paBeHCTBOM (2.1.12).
N3 (2.1.13) Haitném

Dv® Dq Dn
— poBy 248 afy, 2 21.14
Ds e Dsny—i—e B, - (2.1.14)
Onyckas uHpeKkchl B paBerctBax (2.1.10), (2.1.11), moayuum
Dq. Dng _
D — EMar o = TVa ~ ®fa-

[loncrasasii 3T mpousBomHbie B dopmyny (2.1.14), mpuxomnm
K COOTHOILIEHHIO
Dv®
Ds

afy

=TV qrv, = —Tn%,
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TJle MCTOMb30BaHO TOXKAECTBO €V 25z, = 0 A/t MI06OTO BEKTO-
pa z u paBeHcTBo THma (2.1.13) ¢ 3ameHoét v® Ha n®. Takum
00pasoM, BEIBEJIH CJeNyIOlIHe DaBeHCTBa!

Dqg“® Dn® Dve
g Dns =71 — &eq”, Dl/s =—mn%, (2.1.15)

KOTOphle HasblBaloTcsi opmyramu Ppene. Tpoiika eqUMHUYHBIX
BEKTOPOB q, v, N o6pasyet mpéxepanHux DPpere, Un CONPOBOK-
Jaui pernep, puc. 2.2.

[TnockocTs, mpoxoasiias yepe3 Touky M kpusoit AB, B Ko-
TOpPOH JIeXKaT BEeKTOPbl q U v, Ha3blBaeTCsl conpukacarouelics
naockocmoto. TlnockocTh, comepakaliasi BEKTOPE ¥ U N, Ha3blBa-
eTCsl HOPMAALHOU NAOCKOCMbIO, @ TUIOCKOCTh, B KOTOPOH JieXKaT
BEKTOPHl N1 U q — CAPAMAAOU,eli RAOCKOCMbIO.

Ynpaxuenne. 1) Jlokasatb, uto n = qxv (n® = e*?ggv,).

2) Cucrema (2.1.15) nos»kKHa MHTErpPUPOBAThCS MPH YCJOBHH
OPTOHOPMHPOBAHHOCTH

¢?=v’=n’=1, qv=v-n=n-q=0,

Puc. 2.2
Tpéxepannux Ppene
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U Ha JIeBSITb KOMIIOHEHT BEeKTOPOB TPEXI'PAHHHKA HaKJIAAbIBAIOTCS

3TH IeCTh OrpaHuyeHnid. HalT Tpu HE3aBUCHMBIX yIJia, Olpeje-

JISIOILIMX TTIOBOPOT TPEXTPAHHHUKA OKOJIO TOUKH M — yraibl DHJepa.
Ynpaxuenue. [lokasaTsb, uto

s Dq”

ElVa = €aByq s

3ameuanue 2.1. 1) Ecnmu X — nmapasniesbHOe BEKTOPHOE T10-
Jie, 3alaHHOe BIOJb KPUBOH AB, TO OHO IOJXKHO yIOBJETBOPSTH
TeH30pHOMY paBeHCTBY (2.1.1)
DX* dX*¢
= +1% XP——=0 2.1.16
Ds ds A ds ’ ( )
a ero KOBapHaHTHble COCTaBJsOIHe X, €CTh pellleH s aHaNIOTHY-
HOT'O TEH30PHOTO YpaBHEHHs
DX dX dz”
=2 -TF Xg— =0. (2.1.17)
Ds ds ds
2) KacarenbHbIHl BeKTOp MPsIMON BCEria UMeeT ONHO U TO 2Ke
HalpaB/eHHe: OH 00pasyeT MapaJjiesbHOe BEKTOPHOe MoJie U I0J-
JKeH YIOBJETBOPSTH (opmyse (2.1.16). DToT enMHHUYHBIH Kaca-
TEJIbHBIH BEKTOP eCThb ¢ = dx®/ds, 3HaUUT, ypasHerue npsamoLl
AuHUU OynIeT
Dq~ d?z® dzP dx”

re — — =0. 2.1.18
Ds ds? T8 ds ds ( )

da”

W3 nepsoit hopmysan Ppene caenyer, uto (2.1.18) Beipaxa-
eT (haKT paBeHCTBA KPHUBHU3HBI HYJIO: NpAMas umeem HYyLesyro
Kpususuy. JT0 — XapaKTepHOe CBOHCTBO mpsmoi. B mekapro-
BOH cucteme KoopauHat 1'% = 0 M ypaBHeHHe MpsMOH ecTb
d%z® /ds? = 0.

2.2. SJIEMEHTblI BHYTPEHHEM FrEOMETPUM
MOBEPXHOCTEM

[lycTb mo-npeskHeMy y® — JeKapTOBbl KOOPAHHATHI TOUKH. [1o
oTIpesieIeHHI0, N0BEPXHOCMb eCTh TeOMeTPUUECKoe MecTo TOouek,
KOOPIHHATBI KOTOPBIX fBJAITCA (YHKUHAMH IBYX HE3aBHCHMbIX
napameTpos n', n?:
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{e%

v =y*(n"n?), a=1,2,3. (2.2.1)

Takum obpasom, J06asi TOYKA MOBEPXHOCTU OJHO3HAUHO OIpefe-
JsfieTcs ABYMS YHCAaMu n' M 1%, HasblBaeMbIMH KOOpOUHamMaMU
MOUKU HQ NOBEPXHOCMU.

3adukcupyem napamerp 72 u GyaeM u3MeHsATh Toabko 1t To-
ria touyka (2.2.1) omuineT HEKOTOPYIO KPUBYIO, LEJHKOM JexKa-
uylo Ha nosepxHoctH S, cMm. puc. 2.3. [IpunaBas mapametpy n?
pas/iduHble 3HaYeHUs], OJYyUUM CeMEHCTBO KPHUBBIX Ha MOBEPXHO-
ctu S. DTH KpUBbIe Ha3bIBAIOTCS 7)!-KPUBBIMHM, TaK KaK BIOJb HUX
MeHsieTcsl TONIbKO napametp 1.

TouHO TaK ke MOJYYUM OPYroe CeMeHcTBO KPHMBHIX 7 =
= const, BIOJb KOTOPHIX H3MEHSETCs TOJbKO MapaMeTp 7)%; OHH
HasbiBaloTCs 7)%-KpUBBLIMH. JIerko BHIETb, UTO KaxkJas TOuKa Ha
S ompepnensiercss Kak NepeceyeHHe ABYX KPHUBBIX M3 Pas3HBIX ce-
meficTe. C reomMeTpuyeckoil TOYKH 3peHHsi KoopauHaThl (n',n?)
3aJ]al0T JIBe KPUBLIE, MPOXOAsIINe Yepe3 3Ty TouKy. /st KpaTKo-
ctH, n'- u n%-KpUBBIe HA3BIBAIOTCS KOOPOUHAMHbIMU KDUBLLMU, A
nt u n? — cucmemoll KpusosunelinbLx KOOPOUHAM HA NOBEPX-
HoCMmU.

Bce cBoiicTBa MOBEpXHOCTH, KOTOPbIE MOXKHO OMHCATh, He 00-
palasich K OKpy2KakolleMy MPOCTPAHCTBY, HA3bIBAIOTCS BHYMpPEH-
HUMU CBOLLCMBAMU NOBEPXHOCMU, @ UX ONHCAHUE COCTABJISIET CO-
IepXKaAHNE BHYMPEHHel 2eoMempu n08EPXHOCMU.

2
KpuBadam

Puc. 2.3
Kpusoauneiinoie koopdurnamot
HaQ NoBepxHoCcmu
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3ameuanue 2.2. VmeeTcss 6eCKOHEUHO MHOT'O BO3MOXKHOCTEH
KOOPAMHATHBIX CHCTEM, ONpeNessIoINX TOYKW Ha MOBEPXHOCTH.
JocTaTouHo BBeCcTH HOBble mapametpel 71 = f(nt,n?), 7? =
= g(n',n?) ¥ cuuTaTh 3Ty 3aBUCMMOCTb OJHO3HAYHO OOPATHUMOM
(Tpebysi, ecaut 3T0 HEOOXOAUMO, TJIaAKOCTH MYHKUMK [ U g).

Ynpaxuenue. HaliTu noBepxHOCTb S U KOOpPAUHATHbIE JIU-
HUH, eCJlH
1 1y 2 2 1,2 1,2
yo_ o+ vy _l-mm® oy =
a 1+771772’ b 1_1_771,,72’ c 1+771772’
a,b,c — noJoXKHUTeNbHble OCTOSHHBIE.
[Tycts M — Touka Ha MOBEPXHOCTH S ¢ KOOpAHMHATaMH 1,
M; C S — cocenHsisi ¢ Hell TOYKa ¢ KoopauHatamu u® + du®,
a =1,2. O6o3Haunm uepes y” u y” +dy”, v = 1,2,3, 1eKapToBHI
KoopauHaThl Touek M u M B npocTpaHcTBe. Toraa U3 ypaBHeHUH
2.2.1) umeem
2:2.1) o

on®
KBanpar paccrosinusi Mexay Toukamu M u M; ectb ds? =

= (dy')? + (dy?®)? + (dy®)?, u B cuny Bbipaxkenus (2.2.2) Ha-
XOIIUM

dy" = (2.2.2)

ds? = agpdn™dn”®, (2.2.3)
rme
6y7 oy”
Z = o (2.2.4)

W3 dopmynsl (2.2.3) mo TeopeMe IesieHHs] TEH30POB CJELYET, UTO
(o — KOBAPUAKMHMbBLL MEeH30p 2-20 paHea, KOTOPbIH Ha3bIBaeTCs
MempuuecKum meH30pOM NOBEPXHOCMU, TaK KaK IJHHA JeMeH-
Ta nyru gaétcs dpopmynoi (2.2.3).

Ecnu a = |ans| — onpenenutens u a“f — ajrebpanyeckoe
JOIIOJITHEHHE Qo B a, ILeJ'IéHHoe Ha a, TO
a®Pags = 5%. (2.2.5)

BBeném 00BbeKTHI

1
Eap = Vaeas, EP=-—"=e, (2.2.6)
Va
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e eap, e*¥ — aHTHCUMMeTpHUHble 00BEKTH: €17 = ez = 0,

€19 = —egqy = 1; el = €22 = (), el2 = —¢2! = 1. BeauuuHsl Eap

v £P cyTb TeH30pbl 2-T0 paHTa; OHU HOCSAT Ha3BaHUe £-00beKTOB.
JauHa (Monysb) A KOHTpBapUaHTHOTO BeKTopa A ecTb

A= (agpA“APY/2, (2.2.7)
JlJHa KOBapHaHTHOTO BeKTopa By :
B = (e’ B, Bs)"/2. (2.2.8)
EnuHUUHBINA BEKTOP ¢ YLOBJETBOPSIET PABEHCTBY
aagqo‘qﬁ =1. (2.2.9)
Pasnenus (2.2.3) Ha ds?, monyuum

dn® dn?
L e 1, (2.2.10)
T.e. dn®/ds — eIMHUYHBIH BEKTOP.

C MOMOLIBI0 TEH30POB dnp U a*’ MOXKHO MOAHMMATBL U OMyC-
KaTb MHIEKCHl, IPUYEM OIepaluH MOAUHMHEeHbl TeM 2Ke 3aKOHaM,
4TO U B CJlyuae NPOCTPAHCTBEHHBIX TEH30DOB.

Hanpasnenue M M, Ha NOBepXHOCTH S BIOJIHE ONpeiesseTcs
eIMHUYHBIM BeKTOpoM dn®/ds. B camom nese, B 1€KapTOBBIX KO-
OpAMHATaX TaKoe HalpaBJeHHeM 3anaércsi BeKTopoM dy”/ds, HO
us (2.2.2)

dy™ _ 9yY dn”
—_-— = — 2.2.11
ds  On~ ds’ ( )
T.e. dy” /ds usBecTHO, ecau dn®/ds U3BecTHO.
Ecan ¢® — kakof-nu60 eIMHUYHBIH KOHTPBApUaHTHbIH Bek-
TOp, TO BCErAa MOXKHO BbIGpaTh dn®/ds Tak, 4To0bI
d a
M _ g a=1,2. (2.2.12)
ds

3HaAUUT, KaX/Jbli eIUNHUYHBIA BEKTOp ¢% ompenessieT Ha S eluH-
CTBEHHOE HamnpaBJieHHe. B uyacTHoCTH, J11060H KOHTPBapHAHTHBIN
BekTOp A® omnpenessier Ha S HampasseHue A%/A, rne A — nauHa
BeKTOpa, cM. hopmyay (2.2.7).
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[lycts B Touke M; C S umerorcs ABa HampasieHus: dn®/ds
u d'n®/ds. Tlo dopmyse (2.2.11) UM COOTBETCTBYIOT MpOCTpaH-
CTBEHHbIE BEKTOPBI

dy” _oyY dn®  dyr  OyT d'n’

ds o ds ' ds o ds (2.2.13)
Yros 6 Mexny NBYMs HalpaBJeHUSIMU:
3 Y Al a .0
cosf = T Ay di” d'n (2.2.14)

= ds ds  PTds ds

Tle WCcnosb3oBaHbl paBeHcTBa (2.2.13) u (2.2.4). Eciau ¢f u
G5 — IBa eIMHHUYHBIX BEKTOPa, TO MOXKHO cuuTaTh dn®/ds = qf,
d'n®/ds = ¢%. Tlostomy

cosf = anpqyqs (2.2.15)
U YCa08UEe OPMOSOHAALHOCMU HANPABACHUL ¢ U ¢S eCTb
aapqi gy =0. (2.2.16)
Yopaxuenusi. 1) Beeném BekTop
v = EP%q . (2.2.17)
JlokasaTb, 4TO V™ OpTOrOHaJeH K ¢f U
Eapqi’ = 1. (2.2.18)

[ToBopoT OT BekTOpa ¢ K v CUHUTAETCS MOJOXKUTEJNbHBIM, €CJIH
Eagqf‘l/ﬁ > 0.
2) Ecam w — yros Mexkay KOOPAHHATHBIMHU KPUBBIMH, TO

a12
\ @11a22

U YCJIOBHE OPTOTOHAJBHOCTH KOOPAUHATHBIX KPUBHIX €CTb a2 = 0.

3) IlokasaTe, 4To MOBOPOT OT N-KPUBOH K 7)*-KpHBOI MOJIO-
JKHATEJIEH U Ja
a

Vv a11a12 ’

COSWwW =

sinw =
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4) Jlokazatb, UTO 3JeMeHT IJIOLIAAH Ha MOBEPXHOCTH HAETCS
Bpra)KeHI/IeM
dS = vadn* dn?. (2.2.19)

Ykasanue. Ins ManblX paccToSHUN ds; U dS BIOJb KOOPAHMHAT-
HBIX JUHHE dS = dsidss sinw.

T'eode3uueckue kpusvle. YpaBHeHHe KPHBOH Ha MOBEPXHOCTH
S 3agaércs B BUIE

0 = f(t), (2.2.20)

rie ¢ — mapamerp. [lMHa KpUBOH MeXny ToukaMu A u B (Touka
O3HayaeT MPOU3BOAHYIO MO ¢) paBHA

B
L= J(aam%ﬁ)”zdt, (2.2.21)
A

npuuéM Touke A OTBeuaeT 3HaueHHe t1, a ToUKe B — 3HaueHwue ts.

PaccmoTtpum KpuBble, npoxonsiiue yepe3 Touku A u B, cm.
puc. 2.4. Kpuasi, uMerouias MUHUMAJIbHYIO OJHWHY CpPeod BCeEX
KPUBBIX, COEIMHSIIOUINX 3alaHHble ToUKH A U B (ecau oHa cy-
IIECTBYeT), Ha3blBaeTcsl eeodeduueckoli kpusoil (nuHueil). Ha-
NpUMep, 4acTb OKPYKHOCTH MaKCHMaJ/bHOTO paguyca Ha coepe,
COeIMHSAIOIIAs [Be 3aJaHHble TOUKH, eCTh Feofe3nuecKasl KpuBas.

Ha#iném ypaBHeHue reomesnyeckoir kpuBoi. Ilycte I' — reo-
nesuueckasi kpusast, IV, T/ ... — gpyrue KpuBble, MPOXOASIIHE
yepe3 Touku A u B; Touka M C I' nmeer KoopmuHatel n®, a
M CcT — n/* =n%+ 6w, tre || < 1 — masbiii mapamerp,

M

Puc. 2.4
K onpedenenuro eeodezuueckoti Kpugou
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w® — KOHEUHBIH KOHTPBApUAHTHBIH BeKTOp U w*(tg) = O,
w*(t1) = 0. 3nauut, L' — nauua kpusot IV — ects pyHKuMs 6.
Hnmeem

oL’ 1 2L’
L'=L+6 (W>9_0+ 592 < 0 )9_0+... (2.2.22)

Bropoe ciaraemoe B mpaBoiil 4acTH BbipaxkeHus (2.2.22) ecTb
nepBasi Bapuauus IjauHbl L u o6osHauaercsi L. Tak Kak KpuBas
I' — reonesuueckas, To eé OJHMHA MeHblIe AJUHBI JI000H OPYroH
KPUBOH, coenuusiiomedt Touku A u B. 3Hauut, L' gocturaer mu-
Humyma npu 6 = 0, otkyna (OL'/00)gp—o = 0 unu 6L = 0 nas
reofile3u4ecKod JINHUH.

Mycrs n = (n*) n

w(n, ) = (aasn®n?)H?, (2.2.23)

TOoraa
/

w =wn + 0w, n + 6w)

<5i) _ O e O
90 ),_,  on~ one

B
[ockombky L' = [w'dt, T0
A

B

(‘3L’> J' ( ow ow . )
< 99 /., on® one

A
B

ow d [ ow o
_ gj {% -2 <%)] W dt. (2.2.24)

A

BueuHTerpa/jbHoe cjaraeMoe paBHO HyJ0, Tak Kak w®(t;) =
= w%(t2) = 0. B cuay mnpousBosbHOCTH w® u3 (2.2.24) BbIBO-
I¥uM paBeHcTBa (01" = 0 115 reone3uuecKok)

d [ Ow ow
a4 <%) G =0 a1 (2.2.25)
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Jlo6aBnenne K (2.2.25) ycaoBuEl mpoxoxiaeHHs KpuBod I' uepes
IaHHble TOYKH A W B TOJHOCTbIO ONpPENEeNSIOT Ieole3HUecKyIo
aunuio I

Ecau B KauecTBe mapameTpa B3sThb IJHHY AYTH S, TO PaBeH-
cTBO (2.2.23) nepeinér B paBeHcTBO w = 1 BHoJib I, a ypaBHeHHUS
(2.2.25) mpumyT BHA

o’ dn di
B 152 BYs ds
rue
1 (Dag Oa Oa
Tugy = = i oy _ —ob 2.2.26
AR (5770‘ "o T o ) ( )

ecTb cuMBOJbl Kpuctoddens nosepxuoctu. [logHumMas UHIEKE «,
NPUIAEM K OKOHUYATE/BbHOH (POpMe ypaBHEHHH reole3n4ecKod KpH-
BOM:
En® o dn®dny
ds? Prds ds (2.2.27)
%, =a" Ty, o, B,7y=12.

3ameuanue 2.3. CumBosbl Kpructoddesss Ha moBepxHOCTH 06-
pasyioTcs U3 g TOYHO TAKUM 2Ke 06pa3oM, Kak U cHMBOJIbI Kpu-
ctoesst B IpocTpaHCTBe 06pasyoTes U3 gag, o, f =1,2,3, cM.
dopmynsl (1.5.8), (1.5.9).

BosbméM reonmesndeckyio uHHIO I M TOUKY Ha HEH ¢ pasJuy-
HBIMM KPHUBOJHMHEHHBIMM KOOpPAMHATAMH N U 7%, SBJSIOLIAMUCS
(YHKUHSIMH OyTH s 9ToH JUHUH. Torna

dn®  dp® dn”
— = 2.2.28
ds dn™ ds ( )
U 1ocJje emé ofHoro augpepeHIUpoBaHuUs
2 s o J2,.T 2 -0 T o
a=n® on* d*n o0*n™ dn™ dn (2.2.29)

ds? on™ ds?  OnOn° ds ds
Tak Kak Touka JIeXXUT Ha reofe3ndyeckoil KpUBoH, To ajas n™ u n*

BBITIOJIHEHB! YpaBHeHHUs (2.2.27), nmostomy Bbipaxkenus (2.2.29) ¢
yuéToM paBeHcTBa (2.2.28) mpuUMyT BUI

p e e _ =B 957 o T
071 pe 91" | pa 007 OW N\ dn” dn”
ds ds

anaan‘r oT 8—77,0 By w an‘r
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B cuny npousBosibHOCTH dn° /ds U CUMMETPHUHOCTH BbIpaXKeHHUsI

B CKOOKAaxX 10 0 U T TOJYyYUM

2, _, — —

1 01 e 00 0N
87708777 oT anp By ana 8777'

PagenctBo (2.2.30) mokasbiBaeT cBs3b MeXay cuMBosamu Kpu-

cTodpdens B AByX CHCTeMax KOOPAHMHAT.

TouHo TakuM ke 06pa3oM, Ucxons U3 hopMyJIbl

(2.2.30)

dn™  On® dn”
ds — On7 ds’
HalIéM 06paTHOE COOTHOIIEHHE
P o, I, oo

— 7 e 1 a8
8770'8777' o7 6,'7/) By 6,'70' 877]7' -
B nexapToBo#l cHcTeMe KOOPAMHAT KOMIOHEHTH ¢og (a, 5 =
= 1,2, 3) METPHYECKOTO TeH30pa CyTb MOCTOSIHHbIE, U B HEH CHM-
Bosibl Kpucroddens paBuel Hynto. Ha nporsBo/ibHON OBEPXHOCTH
BOOOIe HEBO3MOXKHO HAaWTHU Takue KoopauHathl. OmHAKO Bcernaa
MOXKHO BBIOpaTb KOOPAMHATHYIO CHCTEMY, B KOTOPOH BCE CHMBO-
Jabl Kpucroddens obpauiaoTes B HoJlb B 3afaHHo# Touke O. Ta-
KHe KOOPAMHATHI Ha3bIBalOTCH eeodesuyecKkumu Koopouramamu 8
mouke O, cMm. n. 1.6. JledcTBUTENbHO, MYCTh ® — NaHHAsl CUCTe-
Ma KOODAMHAT, 1Y — KOOpAHMHAThl 3afiaHHOH Touku O C S. Ecau
ecTb Takasi CHCTeMa KOOpAMHAT 7%, 4to Bce [” = 0 B Touke O,
TO U3 ypaBHeHus (2.2.31) B Touke O monyuum

327704 e % on” B

877](7877]7- By 877]0 6,,77' -

O6patho, eciu B Touke O BbiNoJHEeHO ycJoBue (2.2.32), To
Bce 'Y = 0. CnenaeM 3aMeHy

0. (2.2.31)

0. (2.2.32)

e1e] 1 a =0 =T
Nt =g+ 0% = 5 %)™ (2.2.33)
Torpa 7% = 0 B Touke O u In* /0N = §¢,. 3nauwur,
82,'7a

1 — 1),
877"8777 ( cr‘r)
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1 paBeHcTBO (2.2.32) B Touke O BHIMOJHSETCS, T. €. [epPeMeHHbIE
N% — reone3nyeckre KOOpAHHATH B Touke O. OTMETHM, UTO CHM-
BoJibl KpucToddens B TaKUX KOOpAMHATAX PaBHBI HYJIO TOJBKO B
3a[JlaHHOH TOYKe, a He BCIOLY.

Audpepenyuposanue men3zopoé na nosepxrnocmu. IlycTb
AB — xpuBas Ha S U B Kax/JI0H €€ Touke onpenesnéH BekTop X <.
Koopnunatsl n® BroJib 3TOH KPUBOH W KOMIIOHEHTHI BEKTOPHOTO
noas X sapasiorcs QyHKOUsAMH napamerpa t. Bosbmém npyryio
KOOPAMHATHYIO CHCTeMY 7%, TOTJa KOMMOHEHTh X * B HOBBIX KO-
OpAMHATax ecTb

o= 9 xo (2.2.34)
o
JuddepeHunpys 3T0 paBeHCTBO M0 ¢ U WCHOJb3ys] COOTHOIIEHHUS
(2.2.30), (2.2.34), nonyuum ypaBHeHHE

dxXe - dn” o dn™
- B r_X°
7 + 1'% X i~ o < +I7 X ) (2.2.35)

Ono MOKa3bIBa€T, YTO BbIPA2KEHUE

DX dxe dn
= 4+ XPZL 2.2.36
Dt a A g ( )

€CTh KOHTPBapHaHTHBIH BekTOp — abcosromuas (undusudyare-
Has) npoussoonas sekmopa X< Ha S.
BekTopHoe ypaBHeHHe

DX® dx-
Dt dt

dn
dt

+T%, X —— =0 (2.2.37)
CrpaBelIMBO B J060H KoopanHaTHOH cucteme. Ecin BekTop X©
3alaH B KaKo#-1ub0 Touke KpuBOil AB, TO OH ONHO3HAYHO OIpe-
nensietcst u3 ypaBHeHus (2.2.37) u B smo60#t apyroi eé tTouke. Jla-
Jee, gopmyna (2.2.37) uMeeT TOT ke caMblil BHJI, YTO U ypaBHe-
Hue (2.1.1) nJs napaJjiesbHOro BEKTOPHOTO MOJISi B TPOCTPAHCTBeE.
[TosToMy MOXKHO TOBOPUTb O CHCTEME BEKTOPOB, NAPAAAEAbHbLY
omuocumesvro nosepxrnocmu S. BaKHO OTMeTHTb, UTO mapas-
JieJIbHOe BEKTOPHOE I0JIe OTHOCHTENbHO MOBEPXHOCTH ONpefess-
eTcsl 80046 Kpusoli Ha 3moli nogepxHocmu, T.e. TapasJieJbHEIH
BEKTOP 3aBHUCHT OT BHJa KPHBOH. B uacTHocTH, ecu Ha S 3ajmaH
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3aMKHYTBIH KOHTYp 6e3 caMmornepecedeHHH, TO HET HUKAKUX OCHO-
BaHUH OXKHJATh, YTO MPH MOCTPOEHHUH MapaJIJIeJbHOrO BEKTOPHOTO
noJisl IPUIEM B HauaJbHYI0 TOUKY (ckKaxxkeM, A = B) ¢ BEKTOpPOM,
pPaBHBIM HayasJbHOMY.

Ynpaxuenusi. 1) [Tokasare, uto G,QBXQYB €CThb NOCTOSIHHAsA
BeJIMUMHA, ecd X U Y® — 1Ba mapaJi/ie/ibHbIX BEKTOPHbBIX 05
Ha S.

2) Ilycte X® — BeKTOpHOe TOJIe, YAOBJETBOPSIONIEe ypaBHe-
nuto (2.2.37), torma aa/gXaXB — TMOCTOSIHHAsI BeJHWYHMHA BIOJb
KpUBOH Ha S.

3) IlokasaTp, uto eciu X — mapasjesbHOe BEKTOPHOE M0OJIe
Ha KpuBoit AB C .S, To X“ cocTaBJsieT NOCTOSIHHBIH yroa ¢ S.

(M3 3THX mpUMepOB BHIHO, YTO Mapas/ieJbHOCTh OTHOCHTEb-
HO S obJjafaeT MHOTMMH CBOHCTBAMH OOBIUHBIX MapaJijesbHBIX
BEKTOPOB B €BKJIMJIOBOM IPOCTPAHCTBE: UX AJHUHbBI PaBHBI, YIJbl
MeXy HUMH PaBHBI.)

4) JlokasaTh, 4To ecau X — mapaJjiiebHOe BEKTOPHOE MoJe
Ha kpuBoi AB C S, BIO/b KOTOPOH MeHsleTcs mapametp t, TO
KO8apUAHMHbLe KOMIOHEHTBI 110JI51 €CTh pellleHHe ypaBHeHUs

DX, dX. ., . dp°

Dt~ ar L =0

Paccmotpum 3agauy, aHalorHUHY0 y2Ke pelluéHHol B pasaedne |
JJIS. IPOCTPAHCTBEHHBIX TEH30POB, @ UMEHHO, 3aJa4y NMOCTPOeHUS
HOBBIX TEH30pOB MPH NOMOLIU AU((hepeHIUPOBAaHUS 3alaHHBIX Ha
MOBEPXHOCTH S TEH30PHBIX MOJEH, TPUYEM METOA pelLleHHs OyneTr
TOT ke caMbli. [TpocTo HYy>KHO 3aMeHHUTB CJI0BA «TEH30pPbl», «KO-
OpPAMHATBI» Ha «TE€H30pbl Ha MOBEPXHOCTH», «KOOPAHHATH Ha IO-
BepxXHOCTH». [loaToMy orpaHu4yuMcs JHLIb GOPMYJUPOBKAMH pe-
3y/IbTATOB JJIS1 TEH30POB Ha MOBEPXHOCTH.

Ecnn X ., — CMelIaHHbIe, 3aBUCSILLME OT MTapaMeTpa ¢ KOMIIo-
HeHTBl TeH30pa 3-TO paHra, onpeneaéHHBle BIOJb KpUBOH AB C
C S, To 00BEKTH

DX%, _ dX§ dn
B — 5’7 « o 77
re S
Dt a T Bt
X A" _po ya AT 9934

Y dt T Be gt
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00pa3yloT TEH30p TOTO Ke paHra u TUIMa, 4To U XO;J”Y' ATOT TEH30p
Ha3blBaeTCs MHAMBUAYaNbHOH (aGCOJMIOTHOH) MPOU3BOTHON X%y
no t.

[Tycte X ., — TeH30pHOe MoJle, Ompees€HHOe Ha BCe Mo-

BEPXHOCTH S, TOrAga €ro KOMIIOHEHTRI €CTh q)yHKLII/II/I 7’]5 U 0OBEKTH

[

Vs X% :aX/B’Y +FO¢ X —
0 By = on’ o6 By

~T%sX %, —T7X %, (2.2.39)

06pasyioT TeH30p 4-ro paHra, Ha3bIBaeMbIH KOBAPUAHMHOL Npo-
u3800HOL meH30pa X%y

[Ipennosioxum, uto B JaHHOU Touke O C S BBefleHbl reofe-
3n4yeckre koopauHatel. Torna Bce cumBoJibl Kpuctoddens paBHbl
B 3TOH TOUKe HYMI0, a W3 BhipaxkeHui (2.2.38), (2.2.39) cuaeny-
eT, 4yTo B Touke O abcoJIOTHAs W KOBapHaHTHAsi MPOU3BOLHBIE
TEH30pa COBMNAJAIOT C OOBIYHBIMM NPOU3BOAHBIMU. [loaTomy mpa-
BUJIA TU((DEpPeHHATbHOTO HCUHUCAEHUS /I TPOU3BOAHON CYyMMBbI
U TNIPOM3BENCHUS (PYHKUHMH CIIpaBelJIMBBl I/ aOCOJNIOTHOH M KO-
BapUaHTHOH NMPOU3BOAHBIX TeH30pOB (B AaHHOH Touke O).

Janee, npyu UCNONb30BAHWHU TeOfe3MUECKUX KOOPAUHAT B TOU-
ke O o6bluHBIE POM3BONHbIE TEH30POB Gn5, a®’ W HX ompeje-
JIUTEJIS @ PaBHbl HyJ0. 3HAUHUT, KOBAPUAHMHbLE NPOU3BOOHbLLE
MempuuecKux men3opos a.p t a*P, £-06veKmos u cumeono08
Kpownekepa pasHol Hyaro — pesynbTaTt, aHAJOTHYHBIH MOJyUYeH-
HOMY IJI gag, gaﬁ, Cafrys P g NPOCTPAHCTBEHHOM CJydae.
CJ/lemoBaTesibHO, NPH OTBICKAHUM a0COMIOTHBIX M KOBapHAHTHBIX
IIPOM3BOAHBIX OT TaKUX TEH30POB Ha MOBEPXHOCTH C HUMH MOXKHO
o6paliaTbcst Kak ¢ MOCTOSTHHBIMHU.

Yupaxuenus. 1) JokazaTh paBeHCTBO

0X, 0Xs

- onf  On>

VsXo — VaXps

2) YcTaHOBHTH PaBEHCTBO

o
5o (ap, XPY7) = Vo X5YP + XPV, V5.
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3) Ecnu X — nauna Bektopa X%, TO

0X X5
T VX
on® VaXs X

4) Mcxons u3 TeHaopHOro paBeHCTBA V~Eqg = 0, HOKa3aTs,

4YTO CBEPTKA
8 _ 9ogva)
By oy )
Tenzop Pumana—Kpucmoggpena u eayccosa kpususna no-
sepxnocmu. Ilycte X, — KOBapHaHTHOe BEKTOPHOE IOJe, 3a1aH-

HOe Ha BceH [TOBEPXHOCTH S. Ero KOBapHaHTHas Npou3BOAHAs

00X,

Xo = -
Vg P

3
I’ X,

€CTb TEeH30p 2-ro paHra. B3siB OT Heé KOBapHaHTHYIO MPOHU3BOI-
HYI0, MOJIy4dM HOBbIH TeH3op VoV, X,. Jlerko y6emutbes, uto
3TOT TEH30p HE CHMMETpHUEH H

VsViXa =V VXa = R 5 Xp, (2.2.40)

rue

0 o
1 _ 6 )
R afy — 877/3 Y 677’YF aB T
+T9, 1%, —T%,,T% . (2.2.41)

Coornomenne (2.2.40) mokasbBaeT, 4To R‘soéﬁﬁY 00pasyT cMme-
IIaHHble KOMIIOHEHTHl TeH30pa 4-ro paHra, a u3 (2.2.41) cnenyer,
YTO OH 3aBUCHT TOJBKO OT METPUUYECKOTO TEH30pa MOBEPXHOCTH S
1 ero npousBoaHbiXx. OH HOCUT HaszBaHue men3zopa Pumara—Kpu-
cmoggers nosepxrocmu.

KoBapuaHTHbBIE KOMIOHEHTHI PABHEL

Rgaﬁ,y = aggRaaﬁ,y. (2242)

Jlerko BuneTsb, uTo Rs5apy aHTHCHMMETPHYEH OTHOCHTEJBHO J,
upg,v:
Réaﬁ'y = _Réa'yﬁa Réaﬁfy = _Raéﬁ'w
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O6pasyeM ckaJssipHOe ToJie Ha S
1
K= E%EPT Rs gy (2.2.43)

SIcHo, UTO 3TOT CKaJNSP €CTh UHBAPUAHM OMHOCUMEALHO Npe-
obpazosarus KpusoruHelinbix Koopournam wa S. YMHO)Kas (op-
myny (2.2.43) na £,,E,+ Y MOMB3YSACH AHTUCUMMETPHEH Rsagy,
OMyUUM

Rsapy = KE\uEors (2.2.44)

T.e. TeH3op Pumana—-Kpuctoddess Boipakaercs uepes ckansip K
u £-06bekThl. BennunuHa K HasblBaeTcs noAHOU, UAU 2ayccosol,
Kpususanoil nosepxrocmu. OHa orpenensieTcst TONbKO BHYTPEHHHU-
MM CBOMCTBAMH MOBEPXHOCTH M 3aBUCHT OT METPUUECKOTO TEH30pa
Gqp3 U €ro TIPOU3BOIHBIX.

Yopaxuenus. 1) [Toxasats, uto K = Ry212/a.

2) Ecau cructema KoopauHat Ha S oproroHanbHa (ajz = 0), TO

Ko L [0 (1 a0 (1 dan
o 2ya [t \Va ant ) anP\Va 9 )|
HAupdepenyuanonvie napamempor benrompamu. Ilycts ¢ u
1) — cKaJisipHble PYHKLUHUH KOOPAUHAT 1)* Ha MOBEPXHOCTH, & p,,
Yo — UX NPOU3BOIHBIE: Yo = Op/IN%, 1o = Otp/On*. OHU ecTb

KOBapHaHTHblE BEKTOPHl Ha S.
CkaJssipHasi BeJIMYHHA

Vg, ¥) = a*Ppats (2.2.45)

HasblBaeTcsl besbmpamiesoim OuppeperyuaibHblm napamempom
dsyx ¢ynxyull.
[Tonoxkum ¢ = 1, Torma

Ve =V(p,¢) =aPpaps (2.2.46)

U 3TOT CKaJsisip HOCUT Ha3BaHUe besbmpamuesa nepgoeo ouge-
PEHUUANbHO20 napamempa.
Bo3bMéMm KOHTpBapHaHTHbBIH BeKTOop X Ha S, BEIUHCIUM €ro
KOBapHAHTHYIO MPOU3BOIHYIO U CBEPHEM €€ 110 IBYM HHIEKCaM:
oxe

VX = e, XA (2.2.47)
on®
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ITOT cKaJsip MOXKHO Ha3BaTb dugepeeryueil sekmopa X Ha no-
gepxrocmu. TTockonbKy

o 1 9va

b= T2 o
TO BhIpaxkeHue (2.2.47) mepenuuiercst B BHIE

1

aXa:_
Ve =72

8 (03
G (VA X, (2.2.48)

yIOOHOM JJisl BHIUUCJEHUH.

B wacrtHoCTH, eciin X ¢ = a(wgog U ¢ — WHBapUaHTHas (yHK-
1s1 KOOPAMHAT Ha S, TO

VaoX% = aaﬁgoga = aaﬁgoa/g.

ITOoT cKalsp HasbiBaeTcs besbmpamuesvim 8mopovim Ouggeper-
YuaabHolm napamempom QyHKyuy p; 0ObIYHO ero 0603HAYAIOT

Ap = a*Ppap = <\/aaa53_90> ) (2.2.49)

1 0
Va on® ons
Bropoii nu¢depeHunabHbI TapaMeTp YacToO HA3bIBAIOT Omle-
patopom Jlanmnaca-besnbrpamu u o6o3nauanT Ag.

Teopema I'puna na nosepxnocmu. Ilycte C' — 3aMKHYTBIH
KOHTYp Ha MOBEPXHOCTH, puc. 2.5.

Onpefe/iUM cHayala MOJOXKUTeNbHOE HampaBleHHe 00XoJa
KOHTypa. BoabMéM npocTeilinii KOHTYp B Buie KBaapata n' = 0,
n? = 0, gt =1, n® = 1. B KauecTBe nOAONHUMENLHOZO TIPH-
MeM Hampap/eHHe, B KOTOPOM 06XO0J 3THX KPHUBBIX COBeplLIaeTcs
B YKa3aHHOM MOPANKe, a B KAauecTBe OMPULAMEAbHO20 — TIPO-
THBOMOJIOKHOe. HanpasneHue o6xoga J060ro APYroro KOHTYpa
OyeT TOJNOXKHTEbHbLIM HJIH OTPHIATENLHEIM B 3aBHCHMOCTH OT
TOrO, COBMANaeT OHO MJIM HET C MOJOXKHTEJbHBLIM HarpaBJeHHeM
o6xoja mpocTelllero KOHTypa.
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Puc. 2.5
K meopeme ['puna na nosepxnocmu

O6o3Haunm o6sacTh, Jexaulyo BHyTpu C, yepe3 S. U3 Teo-
pembl [puna mas gynkumin P(nt, n?), Q(n',n?) umeem

oP dn?
—dldQ:JP—d
Janl n"dn 75 08

s ¢ (2.2.50)
oQ 1, 9 _ d771
S C

npuuyéM HampaBseHHe ob6xoma KoHTypa C TpH HHTErPUPOBAHUH
MPUHUMAETCS MOJIOKHUTENbHBIM.
Ecnn X — BektopHoe noJsie Ha S U C, TO

Jvaxa ds = J% (Va X®)dn' dn? =
S S

dn? dn* dn®
= J\/a X' x28 ) s = Jgaﬁxai ds.
ds ds
c

Bouin ucnonbsoBanbl (opmyna dS = +J/adn'dn? u pasenctBa
(2.2.50) s cenuanbHoro Buga P u Q.

OG6o3HauuM uepes n® eQuHUYHbIL BEKMOP BHeUIHel HOPMAALL
k konmypy C, puc. 2.5. Ero koBapuaHTHbE KOMIIOHEHTbI PaBHBI
Na = Eapdn®/ds, n popmyna [puHa npumer BUAL

JVO,XQ dsS = JXana ds. (2.2.51)
s c
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T[osoxum B 3708 hopmyse X = a*Ppgeh ¢ dyHKuMAMU @ U 1),
3alaHHBIMH Ha TI0BepXHOCTH. Torna

VO(XOC = aaﬁwﬁdja + GQBSOBM/J = V(QO, w) + ,l/)AQO

corsiacHo dopmynam (2.2.45), (2.2.49). Pasenctso (2.2.51) mne-
pelnér B caenymoulee:

JV(@, ) dS + J¢A¢ ds = Jw(@ana) ds = Jngo -nds.
5 5 c c
(2.2.52)

VYnpaxuenus. 1) [lokazatb, 4To

J(@Aw —PAp)dS = J(@Vdf — V) - nds;
S C

J(Vg@ + @A) dS = J@Vgp -nds.
S c

2) BeiBecTr 13 ¢opmya (2.2.50) paBeHCTBO

d(X
By, X, d :—JXaLd
JZ’: Vg S s
S C

I J1060r0 KOBapUaHTHOTO BEKTOPHOTO IIOJA Xa.

2.3. HEKOTOPBIE PE3YNbTATbl TEOPUM
MOBEPXHOCTEM

B n. 2.2 usyyanucb BHYTpeHHHE CBOHCTBA NMOBEPXHOCTEH, KO-
TOpble MOTYT ObITb OMNHMCaHbl 0E30THOCUTEJNBHO K OKpyxKalolle-
My TPOCTPaHCTBY. 37eCh Ke OYyIyT HCCJIEf0BAThCS CBOHCTBA IO-
BEPXHOCTeH, KOTOpblE PAaCCMATPUBAIOTCH KaK BJIOJKEHHBIE B IPO-
cTpaHcTBo. [loaToMy mpupércss MMeTb [eJo C ABYMS Pa3HbIMU
CHCTeMaMM KOOpJMHAT: KPUBOJMHEHHBIMH I/l POCTpaHCTBa '
(i = 1,2,3) U KpPUBOJMHEHHBIMH KOOPIMHATAMU Ha MOBEPXHO-
ctu % (o = 1,2). MHOeKCH NpOCTPaHCTBEHHBIX TEH30pOB Oy-
oyT o603HauaTbCs JaTHHCKUMH OyKBaMu i, 5, k,r, ..., @ HHIEKCHI
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TEH30pOB Ha MOBEPXHOCTH — rpedyeckUMU OYKBaMu «, 3,7, 0
Tak, o6bekT A%, npencraBisieT cOGOH KOHMPBAPUAHMHbLLL MeH-
30p 2-20 pawea 8 x-KoopOuHamax W KOBAPUAHMHbLL 8eKmop
8 M-K0opouHAmMAx.

Ynpaxnenue. [lokasaTb, 4To npu 3aMeHe ' ¥ 7)® Ha HOBbIE
KOOpAMHATHI Z°, 7% 00beKT 4-r0 paHra mpeoGpasyercs Tak:

AL gk ozt 0z’ 677 on”
T 9k D O AP

Kacamenvrole u HOpM(lJlebllz B8EKmMopblL K nosepxrHocmu.
ypaBHeHI/IH NOBEPXHOCTH 3allMCBIBAIOTCA B BUIE

z' = 2" (n®), (2.3.1)
OTKYyZa
ot
dz* = dn®. (2.3.2)
o

3nech dx® ecThb MPOCTPAHCTBEHHBIH BEKTOP M CKa/Ap Ha MOBEPX-
HOCTH S, TaK KakK €ro COCTaBJ/SIOIIHE He U3MEHSIOTCS MPH Mpe-
06pa3oBaHUM 7)-KOOpAUHAT. ToYHO Tak ke dn® ecTb BeKTOp Ha S
¥ MPOCTPAHCTBEHHBIH cKajsp. [lostomy dx'/On® — KoHTpBapHu-
AHTHBIA TPOCTPAHCTBEHHBIH BEKTOP M KOBapPHAHTHBLIH BEKTOp Ha
TIOBEPXHOCTH.
Beeném o6o3navyenne
oxt

z!, Pl (2.3.3)

Hanpasnenne dn®/ds Ha mOBepXHOCTH, Kak caeayet u3 (2.3.2), B
MPOCTPAHCTBEHHBIX KOOPIHHATAX 3alUCHIBAETCS TaK:
da? - dn®
ELA - (2.3.4)
ds " ds

Kaxnplii BekTop A® Ha MOBEPXHOCTH HMeeT COOTBETCTBYIO-
IIUHA eMy NPOCTPAHCTBEHHBIH BEKTOP

AP =gl A% (2.3.5)
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OTH JBa BeKTOpa OMpeNesioTCs OMHUM U TeM K€ HalpaBJeHHEM
U ONHOH M TOH e BequduHoH. BekTop A", HampaBjeHue KOTO-
pOTO COBMajaeT ¢ KacaTeJbHOH K TOBEPXHOCTH, HOCHUT Ha3BaHHe
Kacameavio2o sexmopa kK S.

Haiiném BeIpakeHue [/l BeKTOpa, HOPMAaJbLHOTO K S B J11000H
eé Touke. Jl;ng 3TOro paccMoTpuM IBa BekTopa X u Y* Ha S,
TakKue, 4To NoBopoT oT X K Y nosoxcumenex, T.e. COBNALAET
¢ moBopoToM 0T KpuBo# 1’ K KpuBo# 7)%. TIpocTpaHCTBEHHBIMH
KOOPAWHATaMH 3THX BEKTOPOB OyoyT

Xi=zl X Yi=gzlY° (2.3.6)

EnuHu4HbBIN BeKTOp, HOPMaJIbHLIH K S, 10J2KeH ObITb OPTOTrOHAJIEH
Kak K X*, Tak 1 K Y. Ecaiu 310 BekTop N, TO ero KoBapuaHTHBIMHU
KOMIIOHEHTaMU 6ynyT

N;i(XY sinf) = e; ;s X'Y*, (2.3.7)
J

rie X,Y — [OJUHB BEKTOPOB Xi Yi a f — yroaq Mexny
HUMH. Hanpasnenne N TakoBo, 4TO opuenmayus mempaao-
pa (X,Y,N) noroxcumenvrua 8 npocmparcmse. V13 BbipakeHHH
(2.3.6), (2.3.7) nonyuyum

Ni(XY sinf) = ejpalaf XVP.

Tak kak noBopot X%, Y“ monoxutesneH, To XY sinf = 5QBXQYB
U TIpebIaylilee PAaBEHCTBO CBOTHUTCS K BHIY

(Ni€ap — eijkxéw’g)XaYﬁ =0
IJ1s1 TI0ObIX 3HAUEHHH MOBEPXHOCTHBIX BEKTOPOB. 3HAUMT,
Ni€up = eijkxéw’f;. (2.3.8)
YMHOXKasi 3TO paBeHCTBO Ha £ naiiném
1 _—
N; = 5 E&%eijalap, (2.3.9)

OTKYyZa BHAHO, uTO N; €CTb KOBapPHAHTHBIH MPOCTPAHCTBEHHBIH
BEKTOp U cKaJssp Ha S.
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Ynpaxuenus. 1) I[lokasatb, uto N;z!, = 0 u BekTophl
(X1, X2, N) HMEIOT MOJIOXKHUTEIBHYIO OPHEHTALHIO.

2) BeiGpaHa crenuanbHasi CHCTEMAa KOOPIMHAT TaK, UTO =0
ecThb ypaBHeHHe S, a B KauecTBe 7)-KPHBBIX B3STO IepeceueHHe
S ¢ x'- u r?-opTOroHa/bHBIMH MOBepXHOCTAMH. [loKasaTb, uTO
MMEIT MeCTO CJelyIOllHe COOTHOIIeHus: a) xi = &%, xh = 6%;
0) Gap = Gas; Jaz = 0; a®’ = g*%; g°% = 0; ¢% = 1/g3;
B) N'=(0,0,1/\/Gy). -

3) INpoekuus BekTopa X* Ha noBepxHOCTb ecTb X' —N"*(n? X;)
(umn X — N(N - X)). IlokasaTe, uTo 3Ta NpoeKUHs — BEKTOP
a*Pulal X;.

Yraszanue. Vcrnonb3oBath CreLHasbHYI0 CHCTEMY KOOPAHHAT
W3 3a]a4yu 2.

4) TMycets ' = y* (i = 1,2,3) — nekapToBa CHCTeMa KOOPAHM-
war u x(n', %) = (2 (n',n?),2%(n',n%),2*(n',n°)). Tokazats,
4YTO HOpMaJb K S paBHa

X1XX,72

N=-"
Va
Tenzopnoe Juggpepenyuposarnue men3opos. Ilycte AB —
KPHBas Ha [OBEPXHOCTH S ¥ BHOJb HeE H3MeHsieTcs mMapa-
meTp t. Ecai X* — npocTpaHCTBEHHBIH BEKTOP, OMpeIeéHHbIH Ha
AB, o6pasyer napaJejbHOe BEKTOPHOe moJjie, TO (CM. opmysry
(2.1.1))
DX?  dX? ; cda®
= + (I") X! — =0. 2.3.10
Dt gt )X ( )
Hnpexc g cumBosa Kpucroddess noxkassipaet, 4To 3TOT CHMBOJI
MOPOXKAAETCS MEeTPUYeCcKHM TeH3opoM g (i, k = 1,2,3). Hna
KOBapPHAHTHBIX KOMIIOHEHT UMeeM

DX; dX; ; dax®
= — (17, — = 0. 2.3.11
Dt a Uiy ( )
Ecin X (o = 1,2) — BekTop Ha S, ompeneséH Ha KpH-

Boi AB u ofpa3yeT napaJjieJibHoe BEKTOPHOE MOoJie OTHOCHTEJb-
HO S, TO
DX® dX©
Dt dt

dn?
dt

+( aﬁv)axﬁ =0, (2.3.12)
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a €ro KOBapHaHTHbI€ KOMIIOHEHTBI YAOBJETBOPAIOT YPaBHEHHUAM

DX _ dXa d”t —0. (2.3.13)

— — (% ). X
Dt dt()ﬁd

CumBosbl Kpucrodpdens B dopmynax (2.3.12), (2.3.13) or-
HOCSITCSl K MOBEPXHOCTHU U NOMEUEHBl CHMBOJIOM @, TaK Kak OHH
NIOPOXKAEHBI TEH30POM A 3.

BosbMméMm TeH30pHOE MoJIe, 3aaHHOe HAa AB, HanpuMep Xiaﬁ.
OTO KOHTPBApPHAHTHBIN NPOCTPAHCTBEHHBIH BEKTOP M KOBapHaHT-
HbIH TeH30p 2-ro panra Ha S. Ilpemmonoxum, uto A; — Ko-
BapHaHTHOE BEKTOPHOE I0Jie Ha KpuUBOH AB, mapaJsesbHoe OT-
HOCHUTEJIbHO TMpocTpaHcTBa, BY n C* — 1Ba KOHTPBapHaHT-
HBIX BEKTOPHBIX MOJIs, TapaJJjesbHbIX OTHOocHTesabHO S. Torma
XiaBAiBaCa ecTb cKaJjspHas (yHkuus ot t. E€ npousBomHas
no ¢t ToxXe CKajsip Kak B NPOCTPAHCTBE, TaK U Ha [OBEPXHOCTHU.
Hcnonb3ys ycnoBus napaniebHOCTH Ha3BaHHBIX MOJIEH, HAHIEM

d . dX'os o\ o dat
E(XZ(XBAiBaCa) =~ + () g X 0B g
o 7 dWT o i dWT oo
— ar)aXlap—r = r)aX ag— | AiBC.
1o — ckaJjsp, a Bektopsl A;, BY, C® — mnpousBosbHble. Ha

OCHOBaHHH TeOpeMbl O AeJIeHWHW TEH30POB BbIpakeHHe

DX dXx? ) . dxk
af __ aff '3 ]
= i ),x0 S
Dt ar T e X s g
, dnT ;dn’
Ie X — (T°, X' — (2.3.14
( ‘r) aB” 3 dt ( Br)a Qo ( 3 )

SIBJISETCS TEH30POM TOTO ke THMa, uto W X', ;. OH HasbiBaercs
abcoaromnoii npoussodnoii X', mo t.

[Iycte Xiaﬁ onpenesiéH Ha BCeH MOBEPXHOCTH M €ro KOMIO-
HeHTHl ecTb GyHKIHUH oT 1. [loaToMy nJ/151 MTPOU3BOJIBHOH KPHUBOH
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AB C S cHOBa NoJy4yuM

k
o dzx

DX'as _[0X'as | ti \ i
Dt | o +(ij)gXa[3d,'7——y

o 7 o 7 dm
- (F a'y)aX o ( ﬁy)aX ao W

Tak kak dn?/dt — npou3BOJIbHBINA BEKTOP, TO BhIpaXKEeHHE B KBaj-
paTHBEIX CKOOKax ecTb TEH30p

; aX*, i N
VX af = W(;B +(T jk)QXjaﬁ% o

- (Fga'y)aXiaB - ( UB'y)U«Xiaa' (2315)

OH onuH pa3 KOHTPBapHaHTEH B MIPOCTPAHCTBEHHBIX KOOPAHHATAX
U TPHU2KJbl KOBaDHAHTEH B I1I0BEPXHOCTHbLIX; HA30BEM €ro meH3op-
rotl npouseodnoit X',z mo 1.

AHasIorn4HO MOXKHO PAacCMOTPETh TEH30PHI JIOOBIX IPYTUX TH-
0B U MOJIYYUTb COOTBETCTBYIOLIHME BbIPAXKEHHUS [J151 a6COMOTHBIX
U TEH30PHBIX POU3BOAHBIX.

[asee, ecau BbIOpaTh crelHanbHble CUCTEMbl KOOPAHHAT TakK,
4TOObI IPOCTPAHCTBEHHbIE KOOPAUHATHI ObIM JeKapTOBBIMH, a I0-
BEPXHOCTHble — TeOfle3H4eCKUMH B JII0O0H 3aJaHHOU TOYKe Ha
S, To abcoJloTHAs U TeH30pHAas MPOU3BOJHBIE CBOASATCS B JNaH-
HOH TOUKe K OOBIUHBIM MPOHU3BOIAHBIM. 3HAUHUT, K aOCOMIOTHOMY H
TEH30pPHOMY AU((epeHLUPOBAHUIO CYMMbl U NPOU3BELEHUS MPHU-
MEeHHMBl Te XK€ caMble MpaBHuJa, UYTO M IJs 0ObYHOrO udde-
penuupoBanus. CienoBaTesbHO, IPOU3BOLHbIE TEH30POB Gij, Gag,
€ijk, €ap W HMX PA3HBIX THUIIOB BCE PABHBI TOXJECTBEHHO HYJIIO.
OTH TeH30pbl B IMpolecce TeH30pHOro AuddepeHLIUPOBAHHUSA MO-
TyT paccMaTpUBaTbCsl KaK MOCTOSIHHbIE.

IlTepsas, emopas u mpemos 0CHO6Hble K6adpamuutsle hop-
Mol nogepxHocmu. JInHelHbIH 3/1eMeHT B IPOCTPAHCTBEHHBIX KO-
OpAMHATax paBeH

ds?® = gijdxidxj,
a B KOOD/IMHATax Ha MOBEPXHOCTH OH XKe paBeH

ds® = anpdn® dnP.
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Bo3bMéM ofiHO U TO Ke TMepeMellleHHe Ha MOBEPXHOCTH U B IMPO-
CTpPaHCTBe, TOTNA [Ba 3Ha4yeHWs A ds? JOJKHBI ObITb PaBHbI.
3Hauur,

i i ozt dz7 |, o
gijda'dz? = gijWa—nﬁ dn dnﬁ = Qapdn dUB7
OTKyJa
ozt 0z7
NIOCKOJIBKY Gqp U gij — CUMMETPHYHBL.
Juddepenunanbias KBaipaTuuHas gpopma
I = agpdn™dn® (2.3.17)

Ha3bIBAETCS Nepsoli OCHOBHOL Keadpamuunoll gopmotl nosepx-
nocmu. OHa, O4eBHIHO, ONpeleNsieT KBaapaT IJIHHbI 3JeMeHTap-
HOTrO CMelleHHs1 dn® Ha MOBEPXHOCTH.

Yupaxuenns. 1) [Tokazats, uto

L
v/ a11 6"71 ’ 1/ 22 6"72,

SABJSIOTCS €IWHUYHBIMH MPOCTPAHCTBEHHBIMH BEKTOpaMHM, Kaca-
TeJIbHBIMH COOTBETCTBEHHO K KpUBOH 1! u KpuBOH 72

2) IlokasaTsb, 4TO a12/\/m €CTb KOCUHYC yTJia MeXIy KO-
OpPAMHATHBIMU KPHUBBIMH Ha TOBEPXHOCTH.

3) TlokasaTb, 4To mIMHBI BekTopoB A’ m A% rme A' =
= 0x°/On™ A%, paBHBI Mex[1y COG0H ¥ 9TH BEKTOPbI ONpPeNeIsIOT
OJIHO W TO K€ HampaBJieHHe Ha MOBEPXHOCTH.

BosbMéM TeH30p V,x'; ero TeH3opHas NPOHU3BONHAs PaBHA

i=1,2,3,

4 0%’ 4 0xd OxF ox?
i = (), S S e ), (231

¥ SIBJISIETCSI CHMMETPUYHOM N0 «v ¥ 3. BoIunc/inM TeH30pHYO Mpo-
U3BOIHYI0 OT paBeHcTBa (2.3.16):

GiiVVar'Va! + g;iVar'V, V! = Vyans = 0.
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Hanwucap emé ABa paBE€HCTBa, I0OJy4YaeMbIX H3 3TOrO prFOBOIjI
HepeCTaHOBKOﬁ HHIEKCOB «, B, %Y, CKJaablBasl 3aT€M OABad M3 3TUX
PaBEHCTB W BbIYUTAA TPETbe, MNOJYyUYUM

9iiVVar'V,zl =0, (2.3.19)

TaK Kak TeHsop VgV’ cuMMeTpudeH oTHOCHTebHO o 1 3. Teo-
MeTpuueckH paBeHcTBO (2.3.19) osHauaet, uto VgV,a! — mpo-
CTPAaHCTBEHHBIH BEKTOpP, OPTOrOHAJBHBIA K MOBepxXHOCTH. [loaro-
My OH COBMNaiaeT MO HAaMpaBJeHHI0 C eJUHHUHBIM HOPMAajbHbLIM
BekTOpoM N’ U CyLIeCTByeT Takoe UMCIO bag, uTo (Ppopmysra
Taycca)

ngaxi = ba/geNi. (2.3.20)

BunHoO, 4TO bog — CUMMETPHUHBIH TeH30p 2-TO paHra Ha MoBepX-
HOCTH U B TO K€ BpeMs NPOCTPaHCTBEHHbIH cKajap. Belpaxkenue

IT = bpdn®dn® (2.3.21)

HOCHUT Ha3BaHUE B8MOPOLL OCHOBHOLU K8aOpamuuHol (Gopmel no-
sepxHocmu.
Yupaxuenne. 1) JlokasaTh, 4To

baﬁ = gingVQxZNJ = §£”TeijkV@VaxZVUx7VTxk.

2) Ecau x-KoOpAMHATH — J€KapTOBHI, TO

2 i
bap = %5”61-%85@7;7[3 Vor! V. a2k,

3) IpocTpaHCTBeHHble KOOPAMHATH — MPAMOYTOJbHbIE JeKap-
TOBBI U BLIOPaHBI TakK, UTO KacaTeJbHas MJ0CKOCTb B HauaJe Koop-
JIMHAT, HAaXOASAIIEeMCS HA MOBEPXHOCTH, UMeeT ypaBHeHHe x° = 0.
Ecau 2! u 22 BGpaHbl B KadecTBe mapameTpos n' u 1%, To mo-
Kas3aTh, YTO B Hayaje KOOPAMHAT OyjeT

a) 2l =04, 2 =688, a11 =ax =1, a10=0,a =1,

6) (Fvag)a =0=(Tyap)a;

B) N=(0,0,1);
9%zt 0%z b 0222
r) oneomB — onons 0, bap = Oneons -~
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PaccmoTpuMm Tenepb TeH30pHYIO NMPOM3BOAHYIO €AHHHUHOIO
HopMasibHOro BekTopa N'. OH fBJETCH KOHTPBAPUAHTHBIM MPO-
CTPaHCTBEHHBIM BEKTOPOM U CKaJjsipoM Ha S. 3Ha4yMT, ero TeH30p-
Hasl IPOM3BOJHAs eCThb

0N

alV’
v Bne

+ (I ) g NIV gk (2.3.22)

[lockonbky g5 N7 N* =1, 10 B3sIB TEH30PHYIO IPOM3BOAHYIO, T10-
ayunM gjx NV, N* = 0, 1. e. npocTpaHcTBeHHbIH BeKTOp Vo NF
oproronanen Kk N* u sBaserca kacarenbunm k S. Torma cyue-
cTByeT umcao &7, uto

VaoN' =8V sa'. (2.3.23)

Tak kak N’ HopmaneHn K S, 10 ¢;sVaz/N*¥ = 0, orkyna
9ikVVar? N*¥ + g Vo2?VgNE = 0. C nomowsio dopmya
(2.3.20), (2.3.23) BBIBOOMM PaBEHCTBO ba/g—l—gjkvaa;jvkafg =0,
wM bag = —aa,&y. Otciona mainém {5 = —a®bys. Crenosa-
TeJIbHO, BblpaxkeHHe (2.3.23) mpUHUMaET BUJ

VaoN' = —a?bg V. 2. (2.3.24)

OTU paBeHCTBa HasblBaloTCs Qopmyramu Betineapmena. O603Ha-

yuM qepes .
Cap = gikVa NI Vg N* (2.3.25)

CUMMEeTPUYHBIH TeH30p 2-To paHra Ha S.
O6pasyem KBanpaTHiyHyio (hopmy

I1I = copdn®dn’®, (2.3.26)

KOTOpasi HasblBaeTCsi mpemvell OCHOBHOL Keadpamuunol Gop-
moti nosepxrocmu S. cnonbays popmy.nl Beitnraprena (2.3.24),
noNyuuM AJisi KoaduuueHToB (2.3.26)

Cap = gjka””bmvﬂxjaT”ngV,,wk =
= a,,a°*a" boabrg = a%Tboabrg.  (2.3.27)

Ynpaxuenns. 1) Jlokasats, 4T0 bag = —gjx Vo NV NE.
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2) Jlokasath, ut0 a*’ V3V ,2' = 2HN?, rne H = a“Pb,p/2 —
CPEeOHAS KPUBU3HA NOBEPXHOCMU.

Ypasnenua Iaycca—Kodayyu. BoiunvciuM BTOPYIO TeH30p-
HYIO0 TIPOM3BOAHYI0 00bekTa Vo x?. 1o Gyner

8V@Vaxi

Vo VaVar' = =5

+ (T 1) Ve Vat! Vah —

—(I%,)aVVsa' — (I%.)aVsVaaz'. (2.3.28)

[IpennosioXXum Ha BpeMsi, UTO xX-KOOPAHWHATHI IEKAPTOBbI, a 7)-KO-
OpIOMHATBHl — reofe3nveckue B naHHo# Touke M C S. Torma mpo-
CTPaHCTBEHHbIE CUMBOJIB KpucToddess Besne paBHBEl HYJMIO BMe-
CTe C UX NPOU3BONHBIMU, a cUMBOJb Kpucroddens Ha S ncues-
HyT TosMbKO B Touke M. U3 dopmyasl (2.3.28) 3ak/awdaem, 4To
B TaKHX KOOpAMHATaX
; 3zt o . ;

V»YVﬁva.’E = m — % (F (w)avax .
Ecnu 3mech mepecTaBUTb HMHIOEKCH v U 3 W BHIYECTb 3TH JBe
(bopMysbl OIHY 3a APYTOH, TO MOJYUYHUM

V,VsVaz! — VgV, Vaa' =
%) (%)

= - | Vaa'. (2.3.29
87’]6 8777 « ( )
Ho BbipaxeHne B KBajpaTHBIX CKOOKax ecTb R, 5 — TeH30p

Pumana—Kpucroddens nosepxuoctu (cm. dopmyay (2.2.41)). To-
raa cootHouieHde (2.3.29) npumer BULI

V\VgVaz' = VgV, Vaz' = R’ 5 Vo' (2.3.30)

DTO — TEH30pHOE PaBEHCTBO, CIPABENJHBOE B CIIENHANBHO BBI-
OpaHHOH cHcTeMe KOOpAMHAT M [03TOMY CIPaBELJHBO BO BCeEX
BOOOLIE CHCTEMax KOOpAHWHAT. B3sB TeH30pHYIO MPOHU3BOAHYIO OT

paBeHcTBa VgVar! = bogN', HaxomdM ¢ [OMOLIbIO DAaBEHCTBA
(2.3.22)

VVVgVaxi = V—yba,gNi + ba,gV—yNi =
= V. bag Nt — baga® b, Vo',
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rue

aba o o
Vobas = Wf — (1%, )abas — (1% )abas- (2.3.31)

Orciona
V,VsVaz' — VsV, Vo' =
= (Vybap — Vbay)N' — a7 (bagbory — barbos) Vo'
Bocnosbzosasiivck Gopmyioi (2.3.30), nmeem
Rgaﬁ"yvffzi = (Vybap — vﬁbaw)Ni_
— @ (bapboy — barbap) Vo', (2.3.32)

YMHOXKUM BeipaxeHue (2.3.32) Ha N; ¥ UCMOJIb3yeM TOT (akKT,
yto Vox'N; = 0, noaydum

Vobag — Vbay =0 (2.3.33)

— ypasHenusn Kodayyu.
Ymuoxum ypasrenne (2.3.32) Ha g,V ¥, nonyuum

Rpapy = bpsbary — bpybas (2.3.34)

— ypasuenus laycca. Tak Kak rpeueckre MHAEKCH NPOOeramT
3HaueHuss 1 W 2, TO UMEIOTCS TOJNBKO JBa HE3aBHCHUMBIX ypaB-
HeHust Komauuu W ToJbKO OQHO He3aBHCHMoOe ypaBHeHue [aycca.
C nomotibto hopmybt (2.2.44) njst nosHON KpUBH3HBEI K MoBepx-
HOCTH MepenuiueM ypaBHeHue [aycca B BuIe

KE&,0Epy = bpgbary — bpybag- (2.3.35)

YMHOXHM MOC/Ie/IHHE PaBeHCTBa Ha a”? U BOCIOJb3YeMCs CO-
OTHOLIEHHEM g = —a"EpaEp, NOMYUUM

—Kaag = a’"b,gboy — a”7bybag. (2.3.36)

BBeném oGo3HaueHue

2H = a”'b,, (2.3.37)
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1 Ha3oBEéM ckansap H cpedneii kpususroti nosepxrnocmu S. Ilo-
cKosbKy 1o dopmyde (2.3.27) cop = a’bjabyp, TO BBIpaXKeHHE
(2.3.36) mpumer BUA

cap — 2Hbog + Kanp =0, (2.3.38)
T.€. TP OCHOBHbIE KBaApaTHYHbIE Cl:)OprI CBfI3aHbl PABEHCTBOM

IIT —2HIT + KI = 0. (2.3.39)

VYnpaxuenus. 1) Jokaszats, uto K = Risia/a = (b11baz —

2 _
— biy)/a=1b/a.

2) TMokasaTh, 4TO ec/JM ypaBHEHHE MMOBEPXHOCTH NaHO B BHUIE
rt = !, 2?2 = u?, 23 = f(ul,u?) u z-KoOpAMHATH NEKAPTOBbHI
¥ OPTOTOHA/bHBIE, TO, BBEAsS O0O3HAUYEHHS p = f,1, ¢ = fu2,

r = fpiz1, S = frigz, t = fi2,2, TOJYUUM pe3ysbTaThl:

a) a1 =1+p? axn=1+¢, apa=pq a=1+p*+q>

11 1+ ¢ 22 1+p°
at=—r--"7>">—- =
1+p*+¢? L+p*+¢?
al2 — _ rq )
14+p2+q2°
. 1
6) N'=-———=1_(-p,—¢1);
T e
r s
B) bnzﬁ’ b12:ﬁa
V14+p?+q V1+p +q
t
bao =

r? + 5%+ (ps —qr)?

r) ci1= A+p2 1) )
o — st(1+p?) +rs(1+¢%) — pq(rt + s?)
s (L4024 )2 ’
52 + 12 + (pt — qs)?
C22 = )

0+ + )
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rt — 2
K=——77—+—;
& (1+p%+¢%)?
g T+ —2pgs+ (1 +p?)

21+ 12+ @)

e) MoKasaTh, uTo ecii A’ — MpocTpaHCTBEHHbI BEKTOP, OTpe-
JleJEHHBIH Ha MTOBEPXHOCTH, TO gijaaﬁvaAiV5xj eCTh CKaJsp —
nosepxnocmnas dusepeenyus sexmopa A'. JlokasaTb, uTO MO-
BepXHOCTHas AuBepreHuus N’ paBHa —2H;

) I0KasaTh, UTO CEMEHCTBO TIJIaJKUX  [OBEPXHOCTEH

o(zt, 2%, 23) = const uMeeT CpeaHION KPUBU3HY

ij —-1/2
_ 9 (22 20\ Oy
i = 2 Vi [(g Ok Oz ozt |-

¥Ykasanue. Vlcionb3oBaTh paBeHCTBO

N, = <gkla_%0 0@)”” O

Oxk Ol Ozt

2.4. KPMBBIE HA NMOBEPXHOCTMH

T'eodesuueckasn kpususna kpueoii Ha nosepxwocmu. IlycTb
7% — MOBEPXHOCTHBlE W x' — MPOCTPAHCTBEHHBIE KOOPIMHATHI.
YpaBHeHHsI IOBEPXHOCTH UMEIOT BUJ

(e

't =2t (nt,n?). (2.4.1)

Paccmorpum xpuBylo AB Ha MOBEPXHOCTHU U B KayecTBe MapaMeT-
pa BblOpaHa AJMHA Ayru s 3Tod Kpusoi. Torna kpusas onpeneJs-
eTcsl ypaBHeHHeM

n* =n*(s). (2.4.2)

B cootBerctBuM ¢ (2.4.1) ypaBHeHHe KPHBOH B MPOCTPaHCTBE
Oynmet
ot =2'(s), i=1,2,3. (2.4.3)

KpOMe TOro, iMeeM COOTHOLIEHHEe
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dn® dn®
— =1 244
Gop ds ds ’ ( )

KOTOpPO€e YIOBJETBOPSIETCS B KaXKHOW TOUKe KpuUBOH. Ecom M —
TOYKAa Ha KPUBOH ¢ KoopauHatamu n“ (puc. 2.6), a My — cocen-
HsISl TOYKa Ha KpUBOH AB, COOTBETCTBYIOIAS BO3pacTaHUIO Mapa-
MeTpa Ha ds, To 6eckoHeuHO MaJjblil BekTop MM; uMeeT cBOUMHU
COCTaBJSALIKUMU dn®.
Takum o6pasom, eduruunbiii (370 caenyet us (2.4.4)) sexmop
KacameavHol K Kpugoill ¢ onpenessieTcs Tak:
(0%
q* = ddl . (2.4.5)
s
B3asiB a6co110THY10 NPOU3BOAHYIO IO S OT 06€UX YacTell paBeHCTBA
aapq®q® = 1, naiiném

Busno, uto Bektop Dq”/Ds optoronasnen k ¢<. [Tostomy

B
%—qs = op®, (2.4.6)
rae o — ckKaJjaap, a p¢ — eIUHUUYHBbIA BEKTOP, OPTOrOHAJbHBINA ¢%.
Bri6epem Hampae/ieHue p* TakUM, uToObl nogopom (q%,p®) 6ovia
noaoxcumensvroim: Eapq*p” = 1.
Bexmop p“ nasvieaemcs eOuUHUYHOIM HOPMAAbHOIM BEKMO-
pom K kpueoil AB, a ckaaap o — eeode3uueckol KpusuaHol
Kpusol Ha nogepxHocmu.

Puc. 2.6
Kacamenvroil u Hopmarbhblll 8eKMoOpsL K KPUBOLL
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Ilo BhIGOpY p® umeem p® = £°%g, ¢* = E*¥ps. BosbméM
a6COMOTHYIO TPOM3BOAHYIO 10 § OT MEePBOT0 PABEHCTBA, IPUXOAUM
K COOTHOLIEHHIO

Dp? B Dq?

Dy =&y =Eops = —0€%ps = —aq”.
Takum obpasom,
D (07
zf — —oq®. (2.4.7)
s

Muorna paBenctBa (2.4.6), (2.4.7) HasweBawT gopmyramu Dpene
Kpusoil AB omrocumenvro nogepxrocmu S.
Yupaxuenus. 1) Jlokasath, 4To

(0,)2 _ a[—}Dq Dqﬁ )
Ds Ds

2) IlokasaThb, uto AB — reonesdueckasi JUHHUS TOTAA ¥ TOJBKO
Torga, Korga o = 0.

3) Hokasatb, ut0 ¢' = ¢*02'/ON™ ¥ MPOCTPAHCTBEHHBIA BEK-
TOp, OPTOTOHANbHBLIH K ¢° M Kacalolluiics I0BePXHOCTH S, ecTb
p' = p*dx'/on°.

Teopema Mensbe. /3BecTHO, 4TO

dx?

dn®

= = — 2438

¢ == 4= (2.4.8)
npuuéM z u n cBsizaHbl ypasHeHusmMu (2.4.1) u

; Ozt dn™  dab

“om ds o
Bo3bMéM abCOMIOTHYIO TIPOU3BOAHYIO STOTO PaBEHCTBA MO Ma-
pameTpy s:

Dqﬁ oz’ Dg” dnﬁ
Ds 877 Ds + Ve Vai'q® ds

[Tpu nomoruun nepBo#t popmynsl Ppene (2.1.15) u (2.4.6), (2.4.8),
OTCIOla HaXO0IUM

at'q®q’.

xn =o

z
on®
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[lycTb p’ — MpOCTPaHCTBEHHBIH BEKTOP, MMEIOLIHH Ha S TO xKe
camoe HampasjieHue, uTo U p*: p' = p*dx'/On®. Ucnonbsys pa-
BeHCTBO (2.3.20), mpenpiayllee COOTHOLIEHHE MOXHO MEPEnucaTh
TaK:

een' = op' + bagqaqﬁNi, (2.4.9)

rae N° — eIHHWYHBIA BEKTOP HOPMaJsH K MOBEPXHOCTH S.
O6o03HaunM yepe3 6 yroj Mexay IJIaBHOH HOpMasbio n' H
HOpPMaJIblo K TOBEPXHOCTH N*:

cos = N;n'. (2.4.10)
YMHOXKUM Bblpaxkenue (2.4.9) Ha N;, monyuum
®cosf = b(wqaqﬁ7 (2.4.11)

OTCIONIa U BbITEKaeT TeopemMa MeHbe:

Jrs scex kpuswvix Ha S, umerowyux o6UYHO KAcameavHytO,
gesudura & cosf umeem 00HO U MO KHe 3HAUEHUe.

BesnnuuHa & cosf HasbiBaeTCs HOPMAAbHOU KPUBUSHOL nO-
8epxXHOCMu B HANpaBJeHUH ¢ U 0003HauaeTcs TaK:

R(n) = bagqo‘qﬁ. (2.4.12)

B yacTHOCTH, ec/1M B35ITh CeYeHHe [0BEPXHOCTH IJIOCKOCTbIO, T1Po-
xonsiulel uepes Hopmasab N° K Held, TO yroa 6 paBeH JUGO HyJHO,
JIHOO T U &(n) = 2, U060 () = —a&. JIpyrdMu cioBamu, HOp-
MaJsibHasi KpUBU3Ha S B J1060M HalpaB/eHUH paBHA 10 BeJHYMHE
KPHBHU3HE HOPMaJIbHOTO CEUeHHs] B 3TOM HalpaBjeHHH. VIMeHHO
10 3TOH NMpUUYKHe 2 cos  Ha3BaHO HOPMaJIbHOH KPUBU3HOM.

BekTop p’ opToroHasen kK ¢' u MO3TOMY JIEXKUT B MJIOCKOCTH,
conepxameit N u n' (puc. 2.7). Kpome Toro, p’ kacaerca S u
yron mexny n' u p' pasen m/2 — 6. Ymuoxas (2.4.9) ma p',
noay4um & cos(w/2 — 0) = o, uiu

o = &sinf. (2.4.13)

I'nasnoie kpueusuot u meopema Iaycca. B onpenenenun
(2.4.12) HOpMaJIbHOH KPUBH3HBI BEKTOP ¢ SIBMSETCS eIHHUYHBIM,
T.e. aapq®q® = 1. CrenoBaresbHO, HampaBleHHsl, Ha KOTOPHIX
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Puc. 2.7
K ¢opmyare ces3u kpususHot
u eeode3uueckoll KpusuaHl

HOpMaJIbHaH KpI/IBI/IBHa €CTb %(n), OHpeILeJIHeTCH ypaBHeHHeM 2'ﬁ
CTEeIleHU
(bap — @ (n)aap)g®q” = 0. (2.4.14)

I/ICHOJTb3yH METOL HaXO0XKAEHUS IKCTPEMYMOB, MOJYYHUM, YTO Ha-
npaBJjeHUe, olpeneadrnee MakCUMaJjJbHOE HJAW MHHHUMaJbHOE
3HayeHHue X(n), €CTb pelleHHe ypaBHEHUS

(bap — &(n)aas) N’ = 0. (2.4.15)

3HauuT, COOTBETCTBYIOLIAS BEJUUHUHA &(,) JO/KHA ObITb KOPHEM
ypaBHEHHUS s A

det(ba,g — /\aa@) = |ba5 — )\a(w\ =0. (2.4.16)

D10 ypaBHeHMe BCerga HMeeT ABA BELIECTBEHHBIX KOPHS, paB-
Hble MaKCHMaJbHOMY HJIM MHHHMAJbHOMY 3HaueHHI0 KPUBH3HEL.
Ypasnenue (2.4.16) takoBo: A2 — a®PbagA +b/a = 0, b = |bag],
a = |aqp|; WM B UHBapUaHTHOH (opMe

N —2HAN+ K =0. (2.4.17)

KopHu 3TOrO0 ypaBHEeHUs HA3BIBAIOTCS 2AA8HbIMU KPUBUIHAMU NO-
gepxHocmu S: UX 0003HAUYAIOT 281 U &ea:

&’ + &y =2H, &es =K. (2418)

[TocnenHee cooTHOLIEHHE HOCUT Ha3BaHUe meopemol aycca: npo-
u3gederue eAaBHbIX KPUBU3H NOBEPXHOCMU eCmb CKAAID Ha
Hell, UMEHHO e€ NOAHASA, UAlU 2AYCCO8Q, KPUBUSHA.
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Junuu kpueu3nsl. PaccMOTpPUM HalpaBJ/eHUs, ONpelesio-
lMe [JIaBHble KPUBU3HBl — 24a8Hble HANpPasAeHus; UX B KaxKJI0H
Touke S umeercs nBa. O603HAUMB UX depe3 ¢ff U ¢S, U3 BbIpaxke-
Hust (2.4.16) nosyuum ypaBHEeHHUs

(bap — aelao,/g)qé3 =0, (bag— 362%,5)q§ =0. (2.4.19)
YMHOXKasi mepBoe M3 HHUX Ha ¢Y, BTOpoe — Ha ¢ W BHIUMTaf,
HalgéM

a, B _
(@2 — @1)aapqi' ¢y = 0.
[IycTb @1 # &g, TOTOA TJIaBHBIE HAMpaBJEHHs B3aHUMHO OpTO-
roHanbHel. Kpome Toro,

bagqfqg = aelaagqfqg =0. (2.4.20)
JHasnee, BO3bMEM, HATIPUMeD, MEPBYIO CUCTEMY ypaBHeHHH (2.4.19):
bipg) = w1100, bapq) = 102005
VckJtouast oTciofa eeq, MOJYYHM COOTHOIIEHHE
a100b2pq) = a2047b13q1

50)051
EV o bpsqiia) = 0. (2.4.21)

Touno Ttak ke HalméM, 4YTO ¢§ VHOBJIETBOPSIET YpaBHEHMIO
(2.4.21). 3nauur, popmyna (2.4.21) ectb oflee ypaBHEHHE TJ1aB-
HbIX HampaBjeHud (oHo 2-ro mopsiakal). [Tocse BBeneHust 0603Ha-
YeHUs

hag = g’YUacbié (2422)
YPpaBHEHHE ITaBHBIX HaHpaBJIeHI/Iﬁ NPpUMET BUI
hasq®q® = 0. (2.4.23)

Kpusast Ha S, koTopas B /11060i U3 e€ TOYeK KacaeTcst OHOro
U3 TJIaBHBIX HalpaBJ/eHWH B 3TOM TOUKe, HAa3bIBACTCS AUHUEU KPU-
susnot. [loatomy, ecu dn® ecTh CMellleHHe BIOJb JUHUH KPUBH3-
HBl, TO OHO JOJI)KHO OBbITh MPOMOPLHOHAJIBHO JHO0 ¢f, 1Ub0 g5,
T.e.

hagdn®dn® = 0. (2.4.24)

HOCJ'IeJlHee U €CTb YpaBHEHHE JUHHUU KPUBHU3HBI Ha NOBEPXHOCTH.
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Yopaxuenusa. 1) [lokasaTh, uTo &1 = bagq?qlﬁ, Xy =
= bapdSds-

2) IlycTb HampaBjeHue g% cocTaB/sieT yroa ¢ rJaBHBIM Ha-
npasnenueM ¢f. Torma HopMa/bHas KpPUBU3HA HampabjeHUs g%
paBHa

®(n) = X1 cos? 0 + a5 sin? 6

(Teopema Jiinepa).
3) Hokasatb popmyay s mo6oi kpuBoi Ha S: (2)? = (o) +
+ ()2
4) JlokasaTh, 4TO BHOJb KpHuBod AB C S
D]\/vZ o B'Yb 63)2

(03

Ds e ﬁaa_mq'

5) ﬂOKaSaTb, YTO KpHBas Ha S eCcTb JUHUS KPUBU3HDBI TOT A
K TOJIbKO TOTJa, Korjia

DN’ dx!

Ds +Beds =0

(popmysa Ponpura).

2.5. AONOJIHHUTEJIbHbIE ®OPMYIJIbI
M3 TEOPUM NOBEPXHOCTEM

B 5ToM myHKTe GyeM CUMTaThb CHCTEMY KOOPAMHAT %, o =
= 1,2, 3, mpsamoyro/abHO#H nekaptosoit. [Tycts x = x(nt, n?) — na-
pameTtpusauus (nokanbHast) mosepxHocTd S, npuuém x(n',n?) €
€ C*(D), rne D — o6nactb usMeHenusi koopaunat n',n%. Hop-
MaJib K S 0603HaUMM CHMBOJIOM 11, TaK YTO

o= ot X X2 (2.5.1)
‘an X an‘

Kosdduunentsl nepBofl KBagpaTHYHOH (HOPMbI 0BEPXHOCTH

(2.3.16) npumyT BHL (g5 = dij5)

anEE:\x,,l\z, a2 =F =x, -x

n* (2.5.2)

ase =G = |Xn2|2,

Tak 4To B popmyne (2.5.1) 3HaMeHaTeb
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X X X,2| = VEG — F?. (2.5.3)

Uro Kacaetcsl KO3((PULUHUEHTOB BTOPOH KBaJpaTU4HOH (DOpPMBI
noBepxHocTH (2.3.21), To onu umetor Buz (2.3.30), oTKyna
bllEL:ﬂ'annl, blgEM:n~Xn1n2, (254)
1)22 =N=n- X7I2?72'
Cpennsisi H u rayccoBa K KPHBH3HBI [TOBEPXHOCTH S ompeje-
Jsiiorest o opmysam (2.4.18) u B HaileM ciydae

1 EN —-2FM + GL
H = B (%1 + %2) = EG_F? ; (2.5.5)
LN — M?
K= X1Xy = 7EG — F2 . (256)

Juddepenunancusle napamerpsl Dbesbrpamu  (2.2.45) wu
(2.2.49) noBepxHOCTH S MepenuiIyTCs Tak:

_ E(pn2’l/1n2 - F(gonl’l/Jn2 —+ gonz’l/Jnl) —+ G(pnl 1/},71 )

v N 1 l:i <Gﬁpn1—Fg0n2)+
Y= JEG—F2 |on' \ VEG - F?
9 (M)] (2.5.8)
on? \ VEG - F?

YkaszaHHbIMH Bhile Gopmyaamu (2.5.1)—(2.5.8) yno6Ho moJb-
30BaThCAl B KOHKPETHBIX MPHJIOKEHHSX.

[Tpennonoxum, uto x(n',n?,t) — paguyc-BeKTOp TOUeK Ha S,
rae t — mnapaMeTp, He 3aBMCAWIMH OoT KoopauHaT n',n?. Ecau
¢yukuus o(x,t) onpenenena Ha S, To ¢ = @(x(nt, % t),t) =
= ‘)5(771’7727” H

do =V - dz(n',n*,t) = Gpdn' + G2dn’.

[TosTomy
Ot = X1 Vo, Op2 = X2 - Voo (2.5.9)
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[onoxum Js = \/a, rie a = EG — F? — NMCKPUMHHAHT MepBoii
KBaJpaTHYHOH (opMbl MoBepxHOCTH. fcHo, uTo Jg = n - (X1 X
X X,2) (eM. dopmyny (2.5.1)). Torna cootHomenus (2.5.9) MoxKHO

3alnucaTtb B BHJE

Gt =X - Vg, Pp2 = X2 - V. (2.5.10)
3zech
1 0 0
Ve=V—nnV)= 7 <_nxx7’28_771+nxx’718—772> (2.5.11)

€CTb N0BEPXHOCMMbLLL epaduenm — TPOEKLHUs rpalueHTa Ha Ka-
caTesIbHYI0 K S MIOCKOCTb.

Jlns  nokasartesbcTBa  CrpaBednBoCcTH  opmyn  (2.5.10),
(2.5.11) pocraToyHOo 3aMeTHThb, 4To V¢ = bin + boX,1 + b3X,p2
(Tpofika BEKTOPOB M,X,1,X,2 o6pasyer 06asuc, NMPUUEM BEKTO-
pbl X,1,X,2 JexaT B KacareqbHOH K S mockoctu). Torna
by = Vo - n u, ucnoabsys paBeHcTBa (2.5.2), (2.5.3), Haxo-
1M by = (P, G — 4,2 F) [ J2, by = (@2 E — @,n F)/J2. Tlostomy

HOBerHOCTHbIﬁ rpagiueHT

1 0P ¢
V.= J—é% (Gxp _Fxn2)8771 + (Ex,p2 —Fxnl)a?72 . (2.5.12)
Tanee,
1
nxxnm:—J—xnmX(an XXWQ)’ a:1,27

¥ C MOMOLIbI0 TOXK/IECTBA BEKTOPHOH anrebps a X (b x ¢) = b(a x
x ¢) — c(a - b) npuxonum k dopmyae (2.5.11).
[Tyctb u — BekTOp, ONMpeneéHHbIH Ha S, Torna

Vi -u=divsu (2.5.13)

Ha3bIBAETCS NOBEPXHOCMHOL Jusepeeryueli BEKTopa U. 3aMeTHM,
YTO UMEEeT MecTo aHaJjor Teopembl dtnepa (1.8.26):

— = . 2.5.14
S = sV (25.14)

rie u = dx(nt,n?t)/dt — ckopoctb Touku (n',n?), KoTopas
JBUXKETCS BMeCTe C MOBEePXHOCTbI0 S. JIeHCTBUTENBHO, B CHJY
paBeHcTB (2.5.2), (2.5.12)
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dls 1 d 9
dt — 2Jg dt (BG = F7) =
1 ou ou
JS |:(GX —Fx 2) a a1 +(EX772—FX771)~8772:| JSV -u.

HepeﬁﬂéM K BBIBOY HEKOTOPBIX, HACTO NIPUMEHSAEMbIX B MEXaHUKE
H CIZ)I/ISI/IKQ, HUHTETrpaJJbHBbIX COOTHOIIIEHHUH. I[oxax(eM, 4uTo

d

d
E J dS—JJdtJSdndn va'uds_
S(t) S(t)

= f}; T -uds—2 J Hu-ndS, (2.5.15)
as(t) 5(t)

rie u = dx(n',n?,t)/dt, T — BHewHsist HOpMasb K KpuBO OS(t),
Jiexalasi B KacatesJpHoH miockocTd K S(t) (cuuraercs, 4To mo-
BepxHOCTb S() orpaHHueHa 3TOH KpHUBOH), n — HopMmasb K S(t),
a H — eé cpennsisi KpUBU3HA, onpeznesseMas mo gopmyie (2.5.5).
[lepBrie nBa paBeHcTBa B (2.5.15) cieaymoT U3 MpeACTaBAEHHUs
snementa maomank dS = Jgdn'dn? w npasuna auddepeHuupo-
Banus Jg (2.5.14). Jlas ycTaHOBJIEHHS MOCAEIHEr0 COOTHOIIEHHS
(2.5.15) mpennosioxum, 4to Kpusast JS(t) 3ajgaHa B mapaMeTpu-
yeckoM BHIe: 7% = n%(s), « = 1,2 (npu PUKCHPOBAHHOM BpeMe-
nu t). Torna T = Js(dn?/ds, —dn'/ds) u, nonbsysce popmymoki
(2.5.12), Haxogum

1 Jdu
J Vs UdS:JJJ—S |:(GX771 —Fxnz) . 8_771+
S(t)

Ju
——\|d ld 2 _
8772:| n-an

It o] o an]
—u- {52( (Gxp Fxn2)>+
e

+ (Ex,2 — Fx,n) -
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Paznioxum BekTOp u 1Mo 6asucy: u = din + doX,1 + d3X,2 =
= din + ug, MONYyYHM, YTO HHTErpPajs OT CYMMBI IBYyX MEPBHIX
cJaraeMbiX paBeH (McMoJsib30BaHbl paBeHcTBa (2.2.50))

” [%(hdz) + %(Jsdg)} dndn?® =

_ dp? At o
= J Js<d25—d3g ds = J ’7"|.ld37
aS(t) aS(t)

TaK KaK BeKTOp T OPTOrOHaJieH BeKTOpY 1.

CornacHo (2.5.8), TpeTbe MOABIHTErpajlbHOE BhIpaXKEHHE MPHU-
Met BuIL —u - A_Xx. [lostomy Heob6xonumo npeobpasoBaTb A X.
Ymuoxas pasenctso (2.3.20) Ha a®? u nosb3ysch onpejeneHHeM
(2.3.37) cpenHeil KpUBU3HBI, HAUAEM

a®PV 3Vt = 2Hn!, (2.5.16)
rae, B HallleM cJydae, n' — KOMIIOHEHTHI HopMasaud n. B m. 2.2
OTMEUaJoCh, YTO MPH KOBAPHAHTHOM AH(D()EPEHLHPOBAHUH BEJIH-

uuHEl a, a®’ BelyT ce6s KakK MOCTOSHHbE. 3HAYUT, PABEHCTBO
(2.5.16) MOXHO MepenucaTh Tak:

1 , .
T Vs(vVaa*Vaa') = 2Hn'.

YuutbiBast popmyay (2.2.49), NpUXOAHM K TOXKAECTBY
A x=2Hn, (2.5.17)

C TIOMOLIBIO KOTOPOro MW YCTAaHABJHWBAECTCA TPETbe PABEHCTBO

(2.5.15).

3ameuanue 2.4. Marpuua (a*?) Takosa:
1/(a -F\_ 1 G -F
J2\-F E ) EG-F2\ -F E )°

3ameuanue 2.5. FimeeT MeCTo TOXKIECTBO
Ve -n=-2H.
OHo cyenyet u3 paBeHCTB (2.3.24) u (2.5.12).
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[ycts 7',7? — koopaunatel Ha S(t), KOTOpble B3aHMHO-
ONHO3HAYHBI CBA3aHbl ¢ KoopmuHatamu n',n?, a x(n',n*t) =
= X 79), P 7). ©) = K(7h 7, 1) — pamayc-poKTOp TO-
yek nosepxHoctH S(t). O603HAYUM CKOPOCTH

_ox(ntnt) - ox(7t 7P t)
v= ot » U= ot

Ecin o(x(n',n?,t),t) = p1(n*,n°,t) n

et 72 t) = (' (7,72, n* (7", 7%),t) = e1 (0", n°, 1),
TO

6 17 27t 8~ 71’72,t ~ ~
Derlo 1) P v 2508)

U CIIpaBeNJIMBO MHTErpaJibHOE TOXKOIECTBO

d - op(i*, 7%, 1)
EJ@“‘J{ o

_u.vsgplz

S(t) S(t)

—ﬁ-VS¢—2H¢u-n] ds + jg o7 -uds. (2.5.19)
aS(t)

BeiBon cooTHorenui (2.5.18), (2.5.19) npoBoguTcss aHaJOTHYHBI-
MH PacCyIeHUsIMH, TPOBEAEHHBIMH MPH HoKasartejbcTBe (2.5.9)
u (2.5.15).

[puBeném eré onHO TOXKAECTBO. MIMEHHO, MyCTh JBE MOBEPX-
Hoctu S1(t) u Sa(t) coBnasaer BHyTpPH 3aMKHYTOH KpuBo# OS(t)
¥ Ha 3TOH KpHBO#. HopMasibHble CKOPOCTH MOBEPXHOCTEM, II€ OHH
COMpHKacalTCs, OIMHAKOBB, HO MX KacaTeJbHble CKOPOCTH pas-
augnbl. Torna

d d
pn J god51:E J pdSs + ﬂg o1 (U1 —ug)ds. (2.5.20)

S1(t) Sa(t) aS(t)

Yupaxuenne. 1) Jlokazatb paBeHctso (2.5.20).

2) JokasaTb, 4TO ao‘ﬁcaﬁ =4H? — K, tne Cap — KO3 ULHU-
€HTHI TPeTbell KBaApaTHUHOH (hOPMBI MOBEPXHOCTH S, cM. (2.3.25)
1 (2.3.36).
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3) YCcTaHOBUTH paBeHCTBO

f{; Tods = J(ngo + 2Hpn) dS.
s s

Yxazanue. CMOTPU BBIBOI, COOTHOLIEHUs (2.5.15).



Paszoen Il

SJIEMEHTbI MEXAHUKU
CnJIOLLUHOM CPEDI

3.1. OBLUME CBEAEHMSA

B stom pasgmesne paccmaTpuBaioTcs 00lLiMe BONPOCH AWHAMU-
K{ CIUIOIIHBIX cpel. [TosydeHBl, Ha OCHOBE 3aKOHOB COXpaHEeHHs,
YpaBHEHHUs], BBITIOJNHSIOUIMECS 1/ BCeX Cpel, W TOCTPOEeHHl 3a-
MKHYTBIE CHCTEMBI YPaBHEHUH AJIS psiia MOJeJed KUAKUX U TBEpP-
IBIX Cpep.

[Ipedmemom wW3yueHHss B MeXaHHKE CIVIOLIHBIX Cpel SBJS-
10TCsl (pU3UUeCcKHe Tesa, 00Jafaioliie XapaKTepHBIMH CBOHCTBa-
MM CIIJIOUIHOCTH W BHYTPeHHeH MOABUXKHOCTU. CHnAOWHOCMb €CTh
CBOHCTBO TeJIa 3aMOJHSATH LIEJIHKOM, 6e3 MyCTOT, 3aHUMaeMy0 UM
yacTb npoctpaHcTBa. CBOHCTBO 8HymperHel nodsuxcHocmu, Uiu
n1e(opMHUPYEMOCTH, COCTOMT B TOM, YTO OTIeJbHble YacTH TeJja
MOT'YT MepeMellaThbCsl OTHOCHUTENBHO APYT ApYra NPH HeH3MEeHHOH
BHellHeH ¢opme Tesa. CrjomHoe nedhopMHpPyeMoe (PU3UUYeCcKOe
TEJIO TIOJYUUJIO Ha3BaHHUE «CNAOULHAA Cpeday.

Crporo roBopsi, B CHJy aTOMHO-MOJIEKYJISIPHOTO CTPOEHHS JIH0-
6oro BellecTBa, TaKUX (pu3HUecKHX Tesa HeT. Ha camom nese,
KOTZla peyb HIET 0 (PM3UYECKOM TeJjle KaK CIJIOLIHOH cpejie, CBOH-
CTBO CIJIOLIHOCTH TPENIONaraeTcsi BbIMOJHEHHBIM MPUOJIHKEHHO,
IPU YCJOBHH MAJIOCTH XapaKTePHOTo Maciitaba MOJIEKYJSPHBIX
MPOLIECCOB MO CPaBHEHHS ¢ MUHHMaJbHBIM MaclITaboM Hayuae-
MOT'0 B3aUMOJEHCTBUS CO Cpellod. DTH MacliTabbl pa3judHbl A5
pasHbIx ycaoBuid. Hampumep, cpenHee paccTosiHHe MeXAy 4acTH-
uamu (MosieKysaMu) Bosayxa BO6ausu seman [ ~ 1076 cm, B aT™Mo-
cthepe Ha BricoTe 60 kM [ ~ 1073 cm, a B Kocmoce [ ~ 1 cm. Ecan
NPHUHATh, YTO HUXKHSS TpaHb IJIMH L, Ha KOTOPBIX H3yudaloTcs
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SIBJICHUSl B 3THUX CPelax, COOTBETCTBEHHO paBHa 1071 em, 102 cmM

u 10° cm, To ans Beex Tpéx caydaes Oymet [/L ~ 107°. Ilo-
3TOMY KOCMHYECKYIO CpPedy MOXKHO CUMTATh CIJIOLIHOH B TOM 2Ke
CMBIC/IE, B KAKOM 3TO JOMYCTUMO /5 BO3AyXa NPU HOPMaJbHBIX
YCJIOBUSAX.

B mnoBcenHeBHOH TpaKTHKe BCTpeyalOTCss pPasHOOOpasHBIE
CIJIOLIHbIE Cpelbl, TaKHe KakK BOAA, BO3LYX, Macjo, [VIMHA, He-
PEeBO, XKeJse30, IPaHUT, MecoK U T.N. OHU UrpaloT 60JbLIYIO POJb
B Ipoliecce OCBOEHMS UYeJIOBEKOM OKpyxaiolleil cpenrl. Bo B3au-
MOJIEHCTBHHU CO CIJIOIIHBIMHM CPeIaMH IJIAaBalOT KOpabJ/iH, JeTaioT
caMoJIeThl, M0OBIBAIOTCS IOJIE3HBIE HCKOMaeMble U (hopMHpyeTcs
MOT0a, U3 CIJIOIIHBIX CPel CTPOSTCS A0Ma M MOCTHI, CIJIOLIHbIE
Cpezbl y4acTBYIOT B NPOU3BOACTBE 3JEKTPOIHEPIHU U MPOLAYKTOB
IHUTaHUS.

CxeMaTHUeCKH CIJIOLIHBIE Cpelbl MOXKHO MNONPAa3JessTh Ha
acudkocmu, easvl U Oegopmupyemoie meépdvie meaq. YCJIOB-
HOCTb 3THUX MOHSATHH XOPOILO TOKAa3bIBAIOT NMpPHUMeEPHl achasbra,
KOTOPBIH KPOLIMUTCS MPH yoape MOJOTOM, HO MJIaBHO pacTeKaeTcs
M0 TOBEPXHOCTH 33 [NOCTATOYHO OO0JbLIOE BpeMs, WM MeTasja,
TBEPAOTO TPU HOPMAJILHOH TeMIepaType, HO »KHUAKOTO NpH MJaB-
JeHnd. 2Kesie, KpaCKH B COCTOSIHMM IOKOSI BelyT cebsi MomoGHO
YIOPYroMy TeJy, HO €CJU HUX BCTPSIXHYTb, TO OHH TepSIIOT YyIpy-
rOCTb M BelyT cebsi Kak XKHUAKOCTH. [lo/iMepHbIle pacTBOPBI MOTYT
OIHOBPEMEHHO MPOSIBJATL CBOHCTBA TBEPLOTO Tesa U KUAKOCTH.

MexaHuKa CIJIOMHBIX CPel M3ydyaeT MeXxaHWUeCKHe H TeIJo-
Bble TIPOLIECCHI, TPOTEKAOIIKE B CIJIOLIHBIX Cpeaax MoJ BJAHSAHHEM
NPUJIOKEHHBIX BHELIHHX BO3AEHCTBUH CO CTOPOHBI APYTHX TeJ.
[TpoGseMbl MeXaHMKH CILIOLIHBIX CPel MHOroo6pasHbl. JT0 —
npo6JIeMBl CHJIOBOTO U IHEPTeTHYECKOTO B3aUMOJEHCTBHUS 2KHUIKO-
CTeH M ra3oB ¢ IBHXKYILHMHCS B HUX TeJaMH; IPOTEKAHUS KHUIKO-
CTeH W rasoB No Tpy6aM M KaHa/laM M (PUIBTPALUH CKBO3b MODH-
CTYIO Cpely; IBHXKEHHUS U paBHOBecHs Ne(OpMHUPYEMbIX TBEPIBIX
TeJ, UX MPOYHOCTh M paspyllUeHHs; BOJHOBBIX U BHOPaLMOHHBIX
SIBJEHUH B JKUIKHUX U TBEPABIX TeJaX; LUPKYAALUS aTMOC(hEpPDl U
OKeaHa, MPOrHo3a Morojel; TypOyJeHTHBIX — OBICTPO U Oecriops-
JIOUHO TTYJIbCUPYIOIMX ABHXKEHHUH KHUAKOCTEH U ra3os; MOBeIeHUs
OYeHb CHUJIbHO CXKAThIX (IO MUJJIHOHA aTMOC(ep) U OUeHb CHJIBHO
paspexkeHHBIX (KOCMOC) cpell; UCI0/b30BaHUs BHKEHUH HOHHU30-



3.1. O6ujue ceedenus 135

BaHHBIX ra30B (M1a3Ma) U BELIEeCTB B YCJOBHIX XUMHUECKUX IIpe-
BpallleHUi (TopeHHe, B3PbIB, NE€TOHALMS); TOBeIeHUs] TOJUMEPHBIX
MaTepHaJsioB; GMOMEXaHUKH (MBILIIbI, KPOBb, PACTEHHsI) U MHOTHe
IpyTHe.

Kak ecTecTBeHHas HayKa, MeXaHHKa CIJIOLIHBIX Cpel MOApas-
LeJisieTcsl Ha 3KCMEePUMEHTaNbHO-(DU3HUECKYI0 U TeOPeTHYECKYIO.
3mech OyLyT pacCMOTPEHBl BONPOCH TOJNBKO mMeopemuueckol me-
XQHUKU CRAOUWHbBLY cpeo.

Memo0 TeopeTH4YeCKOH MeXaHHMKH CILIOLIHBIX CPel 3aKJjioua-
eTcs B TOM, UTO Ha OCHOBe OOLIMX (DPU3HUECKHUX 3aKOHOB M CH-
CTeMAaTH3UPOBAHHBIX NaHHBIX SKCIEPUMEHTOB CTPOUTCS Mamema-
muueckas mooess TIOBEIEHHS TOTO WJIM HHOTO KJaccCa CIJIOMIHBIX
Ccpex.

MartemaTnueckast MOie/b MPeACTaBAsIeT cOOOH CUCTEMY COOT-
HOLIeHUH (ypaBHEHWH M HePaBEHCTB), CBS3bIBAIOIINX BeJUYHHE,
XapaKTepU3YIOlllMe pa3jnuHble CBOHCTBA cpeibl. OOBIYHO 3TO —
Jupeperyuarvrole (M KOHEUHBIE) YpasHeHUs, K KOTOPBIM J0-
6aBJsilOTCS HavyasbHble M TPaHHYHBIE yCJ0BHs. MaTemaTrHyecKas
MOJeJb IOJXKHA 00/1alaTh CBOUCTBOM KOPPEKmHOCMm, T. €. pelle-
HHUe BXONSIIMX B He€ ypaBHEHHH IOJIKHO CYIECTBOBAaTb, ObITh
€IUHCTBEHHBIM W YCTOHYMBBIM. B NeHCTBUTEJBHOCTH CTPOTO JH0-
Ka3aTb KOPPEKTHOCTb MaTeMaTHYeCKOH MOJeJM yHaeTcsi He Bce-
ria, BBULY 4Yero MAJsl OLEHKH eé KayecTBa LIMPOKO HCIIOJb3YyeTcs
Kpumepuii npaxmuxu.

3areM UuéT paspaboTKa YUCTO MaTeMaTHYECKHX METOLOB U3Y-
YeHUs] CTPYKTYPbl MOIEJNH M pelleHHs KOHKPeTHBIX 3ajay, CBf-
3aHHBIX CO CelHa]n3alnedl TOMOJHUTEbHBIX YCJIOBUH MpoTe-
KaHHUsl TPOLECCOB B CIUIOMIHOH cpefe. DTH METOIbl MOTYT OBITh
AHAJUTHYECKUMH HJIH YUCJIEHHBIMUA. KaXKIblil U3 HUX MMEET CBOU
NpeuMyllecTBa U HENOCTATKH U NPHUMEHseTCs B 3aBUCHMOCTH OT
KOHKPETHOH LieJIM UCC/eJoBaHUs. BBUAY CN0XKHOCTH OOLIUX ypaB-
HeHUH MeXaHHMKH CIIOLIHBIX Cpel, CO3/JaHHe U NpUMeHeHHe Ma-
TEeMaTHYECKUX MeTOIOB BCTpeuaeT GoJbline TpyAHOCTH. [loaTomy
MOJIYYUJIM ILIHPOKOE paclpocTpaHeHne memodvl Ynpou,eHus Wc-
XOIHBIX ypaBHeHHH (MJM pelllaeMblX 3aiad), KaK TOYHBIE, TaK H
npubNHXKEHHDIE.

MecTo MexaHHKH CIUIOIIHBIX CpPel B KJacCU(pHUKAUUH Ha-
YK ompelessieTcsl TeM, YTO MeXaHUKa BOOOLle SBJSETCS YaCTbIO
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(hM3MKH, M3yyalolllell CTpoeHHe peajsbHOro Mupa. B Teoperuue-
CKOH 4acTH 3TOH HayKH HCXOJHble NaHHble, JOOBITble ONbITHBIM
NyTéM, 3aKJ/aJblBalOTCsl B MaTeMaTH4eCKyl0 MOJEJb, MOcje 4Yero
npo6J/eMbl UCCAeNyI0TCS CpelCcTBaMM YUCTOH MaTeMaTHKH depe3
pellleHHe KOHKPeTHBIX MaTeMaTh4yecKux 3anad. [loatomy Teoperu-
yeckasi MeXaHHMKa CIIJIOLIHbIX Cpell SIBJseTCs pas3le/oM MaTreMaTH-
4YeCKOH (PU3UKH U COCTaBJIsSIeT OCHOBY KJIAaCCHYeCKOH MPUKJaAHON
MaTeMaTHKH.

Jlns moHMMaHUs (PU3HUECKHX OCHOB (hOPMHUPOBAHUS MareMa-
THUYECKUX MoOfle/lell MeXaHUKH CILIOUIHBIX CpeJ BHauaje I[0Jes-
HO O0OpaTHTbCS K MOJEKY/IIpHOMY (MHKpo) omnucaHuio. IlycTsb
HEKOTOpbIH 06BEM () CIJIOIIHOH cpenbl COmepKHUT N MOJIEKYJ
Wi, ¢ = 1,...,N. Torna 3HaHHe MaccChl m; MOJEKYJbl (i;, €€ Mo-
JIOXKEHHS1 X;0 U CKOPOCTH U;o B MOMEHT BpeMeHM lp, a Takxke
IedcTByIOLLEel Ha Heé cuabl f; onpenesser nosoxKeHHe U CKOPOCTb
3TOH MOJIEKYJIBI B JII0O0H MOMEHT BpeMEeHH ¢ yepe3 pelleHne Qud-
(bepeHIIMAIBHOTO YpaBHEHHsI BTOporo 3akoHa HeioToHa (¢ Hauasb-
HBIMH YCJIOBHSIMH)

miX; =1,  Xi(to) = Xi0, Xi(to) =uwp, (i=1,...,N).

Eciu 6bl Takoe omnpenesieHue ynanoch, To MOXKHO OblIo Obl OTBe-
TUTb Ha JI060H BONPOC O MOBefieHKH cpebl B 06béme (). OnHako
3TOT MyTb HEMpUeMJieM, TaK Kak uucio N oueHb BeluKo (eciu
Q =1 cm® Bosnyxa, To N ~ 10'”. Hanmomuum, uto B 1 Mose
~ 22,4 qutpa copepxutca Ny = 6,0247 - 10?3 mosekyn — uucio
ABorazipo), a cusbl f; TOUHO He M3BECTHBI; TAKXKE HEH3BECTHBI U
HayaJbHble ycioBUst. [103TOMYy MHUKDOOMUCAHHE CILIOMWHBIX CPell
OTMajiaeT U 3aMeHseTCsl MAKPOOIIMCAHHEM, B KOTOPOM OCHOBHBIMH
ABJISAIOTCH CPeOHUe BeJIUYHHBI.

PaccMoTpeHre cpeflHUX BeJUYMH eCThb METONOJIOTHUYecKas 0C-
HOBa KOHCTPYHPOBaHMsSI MaTeMaTHYeCKHX MofeJell CIUIOWHBIX
cpen.

HauG6osee mwnpoko pacrpocTpaHeHbl Be MAKPOTEOPHH: MOLe-
KYASAPHO-KUHemU4eckas u genomenoroeudeckas. B Monekyasip-
HO-KHHETHYECKOH TeOpUH (KMHETHUECKOH TeOPHH ra3oB) CpeiHHe
BEJIMUKMHBl CKOPOCTH, TJIOTHOCTH M T.J. BBOAATCS C TOMOILBIO
TEOPETHKO-BEPOSTHOCTHOTO (CTATHCTHYECKOTO) OINHCAHUS dYepe3
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(YHKLMIO pacrpeneseHHsi MOJIEKYJI [0 MONOXKEHUSM U CKOPOCTSIM.
Kpome Toro, nenaioTcs onpefienéHHBIE MPEIIONOKEHNS 0 Xapak-
Tepe CHUJ B3aHMOLEHCTBHS MEXKIY MOJEKYIaMH (YIpyrHe CTOJK-
HOBEHHsI, KYJOHOBCKOe OTTaJKHWBaHWe U T.1.). [lonyuaemas ma-
TeMaTHuecKasi MOfie/lb UMeeT BHJ TaK Ha3blBAEMOr0 YpaBHeHUs
Boavymana pas GyHKUUM pacrlpeneseHus. JTa MOLEJb HUCIOJb-
3yeTcs TIPY M3yUEHHH B3aUMOJEHCTBHUS TeJa C CHIIBHO pas3perkeH-
HBIM Ta30M.

OcHOBY (peHOMEHOJIOTHYECKOH TEOPHUH COCTABJSIET MPECTaB-
JIEHHe O TOM, UTO B KaXKJIOH Touke A IIPOCTPAHCTBA, 3aHSATOrO
CIJIOLIHON CpeNol, MIOTHOCTb, CKOPOCTh U APYTHe MeXaHH4yecKHe
BEJIHUMHBl MOXKHO OTPeNeNUTh KaK Mpeaesbl HEKOTOPBIX CPeIHUX
no o6bémy {2, comepxaiemy Touky A. DTH cpenHue Ghopmupy-
forcst Tak. Ilycte Momexynel p;, 4 = 1,..., N, Haxonsmecs B
o6BéMe (), UMEIOT MacCy fi;, CKOPOCTb U; ¥ BHYTPEHHIOIO 3Hep-
ruto U;. [To HUM BBIYUCISIOTCS MAaKPOXapaKTePUCTUKH 06bEMa (2:

N N
macca M = > my;, umnyabe K = > m,;u; u nosnHas sHeprus
i=1 i=1

N

E = 5" (m;|u;]?/2+U;). C moMouIbio 3THX XapakKTePUCTHK ONpe-
i=1

LeJSI0TCS cpeduss naomnocmy p, = M/Q v cpeduss ckopocmo

u, = K/M. Jlanee BbuHc/sieTcsl TMOJHAS BHYTPEHHsIs SHEPTHS

N
U= (miu; — u.|?/2 + U;) u no ueil onpenensiercst cpeonasn
i=1

snympennsn anepeus U, = U/Q. Torma MakpoxapakTepUCTHKH
06béma () BbIpaXKalTCA TOJNbKO Uepe3 CpefHHe BeJHUHHBI

M =Qp., K=Qpu,, FE=Q@.|ul?/2+T;).

®dusnyeckas TUNOTE3a «MaTepPUATbHOTO KOHTHHYYyMa» MO3BO-
JIIET TIPUIMUCATb TOuKe A «IpenesbHble» 3HAYEHUS CPENHHX, Ha-
npumep, p = lim p,, u = limu,, Korna o6bém {2 cTaruBaercs K
touke A. Hakonel|, maTemaTHyeckasi MOLeJb UMEET BHI 3aKOHOB
H3MeHeHHs] MaKpoXapaKTePUCTHK CO BpeMeHeM Ha OCHOBE JOMOJI-
HUTEJbHBIX (PU3UYECKUX TUIIOTE3 O CHUJIOBBIX U IHEPreTHUeCKHX
BO3JIEHCTBHAX Ha 00BEM ().

UéTKoe BblIe/JE€HHE 3THX THIIOTE3 IMO3BOJISET pacCMaTPHUBATh
(heHOMEHOJIOTUYECKYI0 TEOPHI0 MeXaHHKM CIIJIOIIHBIX Cpel Kak
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TEOPUI0 HEKOTOPOH MaTeMaTH4yecKo# CTPYyKTypbl, OCHOBAHHOH Ha
OTpeeIEHHOH CHCTEME aKCHOM. DTa TEOpHs M H3JaraeTcs jgaee.

3ameuanue 3.1. M3 ckasaHHOro BbIllle ClefyeT, YTO KJaCCH-
yecKass MeXaHHKa CIUIOLIHBIX Cpel, 110 CYLIeCTBY, OCHOBaHa Ha
TPEX yTBEPXKIEHHUSAX:

1) crpaBensiuBa KJjaccudeckast MexaHnka HbploToHa;

2) cnpaBenJsivBa Kjaccuueckas TepMOAMHAMHKA;

3) crnpaBenJMBa IUIOTE3a CIJIOLIHOCTH.

[lepBoe yTBepxkaeHHe MpeArnoJaraet, 4YTo U3y4arTcs IBHXKe-
HHS CO CKOPOCTSIMH, MaJIbIMHU 10 CPAaBHEHHIO CO CKOPOCTBIO CBETA,
U paccMaTpHUBAIOTCH MAKPOCKONnU4ecKue 00beKTbl, paaMepbl KOTO-
PBIX CYL1eCTBEHHO IPEBOCXOAAT pa3mepvl. MUKPOMUDQ.

BTopoe YTBep2KAEHUE TIpeAnoJaraet, 4To0 B OKPECTHOCTH KaxXK-
I[Oﬁ TOYKH Cpela HaxoAUTCA B COCTOSAHHUU TEePMOAHHAMHYECKO-
ro paBHOBECHs, BCJEACTBHE 4E€ro MO2KHO I0JIb30BATbCA 3aKOHAMH
TEPMOIUHAMUKH.

TpeTbe yTBep:KA€HHe MpeANoJsaraeT 3aMeHy peasbHOH Cpemsl
c eé MOJIEKYJJIAPHBIM NUCKPETHBIM CTPOEHUEM MOeJIbI0 CIIJIOIIHOI'O
pacrpelesieHHs BellecTBa 10 paccMaTpUBaeMoMy OOBEMY.

3.2. OCHOBHbIE OMPEAEJIEHNS, AKCUMOMDbI
U 3AKOHbl COXPAHEHNA

CrioliHasi cpefia TpakTyeTcsl KaK MeHsoIasicss cO BpeMeHeM
yacTh (DU3HYECKOro mpocTpaHcTBa. [IpHHUMNMAMBHBIA BOMPOC O
CTPYKTYyp€ MPOCTPAHCTBA-BPEMEHH COOBITHH B KJIACCUUYECKOM IO -
XOJle pellaeTcsl Tak: CIJIOUIHAS CPela CUUTAEeTCS YaCThio TPEXMep-
HOTO eBKJIMIOBa ad(MHHOrO mpocTpaHcTBa R3 W mpejnosaraet-
csl, 4TO BpeMsl ¢ He 3aBHUCHUT OT COOBITHH, T.e. abCOJIOTHO. DTH
MPENNONOXKeHHUs, COCTABISIONIME OCHOBY HbIOTOHOBCKOH MeXaHH-
KH, IPUHUMAIOTCSl B KaueCTBe TMepBOH aKCHOMBI.

Akcuoma npocrpaHcTBa-BpemeHu A;. Cnaownas cpeda
ecmo NOOMHONCECMBO MPEXMEPHOEO eB8KAUD08a apPuHHO20
npocmparcmea. Bpems abcorrommo.

EBkannoBo-adypriHHOE TIPOCTPAHCTBO COCTOUT M3 BEKTOPOB U
TOYEK, MPUUEM MJisi JIOOBIX NOBYX ero Touek A, B ofHO3Hau-
Ho onpenesnéH Bektop AB ¢ Hawanmom A u KoHuoM B. B 3Tom



3.2. OcHosHoie onpedenenus, AKCUOMbL U 3AKOHbL COXPAHEHUS 139

NpocTpaHCTBe (PUKCHPYyeTCs Hauago oTcuera — Touka O, a mo-
JoxKeHHe J11000# Ipyrodl Touku A XapakTepuayercsl e€ panuyc-
BekTOpoM X = OA. Bce BeKTOpBI CUMTAIOTCS MPHHAMLJEKALIIUMH
OHOMY H TOMY »Ke eBKJIMJOBY BEKTOPHOMY IPOCTPAHCTBY Haj IO-
JIeM BelleCTBeHHbIX urcesn R'. OTKpbITbe CBA3HbIE MHOXKECTBA —
obnactu ) C R® — paccmaTpuBaioTest Kak noaodcenus (KOH-
(urypanuu) CIIomHo# cpefpl. B MexaHHKe 06,1aCTb ¢ KyCOYHO-
IJ1aKOU IpaHuLiedl 00bIYHO Ha3blBaeTcs 06BEMOM.

O6aacth ) C R? HasbiBaeTCs MamepuaibHoll 06aacTbio (M
cpedoil), ecnu Ha Hell ompeleseHa afIUTHBHAS QYHKUHS MHOXe-
CTBa, HasbiBaeMasi maccoti. [Ipennonaraercs, 4yto A Jao6oro (He
nycroro o6véMa) w C €2 ero macca M (w) > 0. AnIUTHBHOCTb
Macchl 03HauaeT, uTo JJs JM00bIX ABYyX HelepeceKarolnxcs 00bé-
MOB W] U wg CIPaBeNJHUBO PAaBEHCTBO

M(w1 UWQ) = M(wl) + M((UQ).

Kpome macchl, Ha cpefie npejnoJ/araeTcs 3aJlaHHOU Apyras af-
JUTUBHas (PYHKLIHMS MHOXKECTBA, Ha3blBaeMasl SHYympenHel aHep-
euell u obo3HavaeMmas ;.

Cpena  C R® HasbiBaeTCs MAMEPUAALHOLM KOHMUHYYMOM,
ecau pyHkuuu M u E; nuddepeHuupyemsl Ha {2 U UX MJIOTHOCTh
(o6bémHast) orpanudeHa. O6bEMHAs MJIOTHOCTb Macchl 0603Haua-
eTcs p U HasblBaeTCsl MAOMHOCMbI0 cpedb. WIH IPOCTO NAOM-
nocmoro. OObEMHAs NNOTHOCTb BHYTpPEeHHeH 3Hepruu 0603Haua-
ercs pU, B cBA3u ¢ 4eM U HasblBaeTcsl yO0eabHOU 8HYympexHel
aHepeueli (BHYTpeHHe# sHeprueil ennHuLbl Maccel). Caenyroline
(opMysbl YCTaHABJMBAIOT CBS3b MEXIY COOTBETCTBYIOLIEH aniu-
TUBHOH (DyHKLMeH MHOXKeCTBa U €€ 00bEMHON MJIOTHOCTBIO:

M(w) = dew, Ei(w) = Jpwa-

w w

Bropas akcuoma ¢puKcHpyeT 3TO CBOHCTBO CIJIOLIHOH Cpefbl.
AKcuoMa MaTepuaJbHOr0 KOHTUHYYMA Ay. Cnaouwinas cpe-
da ecmbv mamepuaibHbLl KORMUHRYYM.
[lepexon crsolwHOM cpenbl M3 IOJOXKEHUS €); B IMOJOXKe-
HUe () Ha3blBaeTcs eé nepemeujeruem. Jlasee paccMaTpUBaOTCS
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niepeMelleHH sl CIIJIOMHON CPe/ibl B 3aBUCHMOCTH OT BPEMEHH t, U3-
MEHSIIOIIEr0Cs B HEKOTOPOoM MHTepBase (a,b) € R!. [Monoxenue
cpelsl B MOMEHT BpeMeHu ¢ o6o3Hauyaercsi ;. COBOKYIHOCTb TO-
yek, MPUHAIJEXKAIIHX ceMeHCTBY obJiacTed )y, paccmaTpuBaercs
Kak MHoxkecTBo (o6mactb) W C R*(x,t), rue

W ={(x,t)|t € (a,b), x € U}.

B 3ToM MpeicTaBieHHH Kaxaoe MoJoxKeHue )y eCThb CeueHHe ye-
THIPEXMEPHOr0 MHOXKecTBa W THUIMEpIIOCKOCTbIO, Hecylled naH-
HOe 3HayeHWe M MapaJsJiesbHOH MpocTpaHcTBy R3(X).

B nanbHeiiiieM (UKCHpyeTCss MOMEHT BpeMeHu to € (a,b)
¥ PacCMaTPUBAETCS OIHOMAPAMETPHUECKOE CEMEHCTBO MepeMerile-
HUH ~, TosoxkeHust Qy, B mosoxkenue )y st Kaxporo t € (a,b)
(o mpoctoTsl BMecTO )y, OyHET HCMOJb30BaThCS CHMBOJ ().
Eciu kaxpoe nepemelneHue vy, siBJsieTcs oToOpaxkeHueM )y Ha
Q, TO 015 KaxA0H (UKCHPOBaHHOH TOoukH & € {)y BO3HHUKaeT
orobpaxenune y(£) : (a,b) — R3, neiictByromee nmo dopmyne
Y(€)() = 7.(8).

Oro6paxenue v : Qo x (a,b) — R3, neiicTBytomee no ¢hopmy-
ne v(&,t) = v,(€), HasbiBaeTcs Osudceruem CIIOLIHOHN cpena.
Crenyromiasi akcioMa (PUKCHpPYeT CyLeCTBOBaHHE W KJacc mepe-
MelLeHUH.

Akcuoma asukenusi Az. [Jas awboco ty € (a,b) nepeme-
wieHue CnAOWHOL cpedol u3 nosoxenus Sy 8 nosoxerue
onpedeneno u ecmv ecomeomopdusdm (83aUmMHO-00HO3HAUHOE U
HenpepolHoe omobpaxcerue) obaacmu Sy Ha obaacme Qy; 0as
kaxcdoii mouku & € Qo omobpasxcenue y(€) : (a,b) — R® nenpe-
PBIBHO U KYCOUHO-Henpepviero duggepenyupyemo na (a,b).

drta akcuoMma M03BOJIsIeT HHAHBUAYAJIH3UPOBATh (MaTepuaiu-
30BaTh) TOYKH CIUIOLWIHOH cpeibl. MHAMBUIYaNbHOH (MaTepHasb-
HOH) TOYKOH HasbiBaeTcss Touka X = ~(£,t) € R3, monyuae-
Masi B pesyJbTare [BHXKEHHS (UKCHPOBAHHOH Toukd & € Q.
JList KpaTKOCTH MHIMBHIyasbHAsi TOYKA HA3BIBAETCS Yacmuyeti
CriomHok cpenbl. KaXkaas yacTuua NpH U3MEHEHUH BPEMEHH t
onuceiBaeT B R KpHMBYI0, HasblBaeMylo mpaekmopuetl 3TOH 4da-
CTHIIBI,
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Hsuscyuyumca 06vémom (MM UHAKBHAYATBHBIM, HIH MaTepH-
a/lbHBIM) HasblBaeTcsl 00BbEM wy, COCTOSIME s Beex ¢ € (a,D)
U3 OJHUX M TeX K€ YaCTHILL.

[TonuepkHéM NpUHLMIMAJIBHOE Pa3/HuHe MeXLy TOUYKOH Mpo-
CTPAHCTBA M YacTHLeH: mouka eCTb MecCTO B IPOCTPaAHCTBe, a
yacmuyq — Manas 4acTb MarepHajbHOro o6béma. Pasmepnl ua-
CTHULBI JOJIKHBI ObITb IpeHeOpeKUMO MaJibl 10 CPAaBHEHUIO C Xa-
paKTepHBIMM pa3MepaMy H3ydaeMmoro siBjeHus. C Apyroif cropo-
Hbl, Pa3Mepbl YAaCTULb! JOJKHbI ObITb JOCTATOYHO BEJIHMKH, UTOObI
He YUHTHIBaTb MOJIEKYJSIDHYIO CTPYKTYPY Cpefbl, cM. m. 3.1.

3ameuanue 3.2. B cuny akcuombl Ag, misi Bcex € € o u
Bcex (Kpome, GBITb MOXKET, KOHEYHOro uuc/a) 3HayeHui ¢ € (a,b)
cyuiectByeT npousBogHas Ovy(&,t)/0t, KoTopasi Ha3bIBAETCS CKO-
pocmoio nBYKeHHs1 yacThll. CKOPOCTb eCcThb BEKTOp, 0003Hayae-
MBIH U.

Cy1ecTByeT IBa croco6a OMUCAHUS CKaJSPHBIX, BEKTOPHBIX
WU TEH30PHBIX I0JeH, 3aJaHHBIX Ha JBHXYILEHCS CIJOLIHON
cpene. [lepBbifi Ha3bIBAETCS ILiAepOBbIM OTIMCAHUEM H 3aKJIOUAET-
csl B 3aJlaHUU 3HaueHUs Mosist F' Ha MOJIOXKEHUH )y KakK (QYHKIHUH
TOUKU X € R3 u BpeMeHH t, T.e. 3HaueHus1 F'(x,t). Bropoil, cBs-
3aHHBIH C MMOHSITHEM YaCTHLbI, Ha3bIBAETCS AA2PAHNMEBbIM ONUCA-
HHEM M COCTOMT B 3aJaHHM 3HAUEHHs] TOTO »Ke I0Js Ha KaxKJIoH
gactuue & € )y B MoMeHT BpeMeHH t. IlycTb 3To 3HadYeHHe ecTb

0 [}
F (&,t). yuxkuuu F u F' cBsi3aHBl TOXKIECTBOM

F (&,1) = F(v(&,1),1).

JuddepenunpoaHue no ¢ NPUBOAUT K PaBEHCTBY

OF OF

ot W+u~VF.

B npaBo#t yactu Ha ¢yHKUMIO F' aeficTByeT nuddepeHHANbHBINA
orepaTop, KOTOPBIE Ha3blBaeTCsl NOAHOL Npou3sooHol (CHHOHHU-
Mbl: HHIMBHIYyaJ/bHas [POU3BOAHAS; MaTepHasbHasi MPOU3BOLHAS;
TNPOM3BOJIHAS B UACTHUIIE; TPOU3BOAHAS BIOJb TPAEKTOPHH) U 000-
3HauaeTcsi CHMBOJIOM d/dt (B OT/IMYKE OT 4YaCTHOH MPOM3BOAHOH
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0/0t). Urak, pas moboro raankoro nmosas F = F(x,t) nosnHas
NpOU3BOAHAS NA€Tcsl (POPMYJIOH

dF  OF
—=—+u-VF.
a o
B uactHocTH, ecau F = X, To X= ~(&,t) 1 cHOBa moJsyuyaetcs
(hopMyJsia onpenesieHUs] CKOPOCTH

Koopaunate! (£€,t) HasbiBaloTCS Aaepanxcesoimu, a (X,t)
ataeposoimu.

Pazsnuune 3TUX ABYX OmMHcaHuil cyulecTBeHHo. Hanpumep, ec-
JIM TI0JIe BEKTOPA CKOPOCTH U H3BECTHO B JIATPAHKEBOM OIHCAHHH,

0o
T.€. 3aaHa BeKTop-pyHKuus u (&,t), TO ompeneseHUe TPAeKTO-
pu#l yactul (a 3HAYWT, U OBHUXKEHHs CIJIOLIHOHA Cpefbl B LIeJOM)
CBOIHUTCS K KBaapaType

t
x:g+J&@¢qﬁh
to

Eciu ke moje u M3BECTHO B 3UJIEPOBOM OMHMCAHHH, T.e. 3a1a-
Ha BeKTOp-QyHKUHUs u(X,t), TO Ta XKe 3afaya NPUBOAMT K 3aja-
ue Ko pist iudphepeHIHaNBHOTO YPABHEHHSI IBHXKEHHST YaCTHULL
(ypaBHeHHsT TpaeKTOPH)

Z—: = U(X,t), X(to) = 5

Hecmotpsa Ha To, uTo nepBas 3ajaya MHOrO MpoOLle BTOPOH,
JlarpaHKeBo OINMCaHUe yI00HO He Bcerjga. B uacTHOCTH, OCHOBHBIE
Iu(depeHIHaNbHbIe YPAaBHEHHsI CIIJIOIIHOH Cpefbl MMEKT OoJee
NPOCTOH BUJI B 3HJIE€POBOM ONHCAHUH.

[Ipu siiepoBoM onucaHuu oToOpaxkeHHe < MOJydaeTcs B CH-
JIy 3aBUCHMOCTH pelleHHs BbllIeyNnoMsAHYTOH 3agayu Komu ot Ha-
yajpHoro 3Hauenusi €. Ecau mose u(x,t) onuH pa3 HempepeiBHO



3.2. OcHosHoie onpedenenus, AKCUOMbL U 3AKOHbL COXPAHEHUS 143

nubdepeHypyemMo, To cyulectsyeT sikobuan J = det(9x/9E).
Jns Hero crpaBensivBa ¢opmyra Jiirepa

aJ = Jdivu.
dt
Ato ectb npocto hopmyaa (1.8.26), Tak Kak J = /7.

B nonosHeHHe K OCHOBHBIM YHCJIOBBIM XapaKTePUCTHKAM 00b-
éMa CIUIOLIHOH cpelbl OMpelessiioTes ellé cefylollie aaIuTHB-
Hble (DYHKLUU MHOXKeCTBa AJis J106oro o6béma w € (1

Koauwecmao 0suxcerus (AMIYJbC)

K() = | pude

w

MOMEHM KOAUUECMBa 08UNCeHUS (MOMeHT I/IMHyJ'IbCa)

H(w) = Jp(x X u) dw;

w

Kunemuueckas sHepeus

1
Buw) = | 5 pluf dos

w

NOAHAA IHEpeUs,
E(w) = Ex(w) + E;(w).

M3meHeHMe 3THX XapaKTepUCTHK MPH ABUXKEHHH MPOUCXOAUT
NOA AefCTBHEeM CHJIOBBIX U SHEPreTHYeCKHX BO3AEHCTBUH Ha 00b-
€M w. DTH BO3IEHCTBUS OCYIIECTBJSIOTCS C MOMOLIBIO HOBBIX Be-
JIMYMH: Ty1aBHOro BekTopa cus F(w), riaBHoro momenrta G(w) u
BHOCHUMOH MoliHOCTH N (w).

Ecnu Bce ynomsiHyTble BeJMUYMHBI B3Tb /51 KaKOro-subo
(pUKCUPOBAHHOIO JBUXKYLIerocss o6béMa, TO OHHU OYAYT (PYyHKLHU-
SIMH TOJIbKO BpeMeHH t. Cjlenyroliasi akCHOMa yCTaHABJAUBAeT UX
OIIPEJEJIEHHYIO CBAA3b.



144 Pasden Ill. dremenmor mexanuku cnAOULHOL cpedol

Axkcuoma Gananca Ay. [[as aoboeo dsuscyuiecocs ob6véma
wr € Q u 8 noboil momenm epemenu t € (a,b) cnpasediuso.
pasercmsa

d d
a M) =0, 7 Klw) = Fw),
d d
pr H(w;) = G(wy), P E(wi) = N(wy).

ATy aKCHOMYy MHOT/A HA3bIBAIOT «MPUHIUIIOM OTBEPLEBAHHS»,
TaK Kak JaHHble paBEHCTBA CIPAaBEAJIHBH B CJydae [IBHKEHUS
TBEPLOTO TeJa.

Jlns KoHKpeTH3aUuK NpaBblX yacTed B akcMoMe OasaHca Tpe-
6yeTrcsi onpeneséHHOE TPEACTABJIEHHE O CHJaX, AEHCTBYIOLIMX Ha
0OBEMBI CIJIOIIHOK cpefibl. 31ech OYAYT pacCMaTPUBATBCS TOJNBKO
BHeIIHHe MaccoBble (0GBEMHBIE) W BHYTPEHHHE MOBEPXHOCTHBIE
CHJIHL.

Brewnetl maccosoli cunoil HasbiBaeTcs afiJUTHBHAs BEKTOp-
¢yukuusa F., umeromas nsnotHocTh. Ecny BBecTH €€ MaccoByio
niotHocTh f, To 06béMHas miaoTHOCTh Gyner pf. [lostomy BHew-
HsIsl MaccoBasi CuJa, AeHCTBYyIOLast Ha 06BEM w, naétcs hopMyJIoH

F.(w) = | plde.

w

COOTBETCTBEHHO, MOMEHT BHEILHEH MacCOBOH CHJIbl, HEHCTBYIO-
KK Ha 00BEM w, oTpenensieTcs Mo GopmyJie

G.(w) = Jp(x x 1) dw.

w

BHyTpeHHS MOBepXHOCTHasl cuJja JeHCTByeT Ha 00BEM w
TOJIBKO TI0 €ro MOBepXHOCTH Ow. Il eé ompenesieHHs paccMar-
pUBaeTCsl IPOU3BOJIbHOE CedeHHe X 00s1acTH () HeKOTOpOH mJoc-
KOCTbIO, Jeqsuied 2 Ha yacTu g U Qs.

BHyTpeHHell MOBepXHOCTHOH CHJIOH, HeHCTBYIOLIEH uepes ce-
YyeHHe X CO CTOPOHBI YacTH {2y Ha 4acTh {2y, Ha3bIBaeTCs aAUTHB-
Has BekTop-pyHKUUS F; MHOXecTB 0 C X. Crepyiomas akcuoma
YTBEPXKIAeT CYLIeCTBOBaHUE U TUPPEPEHIUPYEMOCTb STOH CHJIBI.
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AKkcruomMa BHYTPEHHHUX MOBEPXHOCTHBIX cuil As. Brymper-
HS5 NOBEPXHOCMHAS CUAQ onpedesena O0As A00020 cederus X
obaacmu ) u umeem nAomHocmb (NOBEPXHOCMHYIO) HA 2.

[lycTb n — opT HOpMa/M K X, HampaBJeHHbIE B CTOPOHY ().
Beonumast akcroMoit A; MOBEpXHOCTHAsK MJIOTHOCTh 0603HaUaETCs
p,, U Ha3blBaeTCsl HanpAjiceHuem TOBEPXHOCTHBIX CHJ, dedicmay-
rouum Ha obaacme 1 uepes naow,adky ¢ Hopmasvro n. Ias
obaact ¢ C X cusa, AeHCTBYIOLIAs HAa 4acTb {1y CO CTOPOHHI
yacTH )y Yepes MJOLIANKY o, PaBHA

Fi(o) = Jpn do.

g

BHyTpeHHell TOBEPXHOCTHOH CUJION, NeHCTBYyIOLLed Ha 00BEM
w C ) co cTopoHbl o6sactH {2 \ w, Ha3bIBaeTCs CUJa

Fi(w) = j p, do,
Ow

Tle B KaXJI0H TOYKe IOBEPXHOCTH Jw B KadyecTBe N B3AT OPT
sHelwlrell Hopmary K Ow (TouHee, B MOYTH KaxKIOH TOUKe, TaK
KaK [10BepPXHOCTb MPe/IoaraeTcs JUIb KycoyHo-raankoi). Coot-
BETCTBEHHO, MOMEHT BHYTPEHHHX MOBEPXHOCTHBIX CHJI, AeHCTBY-
IOLIMX Ha 00BbEM w, onpenessiercs GhopMynoi

G;(w) = J (x x p,,) do.
Ow

Crenytrouiasi akcuoMa (DUKCUPYeT MPeNNosoXKeHHe O TOM, 4TO
HUKAKHUX IPYTUX, KPOMe MepeYnuc/eHHbIX BhILIE, CHJI U MOMEHTOB
Ha 00BEMBI w C ) He HeHCTBYeT.

AKcuoma cusl U1 MOMeHTOB Ag. [1a8HbLLL 8eKmMOp U eAa8HbIL
MomeHm cun, dedcmsyrouux Ha A060l 06vém w C ), daromcs
Gopmyramu

F() = Fi(w) + Fo(w) = | podo+ [ st

Ow w
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G(w) = Gi(w) + Ge(w) = J (x xp,)do+ Jp(x x 1) dw.
Ow w

Haxonen, TpebyioTcs emé cBefeHHS O MOILHOCTH IPHUTOKA
SHEPTUH B 00BEMBI w. DTOT MPHUTOK MPOUCXOAHUT 32 CUET PAbOTHI
IEHCTBYIOILMX CHJI, IepeHOoca TENJIOBOH 9HEPTUH, BHELIHUX UCTOU-
HUKOB 9HEPTrHH, BHYTPEHHUX HCTOUHHKOB TelJa.

MolHoCTbI0, pa3BUBaeMOH BHYTPEHHHMH MOBEPXHOCTHBIMU
CHJIaMU ¥ BHELIHHMH MacCOBBIMU CHJIaMH, Ha3bIBAIOTCS, COOTBET-
CTBEHHO, BEJIMUHHBI

Ni(w):J(u-pn)dU, Ne(w):qu-fdw, Nt(w):Jphdw,

Ow w w

rie h(x,t) — oObEMHAsi MIOTHOCTb BHYTPEHHHX HCTOUHHKOB
Tera.

[IpuTok Tem/aa yepe3 MOBEPXHOCTb OMPENESeTCs € MOMOLILBIO
CeueHUH Y aHaJOTMYHO BHYTPEHHeH MOBEPXHOCTHOU CHJIE.

[Torokom TemJa yepe3 ceueHue Y U3 yacTH 2o B yacTh {2y Ha-
3blBaeTCs aNIUTHBHAs CKaJjsipHass QyHKUHUS () MHOXKeCTB o C X.
Crenyroliasi akCHOMa YTBEPXKIAET CYIIeCTBOBaHUE U nUddepeH-
LUPYEMOCTb 9TOH (DYHKLHH.

Axkcuoma mnotoka temna A;. [lomoxk menaia onpederéu
ors aroboeo ceuenus Y obaacmu Q) U umeem NAOMHOCMb
(nosepxrocmuyro) na 3.

[ToBepXHOCTHAsl TJIOTHOCTb TOTOKAa Tersa 0003HAYAETCS (.
Jnst obnactu o C X NMOTOK Temnsia U3 4acTu 2o B 4acTb )y uepe3
MJIOLIAIKY O PaBeH

Q) = [ardor

[Torokom Tensia B 06béM w C §2 U3 obsactu €2\ W HasbiBaeTCs
BeJIMYMHA

Q) = | audo
Ow

rae n — BHEWIHSASA HOPpMaJb K ow.
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Crenyomias akcuoma (UKCHpPyeT MpennoJsoxkeHHe 06 OTCYT-
CTBUHU JPYTHX, KPOME MEPEUHCeHHBIX BhIllE, MEXaHHU3MOB BHece-
HHSI 9HEPTHH B 0OBEMBI w.

Akcuoma nmotoka aHepruu Ag. MouwjHocme, sHocumas 6 ato-
6oil 065ém w C (), pasHa

N(w) = Ni(w) + Ne(w) + Ni(w) + Q(w) =

= J(u'pn)dJ+qu'fdw+Jphdw+ J G do

ow w ow

B uTOre MPUHATHIX aKCHOM ¥ JAHHBIX OTpeeseHHH GpopMUpy-
eTCsl CJefyiollast KaacCHueckasi Mamemamuueckas mooeisb 1BU-
XKyILIeHcs CHJIOLHON Cpelbl.

HHTerpanpHble 3aKOHbI coxpaHeHus M. B pBuxyuieiics
CILTIOLIHOM cpefie AJisi J11000ro ABHKYILIerocs 06bEMa wy U J1060ro
MOMeHTa BpeMeHH t € (a,b) CpaBeAJMBbl PaBEHCTBA:

3QKOH COXPAHEHUA MACChL

d
il dw =
dtjpw 0,

Wt

3AKOH COXPAHEHUS Umnyrvca

d
7 qudw = J p,, do + prdw,
wt Owy wt
3QKOH COXPAHEHUA MOMEHMA UMNYAbCa

d

% Jp(xxu)dw: J(xxpn)da—i—Jp(xxi)dw,

wt Owy wt

3AKOH COXpPAHEeHUS NnoAHOL dHepeuu

d 1,

wt

_ J(u-pn)da—l—Jp(u~f)dw+Jphdw—I— J gn do.

Owy wt wt Owy
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OKoHUaTeJIbHO MOXHO c(HOPMYJIHPOBATh CJAEAyIOIee OTpene-
JieHne: deudxywancs cnaownas cpeda ecmv obvexkm, ydosie-
meopsarowuti akcuomam Ay — As. E€ mamemamuueckoti mooevio
ABASEMCS COBOKYNHOCHb 3AKOHO8 COXparerus M.

3.3. HENPEPBbIBHbIE ABMXKEHUA

BpemeHHo Gynem cuuTaTb, UTO OCHOBHbIE BeJHUHHBI CBfI3aH-
Hble C JBHXYIIEHCS CIJIOLIHOM CpefoH: MJIOTHOCTb p, yAesbHas
BHYTpeHHss1 3Heprus U, CKOpPOCTb U, HampsKeHHe p, Ha IJIO-
ajIke ¢ HOPMaJsblo N, TJIOTHOCTb MOTOKA TeIJia ¢, MJOTHOCTb
MaccoBbIX cus f U 06bEMHAsA MJIOTHOCT BHYTPEHHUX UCTOYHHKOB
Temaa h, cyTb (PYHKLHH NEpPeMeHHBIX X,t, 3alaHHble Ha 06JacTH
W C R*(x,t) (si1epoBo onucaHue IBHKEHHS CIJIOLIHOH CPe/bl).
BesqUuuHbL p,, U ¢n 3aBUCAT TaKXKe OT OpTa N € R3, T.e. OT TOu-
KM elMHHYHOH chepsl S; C R3. Boobuie rosopsi, 3TH QYHKIHH
He 00si3aHbl ObITb HENpPepbIBHBIMH, TaK KaK /s CIIPaBelJHBOCTH
UHTErpasbHBIX 3aKOHOB coxpaHeHus M; 3To He o6s3aTenbHo. On-
HaKO KJlacC IBUMKEHHH, 1/ KOTOPBIX OCHOBHbIE BEJHYHHBI SIBJISA-
I0TCSI IOCTATOYHO TVIAAKUMH (PYHKIHUSIMH, SBJISETCS NPAKTHYECKH
BayKHBIM M MOXeT ObITb UCCJIEIOBAH CPEACTBAMH MaTeMaTHYecKo-
ro aHa/u3a.

JIBM2KeHHe CIJIOUTHON Cpefibl Ha3blBAETCS HenpepbigHulm B 06-
nactu W, ecin dyukuuu p, U, u, p,,, ¢, HenpepelBHO AH(de-
peHuupyemsl Ha W, QyHKUUH P,,, ¢, HenpepeiBHB Ha W X S 1
¢yHkuuu f, h HempepblBHBEI Ha W,

OxkaspiBaeTcsi, 4YTO Ha KJlacce HENPEepPBIBHBIX [BHXKEHWH CH-
CTeMa 3aKOHOB coxpaHeHHs M paBHOCHJIbHA HEKOTOPOH CHCTe-
Me nudpepeHIHa bHBIX YpaBHeHUH. [lokaxkem, UTo crpaBensnBa
Cefyollas OCHOBHAA

Jlemma 3.1. Ecau @ynxyus g nenpepoisna na obracmu §) C
C R® u ecau

Jgdwzo

w

o 206020 06véma w C 2, mo g =0 na Q.
Jlns noxasaTesbCTBa JEeMMBl JONYCTUM IPOTHBHOE: IYCTb
Haiinéres Takas Touka My C ), B KoTopoit g(My) # 0, Hanpumep
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g(Mp) > 0. ITo HenpepoiBHOCTH g(M) MOXHO HalTH NMomoGJacTb
wp, comepxarLyio Touky My, npuuém g(M) > e > 0 Ha wy. Torna

Jg(M)dw > elwo| >0

wo

BOINIPEKH MPEANOJO2KEHHUIO JIEMMBI;

wo| — 06BEM 0b6sacTH wy C 2.

3ameuanune 3.3. Pesynbrar JieMMbl OCTaércsi CHpaBeJid-
BbIM, €CJIH CKaJSPHYI0 (QYHKIUIO 3aMEHHTh BEKTOPHOH (hYHKIMeH
g(M), nenpepbiBHO# Ha Q. JIoCTATOUHO MPUMEHUTH JIEMMY K MPO-
eKIMAM Ha OCH MPSMOYTOJbHOH N€KapPTOBOH CHCTEMBI KOOPIHHAT
5TOH BeKTOpHOH (yHKuuu. TouHo Tak xe, ecau pyHxuus g(M)
ompejiesieHa ¥ HelpepbiBHA HA MOBEPXHOCTH Y. (MK HA KPUBOH L),
npuuém uHTerpasn ot g(M) mo no6oil BHyTpeHHel YacTu ¥ (MaH
L) Bcerna paBeH HyJ10, To g = 0 Ha X (nau L).

B TeH3opHOM aHasn3e Oblia nosyuena dopmynaa (1.8.32) nas
WHAMBUYa/JbHOH NPOU3BOJHON MO MapaMeTpPy OT KOJIMYeCcTBa Be-
JUUUHBL . Eciu B Hel B34Tb p = ¢, TO 3aKOH COXPaHEHHS MacChl
U3 Mozeau M, mepenuiueTcs Tak:

—% dew = qu~da :Jdiv(pu)dw,

w ow w

HJH

dp
— +div(pu)| dw =0
H % ¢ div (p >]
w

IJIsT TIPOU3BOJIBHOrO 06béMa w C 2. B cuiy OCHOBHOH JieMMBbI
OTCroaa Cﬂe]lyeT ypaBHeHHe

0 .

9P 1 div (pu) = 0, (3.3.1)
ot

Ha3bIBAEMOE YPABHEHUEM Hepa3Pbl8HOCMIL B SHIEPOBBIX MepeMeH-
HbIX. B MPOH3BONBHBIX KPUBOJMHEHHBIX KOOPAHHATAX OHO MMeEET
BuI (cM. opmyay (1.5.32) njsi nuBepreHUHH)

o dp 1 dpyguc)

ar T Valpu®) =0 (at NS

2 = 0) . (3.3.2)
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Yupaxuenns. 1) [lokasath, 4To B mepemeHHbIX JlarpaHxa
I epeHIHaNIbHOE YPaBHEHHE COXPAHEHHS] MacChl HMEET BHIL

(i) =0 (oa=sva). B33

rlie HOJMKOM OTMeUYeHbl 3HaueHHsl COOTBETCTBYMOIIMX BEJNHUYHH B
MomeHT BpeMeru t0: g° = §(£7,1Y), p° = p(£7,10).

Yxasarnue. Bocro/ib30BaTbesi MPUHIMIIOM COXPAHEHUS MAcChl
B nepeMeHHbIX Jlarpanxa

d
G e ova@nasaag —o

wo

2) CnjtomHas cpefia Ha3blBACTCS HECHUMAEMOL, eClh 060N
UHIUBUAYaJbHbIH 00bEM dw He U3MeHsieTCsl C TeueHUeM BpeMeHH:
d(dw)/dt = 0. C nomouiblo Bbipaxkenus dw = +/§d&t d&? dg3 u
paBerctBa (3.3.3) nmokasaTb, uTO

d
T=0 (p=p(Ee%67); (3.3.4)
divu=0 (Vaua = \/ig % = 0) . (3.3.5)

CoorHouenunst (3.3.4) ecTh YCJOBHSI HEC)KHMAEeMOCTH B KOOP-
nuHatax Jlarpanxa, a (3.3.5) — B mepeMeHHbIX JiJepa.

Hcnonb3yst ypaBHeHHe HepaspbIBHOCTH, MOXKHO MPHIATb HH-
IVBHAYaJbHOH MPOWU3BOAHOH MO BPEMEHH OT KOJMUECTBA BEJHUYH-
Hbl p@ B WHIUBHAYaJbHOM 00BbEME w; HEKOTOPYIO CIELHAJbHYIO
dopmy. [efictBurenbHo, 3amensisi B hopmyse (1.8.32) ¢ Ha py,
NOJIYYnUM

d B op Op .
pr Jpgpdw = J {¢§ +pa + @div (pu) + pVe - u| dw.

wt wt

C nmomounbto paBercta (3.3.1) Haliném
d dy
o J podw = J P dw. (3.3.6)

wt wt
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[MepefinéM K MpeoGpasoBaHHMI0 3aKOHA COXPaHEHHS HMITYJIb-
ca — BTOPOrO HHTErpajibHOr0 ypaBHeHusi momenud Mi. B cuny
dopmynsl (3.3.6) ero MoXKHO Tepenucarhb Tak:

J p,do = J hdw, (3.3.7)

Owy wt

rie h = p(f — du/dt) — HenpeprbiBHasi HYHKUHS B obaacTu ).
DTO paBEHCTBO SIBJSIETCS OCHOBOH MJIsi IOKa3aTeNbCTBA NepsoL
OCHOBHOLI Meopemb. MeXAHUKU CNAOUWHbLX Cpeo.

Teopema 3.1. Ha obaracmu W cyuecmsyem maxoe men3op-
Hoe nose meH30po8 2-co panea P, umo 8 kancdoti mouxe W
8EKMOp HANPANCeHUs P,,, Oelicmsyowuti Ha 106y niowadxy
¢ Hopmaabro N, daémces opmyaot

p,=P-n (3.3.8)

Hoxasamenvcmeo. YctaHOBUM CHavasa, 4to p_,, = —p,, (3a-
KOH paBeHCTBa NEHCTBUS M NpoTHBOAeHcTBUs). Hsis atoro pac-
CMOTPHM IlIap w C LEeHTPOM B IIPOU3BOJIbHOM Touke M € €2 cToJb
MaJjIoro pajguyca €, uto w C 2 (w — duxcuposano). [limockocTeio,
npoxosiiell yepe3 Touky M OpTOroHaJbHO BEKTOPY M, 3TOT LIap
pasbuBaeTcs Ha OBa MoJyllapa: wi U ws. IlycTb 0. ecTh KpyT,
noJy4yaeMslil B ceueHuy, puc. 3.1.

[Tpumenum paBeHcTBO (3.3.7) Toc/emoBaTeNbHO K 00BbEMaM
w1, wy ¥ w. CI0XKNUM [[Ba TIePBBIX PaBEHCTBA U BBIUTEM IOCJIENHEE,

Puc. 3.1
Hlaposas okpecmuocmo mouxku M
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oJIy4yum

J[pn +p_,ldo =0,

O¢

OTKyZa I10 OCHOBHOH JIeMMe B CHJly HEPepPbIBHOCTH M0JIs P,, TIPH-
XOMM K PaBeHCTBY P_,, = —P,,-

3aBHCHMOCTb BEKTOpA HAMpsKEHHE OT Hopmasu, ciaenys Ko-
11K, MOXKHO CYLIEeCTBEHHO YTOUHUTb. I/ 3TOr0 pacCMOTPUM 3JIe-
MeHTapHbHH 06bEM B BHAE TeTpasapa, TPH IPaHU KOTOPOro ma-
paJjiiesibHbl KOOPAHHATHBIM IJIOCKOCTSIM, & 4YeTBEpTas OpPUEHTH-
poBaHa MpoH3BOJbHEIM 06pazoM, puc. 3.2. OGo3HAYMM MJIOLIA-
o1 rpaHed 0%, 1, 0X,2, 0,3 U 0%,, F€OMETPUUECKUH CMBIC]
KOTOPBIX siceH M3 pucyHkKa. OpHeHTaLUs MJIOLIAAKH OTHO3HAUHO
ompeneNsieTcss eMHUYHOR HOopMasbio n = (cos(n,x!) cos(n, z?),
cos(n,x3)), Torma §%,1 = cos(n, x1)6%,, 65,2 = cos(n, 2)d%,,
08,3 = cos(n, 3)8%,,. TlycTb BeicOTa TeTpasapa U3 Toukd M Ha
0%, paBHa &, Toria ero o6béM 02 = 4%, /3.

Bri6epem ¢ HacTosbKO MaJbIM, uTo 02 C ;. ['paHnua terpa-
anpa 00 = 6X 1 U2 UdX,s UdY,, U IpUMEHeHHe PaBeHCTBA
(3.3.7) K 00bEMY w; = 0S) MPUBOAUT K COOTHOIIEHHIO

J p,, do — J p,1 do — J p,2do — J p,sdo = Jhdw.
0, 0% 1 0% 2 0%, 3 9]

Puc. 3.2
Inemenmapnoiti 06vém 68 sude mempasdpa
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B cusy HenpepslBHOCTH P,,, P,; (7 = 1,2,3) u h B Touke M, npu
£ — 0 ¥HTerpaJibl cJieBa UMEIOT TOPSNOK £2, a MHTerpaJ crpapa —
nopsinok £3. TloaTomy B Touke M HMeeT MeCTO PaBeHCTBO P, =
= p,; cos(n,z’), um p,, = P - n, rae

Py P2 Pi3
P=| Pun P P3| =(py: P2 Pss) (3.3.9)
P3; Pz Ps3

eCTb, [10 TeopeMe JieJIeHUs] TeH30POB, TeH30p 2-ro paHra. Teopema
JOKa3aHa.

YcraHoBsieHHoe paBeHCTBO (3.3.8) ecTb M3BecTHass (opmyJsa
Kommn (1822), yrBepsknaomiasi, 94To HanpsKeHHs Ha rpaHsax o06-
pas3yloT CUCTEMY B3aUMHO YPaBHOBELIEHHBIX HaNpsKeHUH.

3ameuanue 3.4. Uepes Touky M € () MOXHO TpoBecTH Oec-
KOHEYHO MHOrO IJIOCKOCTEH, onpelessieMblX Kaxkjaas CBOeH HOp-
Masiblo n. TeM camMbIM HUMeeTcss U OGECKOHEUHO MHOTO BEKTOPOB
HanpsikeHUH. OQHAKO TEH30p HAMPSIKEHUH TOJIbKO OIMH W OH Xa-
paKTepu3yeT HanpsKEHHOE COCTOSIHUE CIJIOLIHOH Cpelsl B MPOU3-
BOJIbHOH €& Touke. TeHszop P HasbiBaeTcs mer30pom Hanpsice-
HULl.

BBenenne TeH3opa HampskeHUH M03BoJsieT NpeoOpasoBaThb
3aKOH COXpaHeHHsl HMIyJbca (BTOpoe ypaBHeHHe Mmomeau M)
MOBEPXHOCTHBIH HMHTerpas B OOBEMHBIH C TOMOLIBIO PaBEHCTBA
(1.8.20):

J p, do = J P.-ndo = JdiVPdw.

Owy Owy wi

d
J <pd—ttl —diVP—pf> dw = 0.

wt

3Hayur,

HpI/IMeHeHHe OCHOBHOH JIEMMBI IMOKa3bIBaE€T, UTO

pZ—': = divP + pi. (3.3.10)
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Hcnonbaysi KOHTpBapHaHTHbIE KOMIIOHEHTH, BEKTOPHOE paBeH-
cTBo (3.3.10) MOXKHO 3amucaTh B BHUAE TPEX CKaJSPHBIX:

du®

Prat

B KOTOPOM KOMIIOHEHTBI YCKOPEHHSI W IMBEPreHLHH TeH30pa Ha-
npsiKeHUH onpenensitores Tak (eM. opmyas (1.7.21), (1.5.52)):

=V PP+ pfP, pB=1,2,3, (3.3.11)

duP B
% = aﬁlt + u"Vu?; (3.3.12)

phe
VQP,BO( = 88 + PO'OKFEQ + PBO.F?Q =
e

_ 1 (3(/g PP saTp
_%(87—1—\/513 rm>. (3.3.13)

O6paTtuMcsi K 3aKOHY COXpaHeHHsl MOMEHTa MMIyJbca (Tpe-
TheMy ypaBHeHHIO Momead Mi). C momoubio dopmyssl (3.3.6)
OHO TIPUMET BH[

Jxx (Z—l;—f)pdw: J X X p,, do. (3.3.14)

wt Owy

Hcnonbayst paBenctso (3.3.8) B Bume p,, = P%n, u Teopemy
[aycca—Octporpanckoro B hopme (1.8.20), mpeobpasyem nosepx-
HOCTHBIH HHTerpas B 0ObEMHBIMN:

J XX p,do= J (x x PY)ngdo = Jva(x x P) dw.
Owy Owy wt
B cuay toxmectBa (1.5.50) KoBapuaHTHasi IPOU3BOAHAS OT BeK-
TOPHOTO MPOKU3BE/IEH s paBHA
Va(x X PY) =Vox x P* =V, P% x x =
=Vax x P +x x V, P“.

[Tostomy paBeHcTBO (3.3.14) ¢ y4éTOM ypaBHEHHS HMITyJbca
(3.3.10) axBUBaNeHTHO OOpAIlleHHIO B HOJb HHTErpaJsa
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Jvaxxpadw:(),

wt

WJIY, TI0 OCHOBHOH JieMMe,

Vax x P* = 0. (3.3.15)
[Tockoabky
VoX = 887); =e, P“= Pﬁaeg,

To ycaoBHe (3.3.15) MOXKHO mepenucaTh B BHIE
PP%e, x eg = P?¢c,p.e =0,
HJIH, YTO TO K€ CaMoe,
PP%,5, = 0. (3.3.16)

[To dopmyne (1.3.13) Sizzeasy = €1235q8y, THE S — mpo-
U3BOJIbHBIH aHTUCHMMETPUYHBIH 0 BCeM TPEM HMHAEKCAM TeH30p
3-ro panra. 3uauurt, ycaoBue (3.3.16) paBHOCHJBHO YCJIOBHIO

P?*S,5, =0.

Tak kak S — TNPOU3BOJIBHBIA AaHTUCUMMETPHUHBIH TEH30p, TO MO
TeopeMe O CBOMCTBAxX JBOHHEIX CBEPTOK OTCIOAA CJIEAYyeT CHMMeT-
pHUsl TeH30pa HaINpsKeHUH:

PPe=pB o f=1,23. (3.3.17)

Takum 06pasom, noKasaHa

Teopema 3.2. /[1s Henpepoi8HbLX 08UNCEHULI UHMESPAAbHBLL
3QKOH COXPAHEHUS MOMEHMA UMNYAbCA PABHOCUACH CUMMEm-
PUYHOCMU MEH30PA HANPANCEHUL.

JleficTBUTENBHO, BCe pacCyXKA€HHs, HauWHas C paBEHCTBA
(3.3.17), MoxHO 00paTHTh W MPUHTH K TPETbEMY YypPaBHEHHIO
Momesn M.

Bepuémcs k pasencTtBy (3.3.9). IIyCTb puigt, Ppis?, Prlas
KOMIOHEHTHI BEKTOPA P, 1} Dy241; Pa2a2, Du223 — KOMIIOHEHTHI BeK-
TOPA P2 Padal, Pade?, Pydz3 — KOMIIOHEHTHI BEKTOPA P,s.
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CorsiacHo Teopeme 2
DPaig2 = P22y Pr223 = PaB22,  Padzl = Pglad-

Benuuunsl pyi,1 = Pi1, pe2e2 = Pao, Ppsgs = Ps3 HasbiBa-
10T HOPMAAbHOIMU HANPIHCEHUSMU, A Pyiyz = Pla, Pp2ys = Pag,
Dudgt = Ps1,... — KacamenvHoMu HAnpaieHuImuU.

Pacemotpum paserctBo Komw (3.3.8) nois ciyuasi, Korna ka-
caTe/IbHble HaNpsXKeHHs OTCYTCTBYIOT, T.e. Pj; = 0, © # j. To-
THA Prgi = Pjjcos(n,z7); ¢ APyroil CTOPOHBL, Ppyi = P, - € =
= ppcos(n,z?), Tme p, — NPOEKUHUs BEKTOpa HamNpsiKeHHH Ha
HopMaJib K riomanke. CpaBHUBAst 5TH (OPMYJIb, HAXOAUM P =
= Pyy = P33 = p,,. Beném nousitue dasienus p(x,t) coryaacHo
paBeHCTBaM

D= —pp=—Pi1 =Py =—PFPs3.

[TosToMy B csiyuae OTCYTCTBHMs KacaTe/bHBbIX HaNpSKeHHH 1aB-
JIeHWe B TOUYKe SABJSETCS CKaJsPHOM BEJNMUMHOH, T.e. OHO He
3aBHCUT OT OPHEHTAlMM IUIOLIAfKH, NPOXOAALlell uepes TOUKY
M (z', 2%, ). 3HaK «MHHYyC»> O3HayaeT, YTO JABJEHHE eCTh CHKH-
Mapllee HanpsokeHHe. PasmepHocTb aaBneHuss B cucteme CH
[p] = u/M?, 1 u/m? = 1 I1a (onun nackanb). Kpome toro, ucnons-
3YIOTCA M JApPyTHe eIHHMIb NaBJeHus, Hanpumep 1 Kr - ¢/mM? =
= 9.80665 Ila ~ 10 Ila, 1 arm = 101325 [la ~ 0.1 MIla,
1 6ap = 105 Ta, 1 MM pT. cT. ~ 133 Ila, 1 MM Box. cT. = 10 Ila,
a TakXe KpaTHble M JOJbHble eJMHHMIb OT MacKaJs: MranacKkajb
(1 TTa = 10° Ta), meranackanb (1 MIla = 106 Tla), kunonac-
kaab (1 x[la = 102 Ila), munnunackans (1 mIla = 1073 Ila),
nuxonackaab (1 nlla = 10712 Ila).

3ameuanue 3.5. CromiHble cpefbl, Miasi Kotopeix P = —pG
(G — MeTpHUecKUl TeH30p), HA3bIBAIOTCS UOEAAbHbIMU.

3akoH coxpaHeHHsi Hepruu (YeTBEPTOE ypaBHEHHE MOMIEJHU
M) ¢ momornbio Gopmyasl (3.3.6), yuéTom cUMMeTpuHu TeHzopa P

u popmyn

Ju~pnda: JP~u~ndZ: Jdiv(P~u)dw,

Owy Owy we
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div(P-u)=u-divP+P:D

3alnuueTcsd Tak:

du dU ,
Jp(wE—i—E) dw = J(u-dlvP—i—P.D)dw—i—
—I—qu-fdw—l— J qnd0+Jphdw.
wi Owy wi

Hcnonb3oBaHue ypaBHeHuss umnyibca (3.3.10) ympoiiaer
NpefbIAYLIee PABEHCTBO A0 CJEAYIOLIETO:

Jp%dwsz:de—i— J qnda—l—Jphdw, (3.3.18)

wt wt Owy wt

rie D — Tak HasbiBaeMblH meH30p ckopocmeti degopmauuti —
CUMMeTpHYecKasl 4acTb I'pajyieHTa CKOpocTH. B nexapToBo# mpsi-
MOYTOJIbHOH CHCTeMe KOOpAHHAT

1 [0u Ouq
Dag = V((X’LLQ) = 5 <ﬁ + 8.178) . (3319)

Yacro nuwyt D(u), nogyepkrBasi ero 3aBUCUMOCTb OT BEKTO-
pa CKOpOCTH.

Yopaxkuenne. [IycTs Bo BCex TOYKAX CIUIOLIHOM CPeMbl TEH-
3op D paBen nymo. [lokaszarb, 4TO B 3TOM CJydae MoJe CKOPO-
CTeH COOTBETCTBYET pacIpelesieHHI0 CKOPOCTEH B TBEPIOM TeJie:
u=1uy(t) + w(t) x x.

Bripaxenue P : D HasbiBaetcs cgépmxoii (08otinoil) men3o-
pos P u D u umeer Bup

P:D =P D, (3.3.20)

3akoH coxpaHeHus (3.3.18) moxeT ObITh 3aMKCaH Tak:

J Gn do = dew, (3.3.21)

Owy we
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rae ¥ = pdU/dt — P : D — ph. [lnoTHOCTb MOTOKA Temsa ¢, eCTb
(YHKUHS MepeMEHHBIX X, ¢ ¥ HOPMaJIU N; MOJOXKUM g, = q(X, t,1n).
[Tokaxkem cHauana, uto ¢(x,t,n) = —q(x,t, —n). [TockosabKy ¢op-
Ma 00JIaCTH wy MPOM3BOJIbHA, TO B KAYECTBE w; PACCMATPUBAETCS
wap ¢ nentpoM M (x',x? 2%) manoro paamyca e. IlnockocTbio,
npoxojsiies yepes Touky M OPTOrOHANBHO BEKTOPY f1, HTOT 1uap
pasbuBaeTcs Ha ABa MOJYyLIAPa, Wiy H wot, IPHUEM N HAMpaBJeH
B CTOPOHY wy (cM. puc. 3.1).

[TycTb 0. ecTb KPYT, MOJAyYaeMblid B cedeHuH. [IpuMeHUM pa-
BeHCTBO (3.3.21) K 06béMaM w1y, woy H wy:

J q(x,t,n)do + J q(x,t,—n)do = J Y dw,

Owit O¢ Wit

J q(x,t,n)do + J q(x,t,n)do = J Y dw,

Oway [ w2t

J q(x,t,n)do = J Y dw,
Ow1¢Udwat w1t

rie Owig, Owgy — TIOBEPXHOCTH Tosycdep U Owiy U Qwoy = Owy.
CkyiaibiBasi 1Ba MEPBBIX PABEHCTBA M BBIUHTAs TPEThbe, MOJYUUM

J [q(x, ta 1’1) + q(X, t, —1’1)] do = 0.
o
[TosTomy, B CHJIy HENPepbiBHOCTH CKAaJsIPHOTO MOJsSI ¢ Ha O,
B Touke M nosxHO OBITh ¢(X,t,n) = —q(X,t, —n).
Bosbmem B KauecTBe w; TeTpasmp, cM. puc. 3.2. B Tex xe
0603HaueHHUsAX paBeHCTBO (3.3.21) maeT cooTHoLIeHHE

J a(x,t,n) do + J a(x,t, —e1) do + J a(x,t, —ez) do +
55 55,1 55,0

+ J q(x,t,—e3)do = J(/}dw.

[ 3 we

x



3.3. Henpepoisroie dsucenus 159

B cusy HenmpepblBHOCTH NMOABIHTErpajbHbIX (DYHKLUHMH HHTerpaJbl
c/leBa MUMEIOT TMOPSNOK £2, a WHTerpafbl CripaBa — £ MpH € —
— 0. 3HauuT, B Touke N CIpaBelIMBO paBeHCTBO (Y4TeHH (op-
Mysbl 0%, = cos(n,z7)6%,) q(x,t,n) = q(x,t,e;)cos(n,z!) +
+ q(x,t,es) cos(n, 2%) + q(x,t, e3) cos(n,z®). Ipyrumu cjoBam,
CYLLECTBYeT TaKoe BeKTOpHOe moJie q(X,t), 4To

qn = —q - n. (3.3.22)

Bexrtop q HasbiBaeTcs gexmopom nomoxka menaa. 3HAK MHHYC
B3AT JJISl TOTO, YTOOBl BEKTOP ( TOKa3blBaJ peajbHOe HalpaBsJe-
HHe TepeHoca TEMJIOBOH SHEPrHH, TaK Kak B KauecTBe n OepéTcs
OPT BHeEIWIHeH HOpMaJsu K rpaHule Ow; TOrO 06bEMA, B KOTOPBIH
HOCUMCSA TIOTOK TellJla C I0BEPXHOCTHOH MJIOTHOCTBIO (.

Takum o6pasom, noKazaHa TeopeMa CYLIECTBOBaHHS BeKTOpa
MOTOKA TeIJa.

Teopema 3.3. Ha obracmu W cyuiecmsyem maxoe 8ekmop-
HOe nose 8eKmopos q, umo 8 Kaxcooti mouxe (x,t) € W naom-
HOCMb NOMOKQ menaa uepe3 A0y NAOWAO0KY C HOPMAAbLIO N
daémces gopmyaoti (3.3.22), ede q = q(x,1).

ChoBa cuutasi B (3.3.18) w; MpOH3BOJNIBHBIM MaTepHaJbHbIM
00béMOM U yuuThbiBas (3.3.22), IPUXOIUM K ypaBHEHHIO TMPUTOKA
TelnJsa

dUu .
P = P : D —divq + ph. (3.3.23)

CoBokynHocTh ypaBHeHu#t (3.3.1), (3.3.10), (3.3.17), (3.3.23)
o0pasyeT MaTeMaTHYeCKYH MOJAEJb HENPePbIBHLIX JBHXKEHHH
CTJIOIIHOM Cpefibl. DTa MOLEJNb He SIBJASETCS 3aMKHYTOH, TaK Kak
CONEP>KHT MATh CKAJSIPHBIX YpaBHEHWH M UeThIpHaAUATb (C yué-
TOM CUMMETpPHU TeH30pa HampsiKeHHE P) HCKOMBIX (QYHKUHME: p,
w1, ug, us, P, P2 P13 p22 p23 P33 U g, q2, g3. Macco-
Bble TVIOTHOCTH BHELIHHUX CHJl f 1 06BEMHBIX UCTOYHHKOB Temsa h
CUUTAIOTCS 3alaHHBIMU (DYHKIMSIMH, O3TOMY BO3HHUKAeT mpobJe-
Ma «3aMblKaHUS» MOJEJH, KOTOpasl JOJI2KHa pellaThCsl Ha aHa/n3e
JOTOJIHUTEbHOH HH(DOPMALIMHU.

HekoTopble cBoiicTBa TeH30pa HampsikeHui. B kaxno#
(puKCcHUpoBaHHOH Touke (X,t) € W uMeercsi GeCKOHEYHO MHOTO
BEKTOPOB HalpsKeHUH, OIHAKO, B cuay TeopeM 3.1 u 3.2, Hamnpsi-
JKEHHOE COCTOSIHHME CIVIOLIHOH Cpelbl B 3TOH TOUKe CBOLUTCH K
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OTNHCaHUI0 CHMMeTpHuHOro TeHsopa P. O6eluHO B MexaHHKe TeH-
30p HanpsikeHud P B KakoM-1160 OpPTOHOPMHPOBAHHOM Oasuce
{e;} npencrasasiercs marpuued (P):

01 Ti2 Ti3
(P) = T21 g9 T23 5 (3324)
731 T32 O3
rae T;; = Tj; B CHIy cuMMeTpuuHocTH P. Panee nuaronasnbHble
3JeMeHTHl 0; = e; - P - e; OblIM Ha3BaHbl HOPMAAbHbIMU HANP-
HCeHUAMU, @ He JUaroHa/IbHbIE Tyj, 1 # j, — KacameavHulMu Ha-
npaKcenuanu, 7;; = e; - P - e;.

Bce 3Tu HampsikeHusi 3aBUCAT OT Bbldopa 6asuca. [lostomy
Ba)KHO YCTAaHOBHTb CBOHCTBA HAMPSKEHHOI'O COCTOSIHMS, He 3a-
BUCSIIME OT 0a3uca, — MHBAPUAHTHBIE 110 OTHOIIEHHIO K BBIGOPY
6asuca. JTa 3ajaya HaMH Oblia yxe pelieHa B m. 1.4 mas mpo-
U3BOJIHOTO CHUMMETPUYHOIO TeH30pa 2-ro paHra, cM. (hopmyJbl
(1.4.20)-(1.4.22). OcHoBHble uHBapuaHThl i (P) paBHEI

Il(P) = tr(P) =01 + 02 + 03,
I(P) = 0109 + 0203 + 0301 — TSy — Tay — T4y, (3.3.25)
I5(P) = det(P).

B rnaBHbix ocsix (cM. dopmynsl (1.4.25)—(1.4.28)) marpuua
TeH3zopa P umeer BuI

01 0 0
Py=| 0 o 0 |. (3.3.26)
0 0 g3

3HAUUT, BEKTOP HampsiKeHHs!, AeACTBYIOLIEr0 Ha MJIOLIAKY, [ep-
NeHIUKYASIPHYIO TJaBHOH OCH, HalpaBjeH IO 3TOH OCH, a ero
IJIHHA paBHA BeJHUYHHE HOPMaJIbHOrO HAmpsiKeHHs] Ha 3Ty ILIO-
AKy; KacaTeJbHblE HAMPSKEHUs 3[eChb PaBHH HYyJi0. MHBa-
puantsl (3.3.25) nepenwuceiBatorcs tak: I1(P) = o1 + o9 + 03,
I2(P) = 01092 + 0903 + 03071, Ig(P) = 010203.

Paccmorpum kBampatuunyio dopmy (1.4.31) mas TeHsopa
P: f(x) = (P-x) - X, u1H, B pa3BépHyToll (opme,

fx) = o122 + 09y® + 0322 + 21102y + 2To3yz + 2731 22,

rie X = ze; + yes + zes, a {€;} — OpPTOHOPMHPOBaHHbBIH Ga3ucC.
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[ToBepxHOCTb 2-r0 mopsinka f(X) = 1 Ha3bIBaeTCsi TEH30PHOM
MOBEPXHOCThIO TeH3opa P, niu keadpukoi HanpskeHUH (MoBepx-
HocTblo Komin). B riaBHBIX ocsX 3Ta MOBEPXHOCTb HMEET BHJ
o122+ 02y? + 0322 = £1. Ecaiv Bee TpH IVIaBHBIX HaNPsXKeHUs 0
UMEIOT OfMH U TOT XKe 3HaK, TO KBaJpHKa HampsKeHUH siBJseTCs
3JUTMIICOUAOM — 3aauncoud Hanpsaceruil Jlame. Ecnu xe cpenu
TJIaBHBIX HANpsXKEHWH UMEIOTCS YHcJa Pa3HbIX 3HAKOB, TO KBaj-
pUKa HamnpsiKeHHWH ecTb oObelHHEeHHE OIHOIMOJOCTHOTO WU IBYX-
TOJIOCTHOT'O TUNEeP60JI0ONa0B. BO3MOXKHE! cydan, Korja HEKOTO-
pBle IJIaBHble HampsiKeHUsi 06pallalTest B HOJb, TOTAA KBaApHKa
HamnpsiKeHUH UMeeT GopMy JHUG0 LUIHHApA 2-TO MOpsiAKa, Jubo
Tapel MapaJJ/ebHBIX MIJIOCKOCTeH.

[Tpennonoxkum, 4To KBaaprKa HanpskeHud f(x)+1 = 0 3ana-
Ha KakK reoMeTpHUecKasi MoBepxHOCThb I', Toraa AJis Kaxkaoro opra
N BEKTOp HanpsikeHus p,, = P-n MoxkeT ObITh HalileH reoMeTpH-
yeckuM nocrpoeHrueM. OHO ocHOBaHO Ha ToM, 4To V f(x) = 2P X,
¥ Ha pas3/ioKeHHH BeKTOpa HampsikeHusi P-n Ha HopManbHYO Ppn
¥ KacaTesbHYI0 P cocTasisiomue

P-n=P,n+P, (3.3.27)

rie P, = n- (P-n), a Bektop P, onpenensiercs u3 opmyiisl
(3.3.27). BenuuuHa P,, IBASIETCS HOPMAAbHLIM HANPSHCEHUEM TIO
HarmpaBJ/eHHUIo n, puc. 3.3.

Puc. 3.3
Hopmanvroe u kacameavroe nanpsycenus
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[IpuHSITO rOBOPUTH, YTO B 3TOM HAaMpaBJeHHU cpela PacTsTH-
BAeTCsl MJIM CKUMAeTcst B 3aBUCHMOCTH OT 3Haka P,. Kacameao-
Hoe (maueenyuarbHoe) HaNpsiKeHHe Ha3blBaeTCsi CO8USOM, WJH
Hanpsaxceruem cosuea. OHO JNEKUT B KacaTesNbHOH MJIOCKOCTH,
NepreHIUKYASPHOH n.

YnoMsiHyTOe BbILIe I'eOMeTpPHUecKOe MOCTPOEHHE COCTOUT B
TOM, YTO [Jsl AaHHOTO N HAaXOAWUTCs 4Yucao k > 0 M3 yc/oBHs
f(kn) = £1, unu k2 f(n) = +1. 1o naér touky A € I' ¢ paauyc-
BekTOpOM X = kn. Hanpassenne Hopmanu v k I' B Touke A omnpe-
IensieT HampaBieHHe Bektopa P-n = p,. Jlns oTbicKaHUs ero
IOJIUHBl Ha TPsIMOM, OmpeneJsisieMoil BEKTOPOM M, OTKJaAbIBAeTCs
otpe3ok AB naunbl |AB| = 1/k? u yepes Touky B NpoBOIHTCS
MJIOCKOCTb, MepreHauKy/spHast n. [lycts C' ecTh Touka mepece-
YeHHs1 ITOH MJIOCKOCTH C MNPsIMOH, Mpoxopsiiied yepe3 Touky A
¢ HamnpaaswomuM BektopoMm v. Torna P-n = AC, P, = BC u
NOCTPOEHHe 3aKOHYEHO.

Yno6Hoe nByMepHOe rpaduieckoe MpeacTaBjieHHe TPEXMEPHO-
r0 HampsiKEHHOTO COCTOSIHUSI B TOUKe jAawT kpyeu Mopa (dua-
8paMMbL Mopa). dtu kpyru crposrcsi Ha miockoctu (P, Pr),
P = |P;|. Tlycte {e;} — FJ’IaBHbII/I 6a31/1c TeHzopa P u B HéM
n = n;et, toria P-n = oiniel + oanqe? + o3nse’. Hcnonabays
3To mpencTaBienve W paseHctBo |P - n|? = P? + P2 (nocnen-
Hee caenyeT U3 Gopmyasl (3.3.27)), NONYUUM CHCTEMY JMHEHHBIX
YPaBHEHHUI OTHOCHTE/bHO n3:

o?n? + o2nd + o2n3 = P2 + P2
o1n? 4+ o0an3 + o3ni = P, (3.3.28)
n?+nd+ni=1.
[Ipenmno/soKuM, 4TO BCe IJIaBHBIE HANPSIKEHHS PA3JHYHBI U

YTOPSIIOUEHBI TaK: 01 > 03 > 03. B 3TOM cayuae cuctema (3.3.28)
MMeeT pelleHue

2 _ (PTL_U2)(PH_‘73)+PT2
n1 = B
(01 —02)(01 — 03)

— G —_ 2
n2= En=os)bn—o) + By (3.3.29)

(02 —03)(02 — 01)
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(P — 01)(Pn — 02) + P2

(03 —01)(03 — 02)

2 _
ng =

Tak kak 01 — 09 > 0 u 01 — 03 > 0, a n? > 0, T0 4yucaU-
TeJib B MPaBO# YacTH mepBoro paBeHcTBa (3.3.29) ynoBneTBopsieT
HepaseHcTBY (P, — 02)(P, — 03) + P2 > 0, K0Topoe B MJIOCKOCTH
HanpsikeHui (P, P;) NpeacTaB/isieT MHOXKECTBO TOUEK, JIeXKAaIIHX
8He Kpyea

7, 2] s ] BNCEE

U Ha ez2o epanuye. Ha puc. 3.4 atoT kpyr o6o3HaueH K.

TouHo Tak ke, U3 BTOPOro cooTHomreHnus (3.3.29) uncantennb
NpaBoil YacTH yHOBJAETBOpPsieT HepaBeHCTBY (P, — 03) (P, —01) +
+ P2 < 0. OHO onuchIBaeT TOYKH 6Hympu Kpyea (8Kirouas e2o
epanuyy)

(01 +03)]?

P, —
2

r 2
+P2< M] : (3.3.31)

: T ——

T
(LT 01793
g 2
0,03 g -
T2 _61262‘%
(53‘ K, O2 K, ’ 01 P,

Puc. 3.4
Kpyeu Mopa
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o6osHauenHoro Ko. Hakownerlr, Tpetbe cooTHomenue (3.3.29) npu-
2

BOIMT K HepaBeHCTBY (P, — 01)(P, — 02) + PZ > 0, npencrasJs-

foliee co60H TOUKH 8He Kpyea (M Ha eco eparuye)

{Pm — @} : + P? > {@] 2 , (3.3.32)

o603HaueHHoro Ks.

B moaymnockoctu P, > 0 miockoctu (P, Pr) HepaBeHCTBa
(3.3.30)-(3.3.32) B COBOKYMHOCTH Ompefesiior obaactb M, orpa-
HUYeHHYI0 oTpe3koM (03,01) ocd Pr = 0 U TpeMsl MOJYOKpPYX-
HOCTAIMU (3amTpuxoBaHHasi o6jacTb). Te ¥ TONBKO Te TOYKH
(P, P;) € M paioT HOpMajibHOe HalpsKeHHe M MOAYyJb Kaca-
TEJILHOTO HAIpsI)KEHHs] Ha HEKOTOPOH IMJollagKe, HOPMaib K KO-
TOpO# onpenensiercs paeHctBamu (3.3.29). Henosnora npencras-
JIEHUs] HaNpsiKEHHOTO COCTOSIHHS C MOMOLIbI0 AuarpaMMel Mopa
CBsi3aHa C TeM, 4TO [0 HeH HaXOOMTCS JHUIIb AJHHA P, BekTOpa
P, a He cam BekTOD.

N3 nuarpammbl Mopa HemocpeicTBEHHO CJeNyeT, YTO MaKCH-
MaJibHOe Hamps»KeHue CIBHUra B JaHHOH Touke objactu W pas-
HO Prmax = (01 — 03)/2. Besenersue Toro, 4to 3Hak Hampsixke-
HUSl CIBUTa HE UMEET MPUHIUIHAJBHOrO 3HAYEHHs], YACTO HU300-
paxaloT TOJbKO BEPXHIOW MOJOBHHY CHMMETPHUYHOH Iuarpam-
Mbl Ha puc. 3.4. HopmanbHoe ke Hampsi>KeHHe B 3TOM CJjyuae
P, = (o1 + 03)/2. CornacHo HafizeHHbIM Gopmynam (3.3.29),
3HaueHUsIM (Pr max, Pn) COOTBETCTBYIOT HAMpaBJeHHS N, AJST KO-
TophiX N3 = n% = 1/2, n3 = 0. Tu HanpaB/JeHHs COBNANAIOT C
6uccexktpucoit yria (Oxz, Oy), 06pa30oBaHHOTO TJIaBHBIMH HaIlpas-
JIEHUSIMH, COOTBETCTBYIOIUIUMH COOCTBEHHBIM 3HaYeHHUsM (MaKCH-
MaJibHOMY W MHHHMAaJbHOMY).

PaccMoTpuM yacTHbIe BUIBI HAMPSIXKEHHOT'O COCTOSIHUSI, HMEI0-
l[He ClielHa/bHble Ha3BaHHUSI.

Copepuueckoe nanpsascénnoe cocmosnue. Pasnomeproe caca-
mue u pacmsxcenue. 3neck 01 = oo = 03. Ha o6yt niomanky
IEHCTBYeT TOJNBKO HOPMasbHOE HAaMpsiKEHHE, BeJUYHNHA KOTOPOro
paBHa 0. KBagpuka HanpsxkeHu#t — cdepa.

OdroocHoe nanpsicénnoe cocmosnnue (ducmoe pacmsxcerue
uAl yucmoe cocamue 8 00HOM HANpasiexuu). 30ech, HaIpHUMep,
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01 #0, 09 =03 =0 u npu o; > 0 Oyrer 4ucroe pacTsiKeHHe,
a npu o1 < 0 — gnucroe cxkartve. Ha miomanky ¢ Hopmasbio e;
JEeHCTBYET TOJBKO HOpMasbHOE HampsixKeHHe (KacaTeJsbHble PaBHbI
HY/I0), a Ha MJOlIaJKaX C HOPMaJbi0 BHUAA No€g + Nz€s MOJNHBIE
BEKTOp HaMpsi>keHWH paBeH Hyso. KBajnpuka HampsikeHUH mpen-
CTaBJjieHa JIByMs MapaJijie/bHbIMH TJIOCKOCTSIMH.

Hanpsocéunoe cocmosmue npocmoeo cosuea. 3nech o1+0y =
= 0, o3 = 0. HopmanbHoe HanpsixkeHHe Ha MJIOLIAAKaX C HOpMa-
Jbio 1 = (e ieg)/\/i paBHO HYJIIO M Ha ITHX XKe IJI0IIaIKaX J0-
CTUTaeTcsi MaKCHMaJibHOe KacaTesbHOe HarpsiKeHHe, BEeKTOp KO-
Toporo paBeH P, = o1(e; F eg)/\/i.

Ynpaxknenue. OnpefejnTb B IaHHOM cjydae KBaJpHKY Ha-
NPSIPKEHUH.

ITrockoe nanpsscénnoe cocmosnue. 3aech o3 = 0 U Ha IJIO-
ajfkax C HOPMaJblo €3 BEKTOp HampsiKeHWH paBeH Hyso. Ha
MJIOLIAKaX ¢ HOPMAJbIO 1j€] + No€s BEKTOP HANPSKEHHUH JIEXKHUT
B MJIOCKOCTH BEKTOPOB €7, €2. KBanpuku HanpskeHHH — LIMJIUH-
Ipbl, 06pasylole KOTOPHIX NMapaJJjesbHbl OCH 2.

Ynpaxuenuda. 1. [Iycte n; U ny — 1Ba eIUHUUHBIX BEKTOPA,
a 0 — BellecTBeHHOe yuco. TeH30p HampsKeHUH 3anaH Gopmy-
qoit P = §(nina+ngny ). Hafiti riaBHble HanpaB/eHHs U TaBHbIe
HaTIpsi’KEHUS; 34€Ch NiNg U NNy — JAHAMIBL.

2. TlokasaTb, 4TO cymMMa KBaipaToB MonyJeld TPEX BEKTOPOB
HanpsKeHUH Ha TPEX B3aUMHO OPTOrOHAJBHBIX MJIOIAAKAX UMEET
MIOCTOSIHHOE 3Ha4yeHHe, He 3aBUCsILEee OT BbIOOpA MJIOLIAMOK.

3. Haiiti HeoGXonMMBble U 1OCTATOUHbIE YCJIOBHS, TIPU KOTOPBIX
KBaJIpUKH HaNpsiKeHUH SIBJSIOTCS MOBEPXHOCTSIMH BpAILEHHS.

4. Hanps:k@HHOe COCTOsSIHHE BO BCeX TOUKaX HEKOTOPOH cpefbl
3a[1aHO TEH30pOM Halpsi2KeHHH, MaTpUla KOTOPOro B 1E€KapTOBOH
IIPSIMOYTOJIBHOH CHCTEMe KOOpIUHAT HUMeeT BUJL

0 cz 0
(P)=| ¢z 0 —cx |, c=const.
0 —cx O

a) BeluncnuTh BekTOp HampsikeHus B Touke M (4,—4,7) Ha
nA0CcKoCTH 27 + 2y — z = —7 1 Ha chepe 22 + y? + 22 = 81.
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6) OmnpenenuTh IJaBHbIE HAMpsiKeHHs, MaKCHMaJjbHOE Kaca-
TeJIbHOe HalpsKeHWe U TJIaBHble 3Ha4YeHUs JeBHaTopa Hampsixe-
HHH B Touke M.

B) IlocTpouts kpyru Mopa B Touke M.

r) [Toxkasats, yto div P = 0, T. e. yIOB/IeTBOPSIOTCS YpaBHEHHUS
PaBHOBECHS TPH OTCYTCTBHH MACCOBBIX CHJI.

3.4. DJIEMEHTbl TEPMOAMHAMMUKH

Yuér tensoBoit sHepruu B mMomeau (3.3.1), (3.3.10), (3.3.17),
(3.3.23) TpebyeT mpuBJeUeHHsI 3aKOHOB TEPMOAMHAMUKHU (TOUHee
B JaHHOM cJiydae OblJIo OBl TOBOPUTb «T€PMOCTATHKH»). TepMonu-
HaMHKa U3yuaeT CBSI3U MeX/Y TelJOBOH Heprued ¥ NPYrUMH BH-
IaMH Hepruu, B MepBYI0 O4Yepeib — C MeXaHHWYecKo# dHepruei,
U yCTaHABJIHBaeT 3aKOHOMEPHOCTH B3aMMHOIO MpeBpalleHus Of-
HOT'O BHIA HEPTHH B APYTOH.

OcHOBHOE MOHATHE TEPMOAMHAMHUKHU — IOHSITHE COCMOSHUS
cpensl. DeHOMEHOJIOTHYECKOe OMHMCAHHE COCTOSTHHS OCYIIECTBJIS-
eTcs ¢ MOMOLILbIO napamempos cocmosnus. Hanpumep, yneibHas
BHYTpeHHsisl 93Heprusi U, MJIOTHOCTD p (M yAe/bHBIH 00béM V =
= 1/p) saBasitotcs TakoBbIMH. Kpome HHUX HauGoJee YaCTO HCIIOJb-
3YIOTCS CJeflyIollHe TapaMeTphl COCTOSIHUSA: abcoaromHasn memne-
pamypa 0, yoervran snmponus s, dasrenue p. B cucreme CU
TeMmIepaTypa BblpaxkaeTcs B KeJbBuHaX, K, § K = 273,15+6 °C,
pasmepHocTb aHTponuu [s] = Jxk/(kr - K). MHorna napamerpa-
MU COCTOSIHUSI yIOOHO CUMTAThb KOMIIOHEHTBI TE€H30pa HaIpsike-
Huil P unn Kakue-1u60 Opyrue BesquuuHbl. Ecau 1151 HEKOTOPOH
Cpeibl yXKe YCTaHOBJEH Habop XapaKTepU3yIOIUX eé Mmapamer-
POB COCTOSIHHS, TO CJAeAYIOLIeH 3afauell CTAHOBUTCS OINpeJeseHHe
BCEX BO3MOXKHBIX CBfI3ell MeXAy 3THMHU MapaMeTpaMu. DTH CBS3H
JOJIKHBI BBITEKAaTh W3 OOIMIMX (PU3HYECKUX 3aKOHOB H OMNBITHBIX
3aKOHOMEPHOCTEH, PerylnupyIolUX TOBefeHHEe U3yuaeMoH cpelbl.

[ycts Z = (2',22,...) o6o3HauaeT HaGOp XapakTepHbIX Ma-

paMeTpoB COCTOsIHHsA z* Kakoi-nu60 cpembl. MHOXeCTBO Bcex
IOMYCTUMBIX 3HAUeHUH Z 06pasyeT npocmpancmeo cocmoamull.
Pa3MepHOCTb ¥ 3TOTO MPOCTPAHCTBA PaBHA MUHHUMAaJNbHOMY UHCITY
napaMeTpOB, ONPelessIOINX COCTOsTHHE cpelsl. Ecin v = 1, To
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cpela Ha3bIBaeTCsl OJHONAPAMETPUYECKOH, ecyii ¥ = 2 — JByXIa-
paMeTpHUUecKod U T. I.

JIBa cocTosinusg Z1 U Zy MOTYT OBITb COeIMHEHBbl HATpaBJeH-
HBIMH KPUBBIMH (nyTsMH) [(Z1, Z3), UAylWUMU OT Z1 K Za. Ecau
COCTOSIHHSI Ha KPUBOH MPUHUUIHANBHO (DU3UUYECKH OCYILIECTBUMBI,
TO NMYyTH HasbiBawTcs npoueccamu. [pouece [(Z1, Z;) Ha3biBaeT-
cst obpamumbim, ecivi yTh 1(Zy, Z1), HAYLUIKMH 110 TOH XKe KPUBOH,
ToXe mpouecc. B mporuBHoM caydae npouecc [(Zy, Z) HasbiBa-
eTCsl HeobpamumoiLM.

TennoBasi aHeprust Q@ (WK KoAuuecmso menaa), onpenesse-
Masi KaK HEprusi XaoTHUeCKOTro ABHMKEeHHs MOJIEKYJI, BOOOIlEe To-
BOpsl, He ecTb napameTp coctosiHusi. OHa 3aBUCHT OT Mpolecca
1(Z1, Z5), nepeBousiiuero cpeny u3 Z, B Zo. Ecau paccmaTpuBath
I pepeHIHpyEMBbIe MPOLECCH, MePEBOASIINE CPENY H3 COCTOSI-
HUsl Z B Z +dZ, To KOJUUECTBO Tellj1a, BhIpabaTbiBaeMOro B 3TOM
3JleMeHTapHOM TIpoLecce,

6Q = Bi(2)dz".
k

3mechb 3aBHCHMOCTb MpoLecca OT MYTH BbIpa)KaeTcsi B TOM, 4TO
npaBasi YacTb He SIBJISETCS MONHBIM AU (epeHInaNoM KaKoH-1160
¢yHkunu. OnHaKO B TepMOAWHAMHKE NOKAa3bIBaeTCs, 4TO CYIle-
CTBYeT MapaMeTp COCTOsIHHsI, Ha3blBaeMbli abCOJIOTHON TeMIepa-
TYpo#l 6, ¢ KOTOpbIM OTHOLIeHHe 0Q)/0 nasi mo6oro obpamumozo
npolecca ecTh MOJHBIE AH((pepeHIral HEKOTOPOH (YHKIMH, Ha-
3bIBaeMOH sHTponuel s. Mtak, nns a060ro o6paTUMoro nporecca
(Z1, Zs)

89— 81 = J 0716Q (ds =0716Q), (3.4.1)
U(Z1,25)

TJle KPUBOJIMHEHHBIN HHTETpaJ He 3aBUCHT OT ITYTH.

Ecan nast cpensl Takoil HaGop MapaMeTpoB COCTOSIHHS yCTa-
HOBJIEH, TO BaXKHOH 3afavell OyneT HaxoKIeHHe BCeX BO3MOXKHBIX
COOTHOLLEHUH MeXAy 3TUMH NapaMeTpaMu. Takue COOTHOLIEHHS
JOJKHBEI BBITEKAaTh W3 OOIIMX (PU3WYECKUX 3aKOHOB H OMNBITHBIX
3aKOHOMEPHOCTEH, PeryJupylolx MOBeleHHe pacCMaTpHBaeMOH
CpeJsl.
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Ec/n B HEKOTOPOM 3JleMeHTapHOM (hH3HUECKOM Ipoliecce cpe-
Je cooOlLIeHO KOJHM4ecTBO Temsa d(), TO OHa COBEPIIUT MeXaHH-
yeckylo padoTy A, a BHYTPeHHSIs1 SHEPrUsl Cpelbl MOJYUHUT NpHU-
patenue dU. [lepsviti 3akon mepmoOuramuky yTBepKaaeT, 4To
BCETr/ia CIpaBelJIMBO PABEHCTBO

5Q = dU + 5 A. (3.4.2)

DTOT (PHU3UUECKHH 3aKOH, YCTaHABJMBAIOLIMHA 3KBHUBAaJEHTHOCTb
TEMNJIOBOH M MeXaHHUECKOHW IHEpPrud, sIBJSEeTCS TepPMOAHHAMHUe-
CKHUM BbIpa’KeHHeM 3aKOHa coXpaHeHHs 3Hepruu. Mcnosb3oBaHue
pasHBIX 0603HauYeHuH B (3.4.2) o3Hauaer, uto dU ecTb nuddepeH-
uuan U, T.e. nuHelHas yacTe npupaiieHus U, B TO BpeMsl Kak
0@ u A obo3HayaT OECKOHEYHO MaJible KOJHYEeCTBA TEIJIOThI
U paboThl.

Bmopoti saxon mepmodurnamuxu yTBepKiaeT, YTO NpPHU JIO-
6oM mpolecce, HAYLIEM B TeNJOW30JHPOBaHHON cpene (6e3 BHeI-
Hero MoJBOJa WJH OTBOIA TeIlla), SHTPONHUS ITOH cpelbl He yObI-
BaeT, T.e.

fds > 5Q (3.4.3)

17151 37ieMeHTapHbIX npoueccoB. [Ipu aToM npouecc obpatum Torna
W TOJIBKO TOT/@, KOTJla CIpaBelJIMBO pPaBeHCTBO Ods = §Q).

Jasi o6patumbix mpoueccoB uz opmya (3.4.1) u (3.4.2) cie-
LYyeT OCHOBHOE MmepmOOuHaAMU1LecKoe TOXKAECTBO

0ds = dU + 6 A. (3.4.4)

Ci/ienoBatesibHO, HEOOPATHMBIE MIPOLIECCH B TEMJIOM30JHUPOBAHHOM
TeJjle XapaKTepPU3YIOTCSl TeM, UTO B HUX IHMPONUs 803pacmaem.

BrinosiHeHHe 3THX 3aKOHOB TEPMOAMHAMHKH [Jis CIJIOLIHBIX
cpen fIBJSIETCS HOBOHM aKCHOMOH.

Akcuoma tepmoguHaMuku Ag. /a5 cnaowrot cpedovl cnpa-
8e0AUBbL NepabLll 1. 8MOPOLi 3aKOHbL MEPMOOUHAMUKL.

BarkHbIl KJ1ace cpefl COCTaBJSIOT TaK Ha3blBaeMble H€aJbHBIE
criolIHble cpensl. JIJ1s HUX TEH30p HaNpsKeHHH MPOTopILHoHaIeH
eIUHHUYHOMY (B IeKapTOBOH MPSIMOYTrOJNbHON CHCTeMe KOOPAUHAT):
P = —pl, p(x,t) — naBneHue. dnemeHTapHas pabora gaercsi Gpop-
mynoit A = pdV, a ToxpectBo (3.4.4) umeer BUA

0ds = dU + pdV. (3.4.5)
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CocTosiHHe «HJealbHOM» Cpefibl B 00LIeM Clyyae 3aBUCHT OT MATH
napaMeTpoB
pzl/‘/a Ua 97 S, D-

[IpennosioxXum, uTo «MOeanbHas» cpefa — OByXNapaMeTpH-
yeckasi. YuutbiBasi, 4to B (3.4.5) crosaAT mosHble nuddepeHHanl,
MOXKHO HaWTH IBa COOTHOLIEHHS MEXAY 3THMH MATHIO TapameTpa-
MU coCTOsiHUSA. [103TOMY 1151 OJTHOTO ONMCAHHUS TePMOAUHAMHUYE-
CKOT'0 COCTOSIHHSI TAKOH JByXNapaMeTpUYeCcKOH Cpefibl JOCTATOUHO
3a[aTb ellle OHO COOTHOLLEHHe, OHO HA3BbIBAETCS YpPABHEHUEM CO-
cmoaHuA. B npuioKeHUsX dallle BCEro UCIOJb3YIOTCS ypaBHEHUS
COCTOSIHMS CJIeAYIOLIero BUAA:

1) BHyTpeHHsIsl 9HEPTHUs 3afaeTcs KaK (PYHKLHUS napameTpoB V, s:

U=U(V,s);
2) TensoconepaHue (3HTAJbNUSI) — QYHKUUS OT P, S:
i =1i(p,s) =U+pV;
3) cBobGonHasi sHeprus F' = U — 0s — dynkuus ot V, 0:
F=FV,0)=U —0s;

4) TepMonHHaMHYecKUH noteHuuan ¢ = U —Os+ pV — dyHKUUSA
oT p,0:
Y =1(p,0) =U—0s+ pV.

[TockosIbKY OCHOBHOH MepOH KOJIMYECTBA TelJa SIBJISETCS TEM-
nepaTypa, TO MOTOKH TeIlJla U BBEI3BIBAIOTCS €€ PasHOCThIO. DTO B
TepMOIMHAMUKE (hOPMYJIHpYyeTCs KaK 3aKkon Pypve

rie k — HOBBIH MapaMeTp COCTOSIHUS — Koagduyuenm menao-
nposodrocmu. B Moziesb CIJIOMIHON Cpelbl STOT 3aKOH BBOAUT
Axcuoma Pypre Ajg. Bekmop nomoka menaa nponopuuo-
HaAeH epadueHmy memnepamypol.
YpaBHeHHe TIpUTOKa Temsa (3.3.23) IpUBOAUTCS K BULY

dU

P = P : D +div (kV0) + ph. (3.4.7)
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Tenepb MoOXHO cnenaTh o6wuii BeiBoA. Ha Jato6oM HempepsiB-
HOM [BHJKEHHWM CIJIOLUIHOH Cpelbl, ONMHMChIBaeMOH Mopaesbio M,
CYLIECTBYIOT HEMpPepbIBHO AU (epeHLrpyeMble 110/ CHMMETPHY-
HOT'0 TeH3opa HanpsikeHU# P u BekTOpa moToka Temsa ¢, ¢ KOTO-
PbIMM MHTErpaJjibHble 3aKOHbl COXPaHEHHS PAaBHOCHUJIbHBI CUCTEME
nuddepeHINaNbHBIX YPaBHEHUH, CIIpaBeIIMBLIX A/ JI060H TOU-
Ku (x,t) € W:

d
d_[t) + pdivu = 0,

d
My : pd—ltl:diVP—i-pf,

pd—U =P : D +div (kV0) + ph,

dt
rie D — TeH30p ckopocTed aecopmalui, onpenenéHHbIH hopmy-
Joii (3.3.19). Ipu 3ToM BeKTOp HaMpsiKeHHsl, NeHCTBYIOIIEro Ha
MJIOLIAAKY ¢ HOpMaJblo n, naércs dopmyioi (3.3.8): p,, =P -n,
a MJIOTHOCTb NOTOKA TelJia yepe3 TaKylo IJIOLAAKY — (opMyJoH
(3.4.6): g, = —kV6.

B Momenu My comepUTCs O CKaJSPHBIX YpaBHEHUH, a YKCI0
MCKOMBIX (yHKLMi paBHO 11: p, Uy, PP = PP (a, B =1,2,3).
[loatomy momenb Mo He sBJsETCS «3aMKHYTOH». BHyTpeHHss
sHeprusi U B Monesu My cuutaeTcs 3aJaHHOM.

JIJ151 TOJTHOT'0 3aMBbIKaHUS CUCTeMBl fU(depeHHaNbHBIX YPaB-
HEeHUH MeXaHMKH CIUIOIIHBIX cpel TpebyeTcs ellé LecTh ypaBHe-
HUH. DTU ypaBHEHUS, Ha3blBaeMble TAKKE YPABHEHUAMU COCMOA-
HUs, CBSI3BIBAIOT TEH30p HATPsiKEHUH ¢ IBHXKEeHHeM (HJU MepeMe-
IeHHeM). DTH CBSI3U y2Ke UMEIOT Pa3jIMUHbIN BUI AJis XKUIKOCTEH
U TBEPABIX TeJl.

3.5. KNACCHYECKUE MOAEJNN XXUOAKOCTH
U TA3A

Axcuombr CtoKca. >KI/I[[KOCTI/I W rasdbl NpeacTaBJ/dAlOT coboi
JIETKO NOABHU2KHbBIE CIIJIOLIHbIE Cpeabl, KOTOPbIE HE OCTAKOTCA B paB-
HOBECHH, Haxe eCJIM Ha HHUX llefICTBYIOT CKOJIb YyrOOHO MaJible
CHJIBL. H03TOMy BHYTPEHHHE HallpsAKeHHsI B XKUIAKOCTH K rasax
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He 3aBUCAT HermocpencTBeHHO oT medopmauuu. OnHako, Kak Mo-
Ka3blBaeT OMBIT, 3TH HaNpsiKEHHUs CYIIECTBEHHO 3aBHUCAT OT TOTO,
HaCKOJIbKO OBICTPO IIPOUCXOAUT Ae(popMaLus, T. €. OT CKOPOCTH Jie-
tdopmauuu. B cdeHoMeHosMOrMUeCKOH TeopUH OOBIUHO HaeTcs cie-
Lylollee oNpefesieHue: #udKocmy UKW ea3 — 3TO TaKas CIJIOLI-
Has cpejia, B KOTOPOH TeH3op HanpskeHUi P sBisetcs pyHkuuel
TeH3opa ckopocted nedopmanun D. Kpome Toro, TeHsop Hampsi-
JKEHUH MOXET 3aBHCeTb OT HEKOTOPOH COBOKYITHOCTH TepMOIHMHA-
MHUUYECKHUX MapaMeTpoB COCTOSIHHUS M, BOOOIE T'OBOPSl, OT TOUYKH
NPOCTPAHCTBA X U BPeMeHH t.

Wrak, n/s XKUIKUX Cpen
P =F(D, Z,x,t), (3.5.1)

snech Z = (p,U, 6, s,p) — HaGop mapamMeTpoB COCTOSIHHSI.

IList :KUAKOCTEl mpenoaraetcs BuinoaHeHne axcuom Cmok-
€@, KOTOpble KOHKPETHU3UPYIOT 3aBUCUMOCTb (3.5.1).

Axkcuomsl Xuakoctei u rasos 2K;.

a) Cpeda o0nopoora: F He 3aBUCHT SIBHO OT X, t;

6) cpeda usomponua: F siBjsieTcss M30TPONHOE TEH30pPHOH
(yHKLIMel TeH30pa ckopocTed nepopmanuu D;

B) nokosuwjascs cpeda uneanbHa: F(0,7) = —pG, p — nas-
JieHue.

HNsorponHoctb TenzopHo# pyHkuun F(D) osHauaer, yto mss
JIIO60T0 OPTOroHAJbHOTO NpeodpazoBaHusi O CrpaBelJIMBO PaBEH-
CTBO

OF(D)0O* = F(ODO"),

oTKyza akcuoma 2Ky, 6) naetT 3aBUCHUMOCTD 10 (popmyJie JlarpaHka—
Cusbgepcra (1.4.40)

P = aG + D + 4D (3.5.2)

3mech o SIBJISIOTCS, BOOOLEe roBopsl, PYHKUHUAMH HHBapHaH-
) )

TOB J1, J2, J3 TeH3opa D, a Takke TepMOAHHAMHUYECKUX TTapaMeT-

poB coctosiHus Z. WuBapuautsl J;, j = 1,2, 3, onpenensitorcs
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TaK: eCJIh Dij — KOMIIOHEHTBI TeH30pa D, To

J1 =SpD = D11 + Doz + D33,
Dy1 Do ‘ D1 Dqs ‘ Dyy  Dog

bl

D12 Do D13 D33 Ds3 D33
J3 = det(Dij).

-

Tensop D ynossnerBopsiet ToxknectBy 'amunabroHa—Kaamu (1.4.38)
D’ — J,D’ + J;D — J3G = 0.

TepMonrHamMHuyeckoe COCTOSIHHE XKHIKOCTEH M ra3oB JOCTaTOYHO
XOpolIIo onuckiBaetcsi paBeHcTBoM (3.4.5). OHo Gepértcs B Kade-
CTBE HOBOM aKCHOMBI.

Axkcnoma xugkocrei u rasos K,. Xudkocmu u easvl 56-
asromes 0syxnapamempuiecKumu cpedamu u OAs HUX cnpaseo-
AUBO OCHOBHOE mepmoduramuieckoe moxcoecmso (3.4.5).

KoHeuHo, yKazaHHOe TOXKIECTBO CIIPaBENJIMBO JHIIb AJs 00-
paTUMBIX TporeccoB. Kiaccuueckast TepMoIHHAMHKA paccMaTpH-
BaeT COCTOSIHUsSI Cpefbl, OJIM3KHEe K DAaBHOBECHBIM, M B3aHMHble
NpeBpallleHns] OJHOTO BUAA SHEPTHH B IPYrod B 3THX COCTOSIHHU-
X, BblpaXkaeMble TOKIecTBOM (3.4.9).

YacTo HE3aBUCUMBIMH MapaMeTpaMd CUHUTAKTCS MJIOTHOCTb p
W ylesibHas HTPOMHS S, TOTJAA 3adaéTCsl yaeJbHast BHYTPEHHss
sueprust U = U(p, s) u u3 (3.4.5) caenyior dhopmysl

0s dp
KosdpduuueHT TennonpoBogHoCcTH k, BXOASLIUH B ypaBHeHHeE MpPU-
ToKa Temna (3.4.7), TakxkKe CYMTAETCs U3BECTHOH (DYHKLHeH mapa-
MeTpoB coctosiausi: k = k(p, s).
Wuorna yno6HO cyMTaTb He3aBUCHMBIMH MTapaMeTpPaMH COCTO-
sIHUsT abCOJIIOTHYI0 TeMIepaTypy M IJIOTHOCTb, TOTAA 3anaércs
U="U(p,0). Ilpu atom u3 (3.4.5)

1 1 P
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U BBIpaXKeHHe B IIPaBOH 4acTH 3TOr0 TOXkJAecTBa OyleT MOJHBLIM
I hepeHIranoM, ecIl U TOJNbKO €CJIH CYLlecTByeT (PYHKIHS
F (0, p) (cBoGonHasi aHeprusi) Takas, 4To

U= —02% <§> , p=p°F,, (3.5.4)
KOHeYHo, Tenepb k = k(p, 0).

OrnpenenéHHBIA NPaKTHUECKHH HHTEPEC NPECTaBISIET menio-
éMKOCMb KUIKOCTH, T.e. KOJHYECTBO TeIlsla, KOTOpOe HeOOXOLH-
MO COOOLIHUTH €IMHHIE MACChl JKUAKOCTH, YTOOBI YBEJHUYHUTDH eé
TeMIepaTypy Ha OfMH Ipanyc Npu o6paTHMOM H3MEHEHHH COCTOs-
HUsl. YOervHas menaoémKocmo 3anuchiBaeTcs Tak: ¢ = 0Q)/d6.
BhinensiiorT esasubie yresbHble TENJIOEMKOCTH NMPH MOCTOSHHOM
IaBJeHHHU €, U TPH MOCTOSHHOM 00BEME cy:

o — (99 _ (U L (Y
PN ) e N0 TP\00)

= (@), ()
v = —_— = _— .
do V =const o0 Vv

3mech yuTéH 3akKoH coxpaHeHus (3.4.5) 0Q = dU + pdV. Beegne-
HUE SHTPOMHHK AaET BO3MOXKHOCTb IMOJYYHTh U APyrHe BhIparke-
HUS IJIS YIEJbHBIX TeMJoEMKOCTeH. JeHCTBUTENBHO, MOCKOJbKY

6Q = 60ds, to
0s 0s
c, =0 <—) , cy =20 (—) . (3.5.6)
P 0o v 09 ),

Jlns 3aMblKaHHS CUCTEMbl YPaBHEHHH, OMUCHIBAIOLINX [BHXKe-
HHMe XUAKHUX cpejl, TpeOyeTcsl 3HaHHe 3aBUCUMOCTeH Ko3(hhHLH-
eHToB B (popmysne (3.5.2) ot unBapuantos J = (Jy, Ja, J3) TeH30-
pa ckopocTell nedopmauuii D u napamMeTpoB cocTosiHUA p, S (HITH
IPYTUx):

(3.5.5)

= a(J. = B(J.
« a( 7p7 S)) /B /B( ’p’ 3)’ (3.5.7)
7:7(J7p78)5 04(07/075): —D-
B ocranbHom 3aBucumocTH (3.5.7) HOJKHBI BbITEKATb WK M3
HEKOTOPBIX OOIIMX MPEANOJOKEHUH, UM U3 IKCIEePUMEHTA/bHBIX
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JNaHHbIX. TakuMm o6pa3oM, mMopesab Mgz COCTOUT U3 ypaBHEHUH

%—deivuzo,
du
— =divP 4 pf
My pgp = divP+pf,
d
pd—(t] =P :D —div (kV0) + ph,

P = oG + D ++D”.

OHa coepXKHT MATh YPaBHEHUH OTHOCHUTEJBHO MSITH HEM3BECTHBIX
(YHKUHEI: TPEX KOMIIOHEHT BEKTOPA CKOPOCTH U M IBYX HEe3aBUCH-
MbIX MapaMeTpoB cocTossHUsl. OMHAKO B MPHJIOKEHHSX 3Ta MOJEb
MOUTH He HUCMOJb3YeTCsl, TaK Kak TpebyeT oueHb GOJBbIIOr0 00hE-
Ma JOTMOJHHTEbHOH uHbopMaluu (cM. cooTHotenus (3.5.7)).

HsroroHoBckne xuakoctu. HanbGosee ynorpe6uTenbHON
U JIOCTATOUHO OOIIeH siBJseTCS TaK HasbiBaeMasi KAQCCUUEeCKas
modeas xuakoct# (rasa). OHa OCHOBaHa Ha CJenyollel akcHoMe.

Akcuoma xunkocrein u razoB XKs. 3asucumocmov mernsopa
Hanpsscenull auneina: P = aG+ BD.

Takue >XuIKHe cpelbl HA3bIBAOTCS €IE HbIOMOHOBCKUMU.
Hwmeewm, npexne Bcero, v = 0, @« = —p + Adivu u divP =
= V(—p+ Adivu) +div (2uD), P : D = —pdivu+ ®, tne duccu-
namusHas QYHKYUS

2
o= ()\ +3 u) (divu)? 4 2uD’ : D/, (3.5.8)
aD' =D —3"1(divu)G — desuamop tensopa D; BBeseHo 060-
3HaueHue p = (3/2. YuuTeIBas, 4TO
aw _
Pt
MOJYYHM MOJeJIb ABUKEHHUS XKUAKOCTH (rasa)
pr+u-Vp+ pdivu =0,

My: plug+u-Vu) = V(—p+ Mdivu) + div (2uD) + pt,
Op(st +u-Vs) =div (kVO) + © + ph,
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B KOTOpO#H A, p, k CUMTAIOTCS M3BECTHBIMM (PYHKIHUSIMH JBYX
HEe3aBUCHUMBIX NTapaMeTPOB COCTOSIHUSA, a P, p, S,  CBA3aHBI ABYMS
cootHoweHusimu (3.5.3) uau (3.5.4). IlpuBenénnas mopmeabp My
3aMKHYTa, a KO3((PULHUEHTHl A\ U p HOCAT Ha3BaHUE KO3Ppuuien-
mo8 QuHAMUYeCKOL 853KOCMLU U OTPaXKaIT CBOUCTBO >KHJKOCTH
COMPOTHUBJATLCS CABUTOBBIM YCHJIHSIM.

Yactuble mMomeau. M3 momenn My U mosydarTcsi XOpOLIO
u3BecTHble ypaBHeHUs1 HaBbe—Ctokca (A, u, k,p = const), une-
aJIbHON HecKuUMaeMol )uakoctd (u = 0, p = const), razoBoi
nuHaMuku (A = p = k = 0).

OnHo#t 13 HauboJsiee MPOCTBIX M OOCTATOYHO XOPOIIO 33apeKo-
MeHIOBaBIIMX cebsi Ha MPaKTUKe SIBJsSeTCs MoOenb Hecxucumae-
moti mcudkocmu. B aToM cayuae ABHKYLIHECS 06bEM wy OCTaeTCs
HeM3MeHHbIM BO BCe MOMEHTbI BpPeMeHH U YCJIOBHE HEeCKHMaeMo-
CTH 3KBHUBAJEHTHO CO1EHOUOAAbHOCMU TIOJS BEKTOpPa CKOPOCTH
(eMm. popmyay (3.3.5)):

divu = 0. (3.5.9)

Tenepb /151 TakuX XKHUAKOCTEH Mozaesb M,y ymporiaercss 10 cie-
nywomeit (3necs D' = D):

pr+u-Vp=0, divu=0,
Ms:  p(u+u-Vu) = —Vp+div(2uD) + pf,
Op(s¢ +u-Vs) = div (kVO) + © + ph.

V3 ocHOBHOTO TepMmoavHamMuyeckoro Toxaectsa (3.4.5) u (3.5.6)
M0JIYYUM

Ods  dU av._dU dU do db

@ d Pa T @ wa Var
MIOCKOJIBKY B CHJYy TI€PBOTO ypaBHEHHs Moneau Ms yresabHBIH
06BEM coxpaHsieTcsl B dYacTHIe (BIOJMb TPaeKTOPHH). Temsoém-
KOCTb J0JI)KHAa PacCcMaTpPUBATbCs KaK W3BeCTHAas (YHKIUS TeM-
nepatypsl 6, onpesessieMasi OMBITHBIM MYTEM. YpaBHEHHE HEPTHU
B Momeau My MoxeT OBITh 3aNKCaHO TaK:

pev (0, + u - V0) = div (kV0) + © + ph. (3.5.10)
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Monenb M; ncmofb3yeTcsi NP OMUCAHUH CMpamu@uyuposau-
Hblx meweHuil W HA3bIBAETCS MOIEJbI0 TeUeHUH HeoOHOopoOHOLl
HUOKOCMU.

[IpennosioxkeHHe O MOCTOSTHCTBE IIOTHOCTH KHUAKOCTH, p =
= const — 00HOpOoOHbLE HUOKOCMLU, TIPUBOIUT K AaJbHEHIIUM
ynpolueHusiM. [Ipexxae Bcero, B TepMOIUHAMUYECKOM OTHOLIEHHH
cpelia CTAaHOBUTCS oOHOonapamempuieckoil. JlaBieHue p ucuesaer
M3 TePMOAMHAMHUYECKUX COOTHOLIEHHH H y2XKE HE MOXKET paccMmar-
pUBATbCS KaK MapameTp COCTOsHUSI. DTO OOBSICHSAETCS TeM, 4TO
pabora B ¢opmyise (3.4.5) pdV = 0; ocTaeTcss OnUH mapameTp —
Temrneparypa 6.

BBeném KuHEMaTUYeCKYIO BA3KOCTh ¥ = u/p. B obem ciyqae
v = v(0), HO 1Jis IpOCTeHLIel MOLENH MOXKHO CUHUTATh I = const.
Canaraemoe div (2uD) B ypaBHeHHH UMITY/bCA IPe0OpasyeTcs Tak:

div (2uD) = 2udiv D = p[V(divu) + Au] = pAu,

3

e A = > 82/8x§ — onepatop Jlannaca. Tak Bo3HHKaeT Mo-
Jj=1

IeJb 873KOL HecHumaemot suoxKocmu

div u =0,

Mﬁt 1
ut+u~Vu:—;Vp—|—zxAu+f.

Cucrema ypaBHeHHH Mopeau Mg HasblBaeTCs TaKXKe CUCMeEMOU
Hasve—-Cmokca.

3ameyaTesibHO, UTO TEePMOAMHAMHKa BOOOIIe He Yy4acTBYyeT
B Monenu Mpg. Temmepatypa 6 ompenensieTcss U3 ypaBHEHHUs MpH-
toka Temaa (3.5.10), KoTopoe elE MOXKHO 3aMucaTh B BHIE

1
é)t+u~V¢9:—div(kV0)+<I>’+i, (3.5.11)
pev cv
rue
' =2vc,'D:D.

[Ipoctota mMomenu Mg obycioBieHa TeM, YTO MPU U3yUEHUHU
e€ NMHAMHK{ MyTEM pelLleHHs] YPaBHEHHH KUIKOCTb OMHUCHIBAETCS
TOJIBKO ABYMSl BEJMUHMHAMMU: MJOTHOCTBIO p M BSI3KOCTBIO V. IDTH
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TNOCTOSIHHBIE OMNpefessiioTcss U3 3dKcrepumeHTa. Mogenb Hasbe—
Crokca IIHUPOKO UCIOJIb3YyETCA B pacqéTaX KOHKPETHBIX ILBI/I)KeHI/Iﬁ
XHIKOCTH.

Huorna sddekTsl, Bbl3bIBaeMble BSI3KOCTbIO XKHIKOCTH, HeCy-
LeCTBEHHBI (LlyHaMH, CTPyFHble T€UEHHUSs], BOJHEI Ha BOJE U T. IL.).
B cBsi3u ¢ 3TUM HMeeT MecTO mMO0eAb UOeasbHOU HUOKOCMU:
v = 0. CrcTeMa ypaBHEHHH 3/leCh TAKOBa:

divu =0,

Mz : 1
w+u-Vu=—-—-Vp+1i
P

OHa HasbiBaeTCst CHUCTeMOH ypasHewutl IJiiarepa. YpaBHeHue
(3.5.11) pnsi TemmepaTypbl YNpOLIAeTCs, ¥ €CJH JOMOJHHUTENb-
HO TPEMINOJIOKHUT, YTO k U ¢y — MOCTOSIHHBIE, TO

do h
dt o XAG + Ccy ’

rae x = k/pcy — Koagduyuenm memnepamyponposooHOCmU.

B ornnune or KuAKOCTEH, eadbt SIBJASIOTCS CHJBHO CXKHUMae-
MBIMHM CpelaMH, W 4acTo BS3KOCTb raza HecyliecTBeHHa. Kpome
TOTO, /IS MHOTHX OBICTPONPOTEKAIOLIHUX TPOLECCOB B raze MOXK-
HO TNpeHeOpeub U TeIMJIONPOBOAHOCThIO. [losmaras B momenn My
A = p =k =0, IpUXOAUM K CUCTeMe ypaBHeHHH ra3oBod IHHa-

MHKH
pt+u-Vp+ pdivu =0,

1
ut+u~Vu+;Vp:f,
st+u-s=0,

p= f(pv 3)7
rae nocJseaHee COOTHOLIEHHE HOCUT Ha3BaHUE YPpABHEHUS COCMOs-
HUsA ea3a W ONpenessaeTcd SKCIePpUMEHTaJJbHO.

HHCCI/IHauMﬂ 9HEeprum. CBoiicTBa BSI3KOCTH U TeIJOIPOBOL-
HOCTH }KI/IHKOCTeﬁ W Ta30B MPOABJATCSA, B YaCTHOCTH, B TOM, UTO
MeXaHu4eCKas saHeprus, COO6U_LéHHaH cpene, MOXKeT H606paTI/IMbIM
06pa3oM MepeiTH B TEIJIOBYI0, PaccesaThCsl B Xa0THUECKOM TerJio-
BOM JBW2KEHWH MOJIEKYJI. STO paccesdHue MeXaHHYeCKOH 9HEPruu
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HaseBaeTcs duccunayueti, a IPOLECCH, CONPOBOXKAAEMbIE AUCCH-
nauueil SHepruu, — OUCCUNAMUBHbIMU NPOUECCAMU.

C ToukHM 3peHHUsA TepMOAHWHAMHUKH ILHCCHHaTHBHbIﬁ rnpouecc
HeO6paTI/IM U JNOJI2KEH CONPOBOXKIAATHCA BO3PACTAHHEM IHTPOIUH.
O6paTHO, POCT SHTPONUU KaKOHU-IHOO YaCTH CIJIOLIHOH Cpembl,
NPOUCXOASLIUN 6e3 «IIOoNKauKHW» TelJIOBOW 3HEPrUu H3BHe, CJYy-
JKUT MPU3HAKOM TOTO, YTO B 3TOH YACTH Cpelbl HAET AUCCUNATHB-
HBI{ TpoLecc.

PaCCMOTpI/IM ABa IpHuMepa, NMOKa3blBAIOUINX, YTO MAJIA KHUIKO-
CTeH W ra3oB OTBETCTBEHHBIMH 3a AUCCHUTIAIIUIO 9HEPTHUH ABJAIOTCH
CBOMCTBA BSI3KOCTHU U TENJIONPOBOJHOCTH.

[lepBbifi mpuMep CBSI3aH C 3IHTPONMEH NBHXKYyLlerocss 00bE-
Ma wg

S(wn) = Jps dw.

wt

Bblunc/inM NpoU3BOIHYIO 10 BPEMEHH, UCII0b3ysl ypaBHEHHE MpHU-
TOKa Temaa U3 momend My, 3akoH @ypee (3.4.6) U TOXKIECTBO

% div (kV8) = div (5 ve) +052 V62,

0
HNmeem
d 1 kK oo
1 1
+ J g M do + J Ehdw. (3.5.12)
Owy Wt

[TpennosioxXum, uto 06BEM w; TENJIOU30JUPOBAH, TAK UTO ¢, = 0,
U HeT BHYTpeHHHX HCTOuHHKOB Tersa (h = 0). Torma npasas
yacth (3.5.12) ecThb cyMMa IBYX BeJHUWH, BbIpabaThiBaeMBIX 3a
CUéT pasnuuHbIX (pakTopoB. [lepBoe ciaraemoe BOZHHKAET 3a CUET
IBUXKEHHUsI, a BTOpOe — 3a CUET HePaBHOMEPHOTO pacmpefesie-
HUsl TeMIepaTypsl B 00bEMe w;. BTopo# 3aKoH TepMOIMHAMHUKH
Tpebyet, uTOOBI BesnuMHa (3.5.12) Obla HeoTpuuaTeabHa. BBu-
Iy HE3aBUCHMOCTH cJlaTaeMblX B MpaBo# yacTH (3.5.12) mosyunm
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HepaBeHCTBa

® >0, k|VO*>0, 6>0.
W3 HUX U BBEITEKAIOT HEPaBEHCTBA M5 KO3(DPPUINEHTOB BA3KOCTH
U TEIJONPOBOAHOCTH

2
k20, p=0, Atgpu=0 (3.5.13)

Koneuno, HepaBeHcTBa (3.5.13) MOryT ObITh BHIMOJIHEHBI CO 3Ha-
KOM paBeHCTBa, ecu D = 0 u VO = 0. B stom cayyae cpena
IB2KETCS KaK TBEpIOE TeJo: U = Uy + w X X (Ug, w — MOCTOsIH-
Hble BEKTOpBI), TEMIepaTypa BO BCeX TOYKAX OfHA W Ta xe. [Ipu
JIBM2KEHHU 00111ero xapakrepa paBeHcTBa (3.5.13) BO3MOXKHBI, ec-
Ju Tosbko k = A = o = 0. [locnenHee hakTHUECKU 03HAYAET, YTO
cpena siBasieTcss JUOO HEBSI3KWM TeMJIONPOBOAHBIM Ta3oM, JH60
HaeanbHOH HECXKHMAEMOH »XKHUJIKOCTbIO.

CuienoBaTesibHO, B 00leM cJyuae IBHXKEHUs XKUIKOCTEH U ra-
30B, IHMPONUSL MENAOUI0AUPOBAHHO20 00BEMA 803pacmaem.

Bropo#i npumep cBsfi3aH ¢ HU3MeHeHHEM KHHETHUYECKOH 3Hep-
TUU ABMKYLIerocs obbema ans ypasuenuii Hagve—Cmokca mo-
neau Mg.

O6bruHO Mozesb Mg COBMeCTHO ¢ ypaBHeHHeM (3.5.11) Hasbl-
BaeTCsl MOJIENbIO IBHXKEHHS 813KO0L mMenaonpo8o0HOLl ¥)KUIKOCTH.
Boo6uie roBopsi, TemrnepaTypa U Apyrue XapaKTePUCTUKH JBHXKe-
HUsI CBSI3aHbl He TOJIbKO ypaBHeHueM (3.5.11), HO U TrpaHUYHBIMH
YCJIOBHUSIMHU.

Kunernueckas sneprus nis momenu Mg paBHa

1
Blw) =5 J plul? dw,

wt

OTKyqa
dE

E:J’wdivpdw—kjpu'fdw-

wt Wt
[Tockosibky u - div P = div (P - u) 4+ pdiv u — ®, To, ucnosb3ys pa-
BeHcTBO divu = 0 u Teopemy [aycca—OcTporpanckoro, moayyum
dE
E:—Jédw—k Ju~pndU+qu~idw. (3.5.14)

wt Owy wt
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[IpennosioxXXum, 4To BTOPOH M TPeTHH HMHTErpasbl B BbpaXKeHHH
(3.5.14) paBHBI HyMIO, T.€. NOBEPXHOCTHBIE HANPSKEHHS P, H
BHeIIHHe MaccoBble CHJIbl f Haj 06BbEMOM w; B LEJOM HHUKAKOH
paboTbl He coepiatoT. Torna dopmyna (3.5.14) maér ckopocTh
U3MeHEeHHs KHHeTHUECKOH SHepruu

dE ,
= =- J ' duw. (3.5.15)

wt

PagenctBo (3.5.15) mokasbiBaeT, YTO HECMOTPS Ha OTCYTCTBHE pa-
60TBI, COBepIIaeMOH Halg 00BEMOM w;, €ro KHHETHUecKas dHep-
rusi He BospactaeT. CoxpaHeHHe E(w;) pPaBHOCHJIBHO PaBEHCTBY
@’ = 0 B 00béMe wy, KOTOPOE BO3MOXKHO JinGo Korga D = 0, 6o
korga g = 0. B mepBoM ciyyae o6bEM w; ABHKETCS Kak TBEp-
JI0e TeJo, a BO BTOPOM — JKUAKOCTb HaeanbHa. CjefoBaTeNbHO,
3a UCKJIIOUEHHEM 3THX BO3MOXKHOCTEH, KUHemuuecKkas sHepeus
dsuxcyusecocs 06véma ybovigaem. ITO U €CTb MPOSIBJEHHE TUCCH-
MaTHBHOTO Tpollecca B BSI3KOH HECXKHMaeMOH >KHIKOCTH, 32 KO-
TOpbIH O0TBeYaeT KOI(P(PULUEHT BA3KOCTU L. BennuuHa nHrterpana
B (3.5.15) nmaér cKOpoCTb AUCCHUMALMH KHHETHYECKOH IHEpPrHH.
[TosTOoMy MOXKHO cKasaTb, UTO AMCCUNATHBHAs (pyHKUUs ® paB-
Ha NAOMHOCMU CKOpOCMU OUCCUnAUUY KUuHemuuecKol anepauu.
ITUM, B YaCTHOCTH, ONPaBIaHO Ha3BaHHe «IMCCHUNATHBHAs (YHK-
US> IOJI51 BeJTUYUHBI P.

3.6. TEH3OP JEDOPMALMH

B cnyiowmno#t cpene, B oTIM4MeE OT ABUKEHHS a0COMIOTHO TBED-
JIOT0 TeJsa, MPOUCXOAUT HM3MEHEeHHe PACCTOSIHUH MeXAy MaTepH-
aJbHBIMH YacTHLlAMHM M YIVIOB MeXKIy HalpaB/eHHSIMH Ha OIHU
U Te Ke YacTHUUBl. ITOT 3PQPeKT HOCUT Ha3BaHHe NedopMaLUu
CpeJsl.

Bynem cuntaTth, uTO Cpema ABHXKETCS OTHOCHTENbHO HeEIOo-
JBUXXHOU crcTeMbl oTcuéra . CBs2KeM CO Cpelloi cucTeMy Koop-
JuHaT £7, KoTopas IBHXKeTCs U JeopMHUpPYeTCcsl BMeCTe C Hel —
OHa HasblBaeTcsl conymcmsyrouwei cucmemoii koopouram. OT-
HOCHTEJIBHO 3TOH CHCTeMBl KOOPAMHAT Cpela MOKOUTCS, MO3TOMY
KOOpAMHATE £7 YacCTHIl B COOTBETCTBYIOIIEH CHCTEMe ONHH U Te
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e B JI060 MOMeHT BpeMeHM. Tpoiika umcen &!,€2, €3, takum
00pa3oM, UHAWBUAYaJHU3UPYET HEKOTOPYIO YacTHILy cpelbl. B ot-
JIMUKe OT TBEPIOrO Teja COMyTCTBYIOIIAs CUCTeMa, CBSI3aHHAs CO
CpPEeZOoI0, He TOJIbKO TepeMellaeTcss U II0BOPAYMBAETCS, HO U Jie-
¢dopmupyeTcs, T. €. M0 CYLIECTBY CHCTEMa KOOPAUHAT £7 sIBJsieTCA
KpUBOJMHeHHON. B Kakol-1160 (hUKCUPOBAaHHBIH MOMEHT BpeMe-
HH, HaTIpUMep HauaJbHbBIH, cHCTeMY £7 MOXKHO BHIOPATh MO CBOEMY
YCMOTPEHHUIO, OIHAKO B APYrHe MOMEHTH BpeMEHH €€ BH MOJIHO-
CTBIO OTpeessieTCsl ABHKEHUEM CPEJIbl.

PaccmoTpuM HekoTopylo dacTuiy cpensl (cM. puc. 3.5). C re-
YyeHUeM BPEMEHHM OHa H3MeHsieT CBOE MOJIOXKEeHHEe OTHOCHTEJNbHO
CUCTEMbl OTCUéTa, MOITOMY €€ KOOpAMHATBI x“ B 3TOH CHCTe-
Me OynyT (YHKUHSIMH BpeMmeHH: xz® = z*(£7,t). D10 U ecThb
ypaBHEHUs ABUXKeHHs uacTuUbl. [Ipeamosiaraetcss Takxke, 4TO
det(0z*/0€%) # 0 mpu J11000M 3HAUEHHH BPEMEHH t.

TakuM o6pa3oM, COMyTCTBYIOLLAs CUCTEMA KOOPAUHAT SIBJISET-
Cs1 TOM MOJABUXKHOH CUCTEMOH KOODAUHAT, 3aBUCSLLEH OT NapameT-
pa, KoTopas paccMaTpHBaJjach B TEeH30pPHOM aHa/nuse. [lepemeH-
uele £, €2, ¢3¢t — cyTb mepemennble Jlarpanxa.

[lycTb B HEKOTOpOH 4YacTHIe cpefibl BbIOpaHbl ABa KaKHX-
an6o JHHeHHbIX 3jeMeHTa drg U d'rg. B pesysbrate nepopma-
UM U3MEHATCS KakK JJIMHBl 3TUX 3JEeMEHTOB, TaK U UX B3aWMHOe

Puc. 3.5
Conymcmeyrowan cucmema KoopouHam
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pacriosioxkeHHe. FI3aMeHeHMe pa3MepoB 3/1eMEHTOB HA3bIBAIOT yOAU-
HeHusMU, a U3MeHeHHe B3aUMHOH opueHTauuu — cdsueamu. Pac-
cMOTpUM Osu3Kkue dacTuubl (£7) u (£7 + d€7); drg n dr — co-
eNMHSAIIHE WX 3JeMEHTbl B HayajbHBIH U TEKYLIMH MOMEHTbI
BpeMeHHU, MpUUEM dsg U ds — JJHHBl 3TUX BeKTOpoB. B kaue-
CTBe XapaKTEePUCTHKH YIJIHHEHHs NPUHUMAETCS OMHOCUMEAbHOE
yoaruHenue

_ds —dsg

E
dSO ’

ds = (14 E)dso. (3.6.1)

[TycTb 19 — yroa Mexmy sjemMeHTaMu drg U d'ro:
dl‘o . d/ro = dSo . d/SO COS ¢0. (362)

B pesysnbrate nedopManiy 3TH 3J€MEHTHI epexoasit B dr u d'r,
COCTaBJISIIOLIME APYT C OPYTOM YTOJ 1):

dr-d'r =ds-d scosi. (3.6.3)

3a mepy cosuea MPUHUMAIOT YMeHblIEHHe yTja MeXAy 3JeMeH-
TaMH

p=1to—1, Y=1o—p. (3.6.4)
YT0oJ1 (p MOXKHO BHIYHMCIHUTE 10 opmyse (3.6.3)
dr-d'r Gopded &P

cos(ty — @) = = Jopde7d’S (3.6.5)

dsd's (1+ E)(1+ E"dsod'so’

rie yuteHo paBeHcTBO (3.6.1). BBoast enuMHHYHBIE BEKTOpPBI 110
(hopmyam

o e, o e,
50 50 (3.6.6)
6 dr _ 0% o — d'r _ e
_ds_'u s —d,s—/i s

NOJYUUM /I UX KOMIIOHEHT B COOTBETCTBYIOLIEH CUCTEMe KOOp-
IUHAT

den o _de _der L de

fe%

dso’ T dlsy H=gs * ¥ d's

o =

(3.6.7)
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dopmyna (3.6.5) Tenepb NpUMeT BUL

0o [¢]
Gop L 1P
cos(thg — ) = ( Jap (3.6.8)

1+ E)Y1+FE)
3aMeTuM, 4TO YAJHMHEHHe W CABHTH 3aBUCST OT BBHIOPAHHOH ua-
CTHIIBl CPENBI U BPEMEHH t.
BekTophl 3/1eMEHTAPHBIX MepeMelleHuH, COeUHSIOIHe YACTH-
ubl (£7) u (£94d€7), B HaYa/IbHBIN U TEKYIUHE MOMEHTHl BpeMeHH

ecThb drg = dfaga, dr = d¢“e,. KBanpaThl paccTosiHUM:
ds? = drg - drg =Jap dE® d€P,  ds® = Gapde® de®,  (3.6.9)

o o o . ~ ~
r1e Jop (£7,t) =€, - €3, Jap(E7,t) = €4 - €. 3a mepy depopma-
yutl cpedol MOXKHO MPUHSTb PAa3HOCTD

ds? — dsg = (§ap— Jup)de® deP = 2E,5de™ de?,  (3.6.10)

rape 1
4 N 0
506 (favt) = 5 (gaﬁ_ gaﬁ)' (3611)
ITo TeopeMe [eJieHHs TEeH30pOB 00BEKT gaﬁ — TEeH30p BTOpPOro
paHra
£=E,p8%, (3.6.12)

Ha3blBaeMbll meH3opom deopmayul.

MoKHO paccMaTpuBaThb TeH30p AedopMauuu £0 ¢ TeMH Xe
KOMTMOHEHTaMH Eq B Gasuce HAUaILHOTO MIPOCTPAHCTBA, HMEHHO,
£l = éaﬁ e ef. ITpu stom £ u € — pasHble TEH30PHL.

U3 dopmyna (3.6.11) caenyet, uto cama nedopMalus cBsizaHa
C HU3MeHEHHEM CO BpeMeHeM KOMIIOHEHT MEeTPHUYECKOTo TeH30pa
COMYTCTBYIOIIEH cucTeMbl KoopauHaT. Kpome Toro, TeHsop € —
CUMMETPHUYHBIH.

Bo3bMéMm pasHOCTb

ds — dsg ds + dsg

d2_d2:
5 5 dSO dSo

2 _
dsg =

= E(2+ E)ds? = 2&,pde® deP,
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TJle WCIT0JIb30BaHbl BeJHUKHb U3 dopmyan (3.6.1) u (3.6.10). Ecau
elé yuectb opmyasl (3.6.7), To mosaydum

E<1+%E) = G % 1. (36.13)

HO9TOMy, 3Hasl HallpaBJ/ieHHe 3JIeMeHTa 10 ,ELEQ)OpMaLlI/II/I (KOMHO-

[0}
HeHTBl 1) W TeH30p HeopMalUK NAHHOH 4acTHULb Eqg, MOXKHO
BBLIUUC/AUTD B HEH yIJIMHEHUe F 3TOTo 3JeMeHTa.
W3 paeenctra (3.6.11)

Gop = Gap +2E0p (3.6.14)

U BhipaxkeHHs (3.6.8), onpenessioero caBUrH, HAXOAUM

1+ EY1+E

cos(thg — ) = (3.6.15)

(0] [
JIpyriMH CJIOBaMH, €CJIM H3BECTHBI JBA HampaBjieHuss 4%, L' u
YTOJ 19 MEXAY HUMH B Hele(hOPMHUPYEMOM COCTOSIHHH M BbIOpaHa
COMYyTCTBYIOLAs] CUCTEMa KOOPIMHAT B 3TOM COCTOSIHHM (H3BecT-

HBI KOMIIOHEHTHI 50,5), TO 3aJlaHHe TeH30pa ONpelessieT ¥ CABUTH.
3HauuT, neopManus Cpeosl B KaXKHOW €& JacTHLE NOAHOCMbIO
onpedensiemcs meH3opom Oegopmayuu.

KoBapraHTHBIE KOMITOHEHTHI TeH30pa AeOpMalUU NOMYyCKaOT
NPOCTYI0 MeXaHWuecKyl uHTepnperauuto. [lycte F) — ynaune-
HHeE 3JIeMEeHTa dl‘)\ BIOOJIb OCH §>\. EJIHHI/I‘—IHbIﬁ BEKTOP 3TOro 3Je-
MeHTa [0 AeopMaluu

1 1
e?\ = . 8)\ = . 5? 8a
/59N \/ 9

HIMeeT KOMTOHEHTBI A = (E)A,\)_1/26§ u popmyna (3.6.13) naér

CBA3b 5 R
1 4 I\ ] &
E)\ (1 + 5 E)\) = EQB A A = AN
0
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HJH

R 1
QMJMEAO+§EO. (3.6.16)
O6parHast 3aBUCUMOCTb TAKOBa:
26\’
EA:<1+(f*> ~1. (3.6.17)
59N

3Hak mnepen KopHeM B dopmyse (3.6.17) — maioc, Tak Kak co-
riaacHo dopmyise (3.6.16) ynnuHeHue E) W KOMIOHEHTa Exx o
HOBpEMEHHO 06palarTcs B HyJb. [109TOMy KOMIOHEHTHI T€H30pa
neopMalyy ¢ OMUHAKOBBIMH MHIAEKCAMH CBsI3aHbl C yIJHHEHHUs-
MH BIOJIb COOTBETCTBYIOLIMX OCEH CHCTEMbI KOOPAHHAT.

Hajee, mycThb (), — CIOBUTH 3JIeMEHTOB, HallpaBJeHHBIX BAOJb

[¢]
KOOPIMHATHBIX JUHUH &* U €Y by, — YroJ Mexiy 3TUMH 3Jie-
MeHTaMH B Ha4a/JbHOM MOJIO’KeHHH. TaK KaK KOMIIOHEHTB! eIHHHUY-
0 0 . o o _
HBIX BEKTOPOB €) U €, BIOJb 3THX JHHUH ecTb L% = (Jr)) 1/25f\‘,

e = (E/\A)*l/%f}, T0 hopmyna (3.6.15) npumet BUI

o .804 +2<€a 5a5§
cos(ihy, —pa) = —moas P20
VIamdow (1 + EX)(1+ E,)
_ .8)\11 +2£)\V (3 6 18)
VI (1+ Ex)(1 + E,)
npu A # v. B cuny pasenctsa (3.6.17)
1+E\y=,]1+ 208)\)\
9
1 ¢popmyna (3.6.18) mepenumrercs Tak:
cos(thy, —¢av) =
Iny +2Ex,
- D +26, C A#£u (36.19)

\/(-8)\)\ +260) (90 +26,0)
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Takum 06pa3oM, KOMIIOHEHTHI TeH30pa AeopMalUu ¢ pasJany-
HBIMH MHJEKCAaMH CBSI3aHBl CO CABUIaMH 3JIeMEHTOB, HalpaBJ/eH-
HBIX BJIOJIb OCEH CHCTeMBl KOOPAUHAT.

[Iycte £7— wacTuua cpenbl B MOMEHT BpeMeHH to u t. E&
NOJIOXKEHUe B 3TH MOMEHTHI ONpelensiloTCsl pafiuyc-BeKTOpaMH ry
U I COOTBETCTBEHHO. BeKTop W = r — r( Ha3blBalOT 8EKMOpPOM
nepemeujenus, cM. puc. 3.6.

KommoHeHTBl W CBSI3aHBl C KOOpAMHATaMH 4YacTHIEl (hopMmy-
JaMu

w® =% —zg5, z%=uz5+w. (3.6.20)

Ecau conyrterBytowias cuctema £7 BoibpaHa Tak, UTO OHA COB-

najiaeT ¢ CUCTEMOH OTCYéTa B HayasbHBIH MOMeHT (z§ = &%), TO

2% = €% 4w (€%, 1). (3.6.21)

YpaBHenus (3.6.21) ecTb MPOCTO ypaBHEHHUS IBHKEHHUS CPEIbl,
eCJI U3BeCTeH BEeKTOp MepeMelleHuss w(&,t).

Haiiném cBsisb MeXXay TeH30poM Ae(OopMaLlH H BEKTOPOM Ile-
pemenieHu#. Mmeem

ow or ory . 0
= — =&, €,,

g dge gge

PN 0o_ 0
OTKYZa BHIBOAUM (W = w’e, = w” €,)

Puc. 3.6
Bexmop nepemeujenuil
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by =8, + 2% _ (674 Vo) €4, (3.6.22)
e
T 0 o
y oﬂba = aaz.}a + UA)TFUTOU %aﬁ)g = aaz)a + ,I%TFUTOF

Dopmyner (3.6.22) naroT pasnokKeHHS OTHOTO M3 KOOPAMHAT-
0 ~
HBIX (Ga3UCOB €,, €, Mo-Apyromy. Kpome TOro, ¢ momouipio aTux
(bopMyJT JIErKO HAWTH CBS3M KOMIIOHEHT METPUYECKHX TEH30pOB
COMYTCTBYIONIEH CHCTEMBI KOOPAUHAT B Pa3/IM4Hble MOMEHTEI Bpe-
MEHH:

0 0 0 .
gocﬁ :ea .eB :gaﬁ_
—ﬁawﬁ - @Bwa + @awaﬁﬂwaa
. (3.6.23)
goc,B:eoe'e,B:gaﬁ"‘
0 o 0 o O o O o
+ V(xw,B + V,Bwa + Vawg VBU-)U .

CorstacHo dopmyite (3.6.11), yuutsiBast ypaBHenus (3.6.23), mosy-
YUM KOMIIOHEHTH TeH30pa Ae(popMaluil Yepe3 KOMIOHEHTH BeK-
Topa nepeMelleHHH

~ 1 - A A A

504B == 5 (Voﬂi)g + V[-ﬂi)a - vaﬁ)ng’lfja-); (3624)
~ 1 o o 0 o [ 0 o
Eap = 3 (VaWg + VpWa + Vow? Vawe). (3.6.25)

B nepsom ciayuae (dopmyna (3.6.24)) KOMIOHEHTH BeKTOpa
nepeMeleHn# B3sTE B Ga3Hce COMYTCTBYIOLIEH CHCTEMbI KOOPIH-
HaT B 1e(hOpMHPOBAHHOM COCTOSIHHH Cpefbl, a BO BTopoM (dop-
myna (3.6.25)) — B Gasuce TOH e CHCTEMbI, HO B HayajbHOM,
Hele(DOPMHUPOBAHHOM, COCTOSHHH.

M3 stux ¢opMysn BHIHO, 4TO Ha/HuuMe AehOPMaLUH CPeibl
CBSI3aHO C HEONHOPOAHOCTBIO MOJIS MepeMelleHHui: ecan Vw = 0,
TO U éag =0.
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Tensop mecpopmauuii, sABAsAsACh CUMMETPHUHBIM, HMeeT LIECTh
He3aBUCHMBIX KOMIIOHEHT

Sup =Eap(€®), a,8=1,2,3, B<a (3.6.26)

BosHukaer Bompoc, onpenensieT Jd COBOKYIHOCTb MTPOHU3BOJIb-
HO 3aJaHHBIX IIECTH HempepbiBHLIX (GyHKIHHE (3.6.26) HekoTO-
pyto nedopmanuio cpensl? OKasbiBaeTcs, YTO 3TH PYHKLUHHU OYAYT
OTpenessaTh fAe(opMalnio cpefibl 6e3 HapylleHHs €€ CIVIOIIHOCTH
JIMLIb TIPU HEKOTOPHIX YCa0BUSIX. OHU SIBJSIIOTCS CJEICTBHEM TOTO
¢akra, 4yTo cpena Kak o AedopMaLUM, TaK U Iocje Heé Haxo-
IOUTCS B €BKJMIOBOM IpocTpaHcTBe. Kpome Toro, nmeercs TecHas
cBsi3b (cM. opmynsl (3.6.11)) Mexay KOMIOHEHTaMH TeH30pa Je-
(hopMaLMH U METPHUECKOTo TeH3opa. JeHCTBUTENbHO, B €BKJIH-
JIOBOM TIPOCTPAHCTBe TeH30p PumaHa siBnsieTcss HyJaeBbIM. [IycTb
ero KOMIOHEHTHl B COMYTCTBYIOlLei cucTeMe KOOPAMHAT npu t°

[0} A
Ut ecTh Ruwery U Ruexy. PaBeHCTBa MX HyJ0 BhinuiieM 6oJee
noApO6HO:

[} (0] (0] [}
» 1 (G PG P Gey O G N
vEA T o \ OEROEN T OEROEr  OEvOEN | DEvOER

(0] [} [0 0 Io}
+ 977 (Corvlpuze — Toraelppur) =0, (3.6.27)

R _l 82,@;/“ 62,@”)\ _ 82.@3% + 82gae>\ +
vEML T O \ OEROEN T OEROER  DEVOEN | DEVOEH

+ gpa(FUAVFplwe - faksef‘puy) =0. (3628)

3nech cumBosibl Kpucroddens B momenTs Bpemenu tV u ¢ naworcs
(hopMysaMu

ogr o 0g

- 1 8go>\ 8.@01) 8,@)\1/
Pory == = :
A=y (agv T en T oee

1 /009y 0095 09
0 o oV 1%
Tox= 3 ( A A )

(3.6.29)
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a WHAEKChl MpUHUMaT 3HadeHus (cm. (1.6.10))
veedu = 1212;2323;3131;1213;2321; 3132. (3.6.30)

W3 pasencrBa (3.6.11) BHIBOOMM COOTHOIIIEHHS

0 o
Jap= goc,B +2504,37

2,3/07'5 9 Eaaé(xﬁ E,BT: ga‘r‘_ 5(77'7 (3631)

C ux nomotubo U3 Gopmya (3.6.29) moaydum cBsi3b MeXIy CHM-
BoJlaMu Kpucrogdess

FJ)\V = ](.2\0')\11 +2CA;J)\V,
(3.6.32)

. 1 <aégA €, aéw>
oAV — 5 — .

oer T oo oee

[ToncraBum Tenepb cootHomenusi (3.6.31), (3.6.32) B paBeHcTBO
(3.6.28), moayuum

~ 525,,# 8251/)\ 82833;1, 825&)\
Ruae)\,u, = - - +
DE70EN | 0tmoir | 9ev0er | 0gvoek

t3\ogroer ~ otroer  devoer | ogvoek

1 < 029, 00,  0%0n, O Em)
0 0 0 0 ~ 0 0 A
+ (g Pe—2 rypo)(].—\a)\u].—‘pp,ae +2Ga)\1/ Fp;tae +2 Coxv Gp;tae"_
N N 0 0 ~ 0
+ 4GUAVGp,uae_ FUAaerp,V _QGJ)\ae Fpuu -
0 A~ ~ ~
—2Tore Gpouw — 4GoraGpou) = 0. (3.6.33)

CocraBnisiss Tenepb pasHoOCTb ypaBHeHHi (3.6.27) u (3.6.33),
HaUgéM
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j% _é _ 62éyu _ 8281/)\ _ 826:?5“ +
vaeu vaelu — 35*’335)‘ agaeagu 55”55)‘
aQéae)\ ~po 12 0 0 0
* ogaen ~ 2V Wonlom — Doralpw)+

0 N 0 0 N N 0
+2 ng(GUAV Fpuae + Toxv Gpuae - GoAzae Fp;w -

o N o ~ N ~ N
— Doxe Gp;uz) +4 ng(GU)\VGp}LaE - Ga)\aeruV)_

N 0 0
- 4’?pa(Ga)\V Fp;tae + Tonv Gp;tae_
~ o ~ ~ ~ ~
— Gore Tpuv +2G o Gopse — 2GoraGpun) = 0. (3.6.34)

Hlects cooTHoueHu# (3.6.34), roe WHIOEKCH MPUHHUMAIOT 3HA-
yeHus (3.6.30), HocAT Ha3BaHUe ypasHeHuli cosmecmHocmu Oe-
Gopmayuii. X elllé HA3BIBAKOT YpaBHEHUAMU CHAOUWHOCTMU WU
Hepa3apovleHocmu fehopMaltH.

Cpena MmoxeT AeOpMHPOBATHCS MPOU3BOJIBHO, 3HAUUT, MOJE
CMEILEeHHUH TaKXKe MOXKeT OBbITb MPOU3BOJbHBIM. C Apyroil cTtopo-
HBI, TaK KaK KOMIIOHEHTH TeH30pa Ae(opMalui BhIpaxKawTCcs 4e-
pe3 cMelenus (cMm. gpopmyasl (3.6.24), (3.6.25)), To ycaoBHS COB-
MECTHOCTH He HOJIXKHBI HaKJ/alblBaTb Ha CMeLleHHs OrpaHUYeHUH.
HeTpynHo mpoBepuThb, 4To 3aBUCHMOCTH (3.6.25) ynoBIETBOPSIOT
yPaBHEHUSM TOXKIECTBEHHO, T.€. SBJSIOTCS MX HHTerpajgaMu.

Ha ypaBuenunsi coBmectHocTd (3.6.34) MOXKHO MOCMOTPETh U
10 HHOMY: MIPH HUX BBIMOJIHEHWH Hauya/JbHOE €BKJHAOBO MPOCTPaH-
CTBO B pe3ysbTaTe Ae(pOPMHUPOBAHHUS TEPEXOIUT CHOBA B €BKJIHU-
I0BO MpocTpaHCcTBo. IIpu 3TOM ABUXKeHHe KaxKAOH YacTHLBl MO-
XKeT ObITb OMHCAHO BEKTOPOM TepeMelleHHsl. 3HAUUT, BBIMOJIHE-
HHMe ypaBHEHHH COBMECTHOCTH SIBJISETCS YCJOBHEM CYILECTBOBA-
HUS T10JI51 TIepeMeLleHUH.

3.7. MAJIbIE AEDOPMALIMH

C'-II/ITaeM, 6e3 OTpaHHUYEHHUSA O6[LLHOCTI/I, 4YTO CONYTCTBYIOLlas
CHUCTEMa KOOpAWHAT B HadaJIbHOM IOJIO2KEHUH BbI6paHa neKapTo-

0 0
BOH MPAMOYTONBHOH: Jop= 0ap, Yop= /2 mpn o # 3. Ecan
VIJUHEHNS] U CABUTH MaJibl,

IExl <1, o <1, (3.7.1)
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T0 U3 dopmyn (3.6.16) u (3.6.19) nosyuyum B JMHEHHOM NPHOIH-
JKEHUU

. A 1
En=E\ &w= 3 P A # v (3.7.2)

3HauUT, NpU MasblX YIOJHHEHHSIX KOMIIOHEHTBl TeH3opa Iedop-
MalUH C OJMHAKOBBIMH HMHIEKCAMH COBMNAJAIT C YIJHUHEHUSMH
BIOJb COOTBETCTBYIOLIUX OCEH, a KOMIIOHEHTHl C PasHBIMH HH-
JIeKCaM{ paBHBbI MOJIOBUHAM CABUIOB 3JIEMEHTOB, MIYIIMX BIOJb
COOTBETCTBYIOIIMUX OCeH, T.€e. BCE KOMIOHEHTH gag TaK»XKe MaJbl.

Ecnn nose nmepemelieHuil HEOZHOPOAHO, HO 3Ta HEOAHOPOA-

A~ 0
HOCTb Masa: |Vaig| < 1, uin | Vaﬁ)g | < 1, To u medopma-
uus cpeibl Oynet Majoi. CuenoBartesibHo, W3 Qopmya (3.6.24),
(3.6.25) B siHeHOM MPUOIMKEHUN

~ 1 - ~ ~
Eap = = (Vaidg 4 Vaiha) = Viailg),
6 =5 (Vas + Vpia) (aWg) (3.73)
Sm = V(a’lf)g)éaéﬁ;
fop = S (Vathy + Vo) = Tt
af — & aWps BWa) = a )
2 (@ (3.7.4)

o o O0_ 0
89,1 = ViaWpe" e”.

[Tonuepkuém, uto opmyasl (3.6.24), (3.6.25) ocraroTcs B cu-
Jie (HeJMHEeHHBIMH), IaXke ecJd MaJjbl yajuHeHus W casuru. Co-
otHomueHus (3.7.3), (3.7.4) mosydeHsl npu Masbix HEOOHOPOOHO-
cmax sexmopa nepemeuierutl.

BBeném BekTop €2, SIBASIOIMICS BUXPEM MOJIsI IEpeMelleHH

Q=rotw, QF =MV, (3.7.5)

OTKyla aHTUCUMMETPUUHBIH TeH30p V [\, HAULETCS B BUIE

Eapy V). (3.7.6)

| =

Vialg) =
AHaJTOFH‘-IHO, B COHyTCTByIOIHeIL/'I CUCTEME KOOpIU/IHaT

0 1 0
Vialg) = 5 Capr§2- (3.7.7)
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PaccMoTpuM cayyait, Koraa Mo CpaBHEHHIO C eIHHHIEH MaJibl
He TOJIbKO YAJUHEHUS U CABUTH (cM. opmyJbl (3.7.1)), HO | yTJibl

A A~ 0
TMI0BOPOTA, T.€. MaJbIMU SIBJISIOTCS BENMHUHHB Eqg, (17 (Mu Q).
A~ A (o] 0
Ecsn BBeCTH 0603HaueHust Oog = V(o Wg), Oap :V(aﬁjﬁ), TO
AN A 1, Ay O o o 1o 0 v
Vawg = 9046 + 5 eaﬁwQ , VaWg = Qaﬁ —|—§ eaBWQ

u opmydaibl (3.6.24), (3.6.25) masi KOMIOHEHT TeH30pa nedopma-
MU MePeUIIyTCs TaK:

6 A 1 ~OTH D
5ocﬁ = 0(1['3 - 5 g 0&0857‘_
1 ~OT (4 Q)x N N Q'y N
- Z g (e,B'rA Oao + €aoy 9,87')_
1 AOT A ~ AT O
~3 €aoy€ara 270 (3.7.8)

0 o 1 0.0 0
gaﬁ = gaﬁ +§ ) gaaeﬁT +

0 0 0 o] 0
977 (€320 Bao + CaoyQ 52 )+

=

+

1 o o_ o
+3 977 CagysraQ” QY. (3.7.9)
U3 dopmya (3.7.8), (3.7.9) sierko BUAETb, YTO MaJjIbIMH, CpaB-
HUTEJIbHO C eIHHHUIEH, GYAYT TaKXKe BEeJUUYHUHbI éag u éaﬁ.

~ A~ (0] (0]
Hanee, cunras o u Q7 (WK fopg ¥ Q) MaJbIMH, BHIHM,
YTO BO3MOXKHBI [1Ba CJIyUasi:
~ o
a) 7 (Q7) sABAAOTCS MaJbIMH TOTO XKe HJIHM 00Jiee BHICOKOTO
~ [}
NopsifiKa, YTO U Oap (Hap);
~ (0]
6) 0o (0ap) SABIASIOTCS MaJbIMU TOTO K€ HJIM 60Jiee BBICOKOTO
~ ~ [} 0
nopsizka, uto 1 Q70 (Q7 Q°).
B nepsom cayuae B dopmyaax (3.7.8), (3.7.9) HyxHo coxpa-
HHUTb TOJIbKO JIMHEHHbIE C/araeMble:

Eup = 0up, Eap = Bag- (3.7.10)
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Bo BTOPOM HEOOXOIZMMO OCTAaBHTb TOJIBKO 4jeHbl nopsaka §27Q°
[0) 0]
Q7 Q%:

~ 1 .. R A A
gaﬁ = eaﬁ —=q° eoca'ye,BTAnygkv

oo

(3.7.11)

o o 1 0. .0 0 o 0y

EaB = bOap +§ 977 eqoyeara QT Q7.
Ynpouiéuusie gopmyasl (3.7.10), (3.7.11) crpaBemyiuBbl B MPOU3-

BOJIbHOH CONYyTCTBYIOLLEH cuUcTeMe KoopauHat. Ecau ata cucre-
Ma — NpsSMOYTroJibHas AeKapToBa B Ae(pOPMHPOBAHHOM MPOCTpPaH-

CTBe, TO
Eap = bap = % (g?f + g?“) (3.7.12)
=0~ % (3 +93), Exp =02 — %(Q O?),
33 = 033 — % (24 02), E1p =010+ Uy =&y, GT13)

523 = ézg + Q293 = 532, 531 = é31 + QgQ1 = 513,

a Bropble popmyansl (3.7.10), (3.7.11) ocratorcs 6e3 n3MeHEHHH.
Ec/in e COMyTCTBYIOLIYI0 CUCTEMY KOOPAHHAT B3sITh MPSMO-

YrOJIbHOH IEKAPTOBOH B MPOCTPAHCTBE HAYANBHBIX COCTOSIHHE, TO

YIPOLIAITCS TONBKO BTOphle hopmyJnl (3.7.10) u (3.7.11):

5 o 1 6’8]5 8ﬁ)a
Eap = fop = 5 : 3.7.14
§ = 0o =3 (aga * ag&) (3.7.14)
A 0 1 0y 04 A o 1 0, 0,
11 = O +3 (Q3+ Q3), €22 = 022 +3 (Q5+ Q1)
5 o 1 o 0 A 0 0o o A
€33 = 033 +3 (OT+ 03), £12 = 012 — WQ=En, G719

~ [} (0] [0) ~ ~ [} (0] [0) ~
Ea3 = 023 — Q23 = E32, E31 = H31 — W= s
Dopmyner (3.7.12), (3.7.13) ucmosb3yoTCs TPH OMHCAHUH

nedopManyu B nehOPMHPOBAHHOM MpocTpaHCTBe, a (3.7.14),
(3.7.15) — B HauaJBHOM NIPOCTPAHCTBe.
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[TpubauKEHHBIE BBIpaXKeHHsl AJIs1 KOMIIOHEHT TeH3opa aedop-
mauuu (3.7.10), (3.7.11) uMeroT WHPOKUH KpyT npuMeHeHus. [ep-
Bble M3 HHUX OXBATHIBAIOT TaKWe 3aflaud, B KOTOPBIX IPH Ma-
JIBIX KOMIIOHEHTax TeH30pa Ae(opMalyy W yriaxX MOBOpPOTa Te U
IpYTHe SIBASIOTCS BeJHUMHAMU MPUMEPHO OAMHAKOBOIO MOPSAKA,
YTO HMeeT MeCTO MPEeUMYILECTBEHHO MpU neopMallyd MacCHB-
HBIX TeJ, BCE Pa3Mephl KOTOPHIX CPaBHUMBI APYT ¢ apyrom. Uro
Kacaetcst opmya (3.7.11), To oHHM OTBeYalT caydar, KOraa MpH
MaJiol feopMaliK U MaJbiX Yrjax OBOPOTA BTOPBIE CYIECTBEH-
HO MPEBOCXOAAT NepBble. DT0 OyAeT Npy AeopMalyi rMOKHX Tel,
HampuMep CTep:KHeH, MIAcTHH U o6oJioyek. OTMETHM, YTO JaJe-
KO He Bce 3ajaud neopMauuu TMOKHX TeJ OTHOCATCS K YHUCHY
HeJMHeHHbBIX. MHOrMe W3 HUX MOTYT OBITh pELIeHbl ¥ B paMKax
JIMHEHHOH TeOpUH, OCHOBBbIBaWLIelics Ha opmyaax (3.7.10). Bos-
MOXHBI M 3aJlayd, AJIs PelleHHs] KOTOPBIX YIPOLIEHHbIE (HOPMYJIbI
He TPUMEHHMbl U HEOGXOAHUMO MOJIb30BAThCS OOLIMMH (GopMyJia-
mu (3.6.24), (3.6.25). Tem He meHee, hopmyisl (3.7.11) apasioTcs
BAXKHBIM TPOMEXKYTOUHBIM 3BEHOM MEXAY OOLIMMHU U JIUHEHHBIMHU
hopmytamHu.

Cuctemy ypaBHeHHE coBMecTHOCTH medopmaunu (3.6.34)
MOXKHO YIPOCTHTb B Cjydyae Manbix nedopmanui. [lycts madsbl
[0 CPaBHEHWIO C eIMHHIEH KaK caMM KOMIIOHEHTHl TE€H30pa je-
(dopMalyy, Tak U MPOU3BOAHBIE OT HHUX MO KoopauHaram. Torna
B cuay dopmyn (3.6.31), (3.6.32) masbiMu GyayT BeJHUHHBL Y77,
CA?U,\V. [TockosbKY B JTMHEHHOM MPUOJIHKEHUN

97— G087 = 90 (557 — 2597 = G G0
TO B TOM e MpuUOIHKeHHH cucteMa (3.6.34) mpumer BUL

06, 0% PPy N 0%Ear
OEmOEN — OEmOEH  OErOE T 9EvOEr
o

_98 (1P pe _pB a
OC/B(F )\VF pae r )\aeF /Jz/)—i_

[¢] ~ ~ 0 A~

+ Q(FUMEGJ)\V"_ IO‘U)\VGa'y,a_ ].—\O-#VGG')\SS_
17, Co) = 0. (3.7.16)
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Bocnosnb3oBaBuncs BblpakeHHeM [1J151 KOBAPUAHTHOH MPOU3-
BOJIHOH OT KOMMOHEHT TeH3opa (1.5.44), HeTpyIHO MOKa3aTh, UTO
BeIpaxkeHHue (3.7.16) MOKHO 3amucaTb B KOMIAKTHOH (hopMe

%ae%)\ gu,u,_ %ae%,u él/)\_
- %V%)\ ése/fi’ %y%u éae)\ =0. (3717)

Coornotenunst (3.7.17) HasbIBalOTCS ypaBHEHHSIMH COBMECTHO-
ctu Masbix nedopmaruii Cen-Benana. tu ypaBHeHUs B aKTyaslb-
HOM TPOCTPAHCTBE TAKOBBL:

@seﬁAguu - ﬁaeﬁuéuk - ﬁI/@A(cjaeu + @yﬁuéaek =0. (3718)

Wunekcol v, &, A, p B ¢popmynax (3.7.17), (3.7.18) npuHHUMaIOT
snauenus (3.6.30).

Ynpaxuenue. Brimucats ypaBHeHusi CeH-Benana (3.7.17),
KOTJIa COMYyTCTBYIOLIAsl CHCTeMa KOOpPAMHAT 7 B HauaJbHOM T0JI0-
JKEHUH SIBJIsIeTCsl TIPSIMOYTOJIbHOM feKapToBod. To ke camoe mpo-
nenaTh U A5 ypaBHeHu# (3.7.18), Korna conyTcTByolIas cCHCTeMa
KOOpIWHAT &7 B3siTa MPSIMOYTOJNBHOH NEKapTOBOH B Ae(pOPMHPO-
BAaHHOM COCTOSIHUM Cpefibl. Pe3ysbTaThl CpaBHHUTD.

Haiiném oTHOCHTeNbHOE H3MeHeHHEe 00bEMA NpH AeOopMaLHH.
s 3TOro pacCMOTpPUM 3JIeMeHTapHBIH WHAWBUAYaJbHbIH TeTpa-
371p, IOCTPOEHHBIH Ha BEKTOPAX 3JIEMEHTAPHBIX MepeMelleH’H, Ha-
NpaBJIeHHBIX BIOJb KOOPAHUHATHBIX JUHUH COMyTCTBYIOLIEH crcTe-
Mbl KOOpOUHAT (cM. puc. 3.7).

O6o03HaunM uepe3 dwp U dw; 3HaueHHUss 00bEMA B MOMEHTHI
BpeMeHH Ty U T COOTBETCTBEHHO:

dwo = \/g det de? de?,  dwy = /g det de? ded.
OTHOCI/ITEJI])HOG H3MEHeHHe O6"béMa €eCThb

g dwr—dwo _ Jo (3.7.19)

dOJO

Qo

OHO Ha3BIBAETCS K03puyuenmom Kybuuecko2o pacuiuperus

(o]
cpedoi. OTHOLLEHUe ompenenuTesell §/ g BhpaKkaeTcs yepe3 HH-

[¢]
BapHaHTHl TeH3opoB € u €. B camom gese, uz dopmya (3.6.14)
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dry 5 -/
r
8 drg drg dr,

Puc. 3.7
Inemenmaproie mempasadper 0o u nocaie depopmayuu

oJIy4yum

ap= Jap — 26ap = 900 (075 —2E%5), €75 =3"Exp,
Jap = gafr (505 +2 gag), fc}gg 25(”575.
[lepexonst B 3TUX (hopMyJsiax K OTpeeUTeNsIM, HAHIEM
o Al so bo | A
g :g|5 5 205 sl = 09(1 QJZ + 4J20 8J31, (37.20)
G=9073+2E%=9(1+2J1+4 J2 +8 J3),

rie depes Ji, Jo, J3 0603HaUEHBl OCHOBHbIE MHBAPHAHTH TEH30pPa

[¢] [¢] [¢] o
&, a uepes Ji, J2, J3 — OCHOBHBle MHBapuaHThl TeH3opa £. U3
dopmya (3.7.20) mosyyum HCKOMOe OTHOLLEHHe ONpefeauTeel

1

[0) [0) (0]
= =1+2 4 8 J3. (3.7.21
=27 ¥ 4% 80 +2J14+4J2+8J3. ( )

Qo

Coornomenre (3.7.19) nis kospuHeHTa KyOHUECKOr0 paCIIH-
peHHUs M03BOJIsIET HAUTH BbIpaXKeHHs

1
0 = — 1 =
(1= 2J; +4Jy — 8J3)1/2

(6] [} [}
=(1+2J1 +4 J2 +8 J3)/? — 1. (3.7.22)
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[TepBoit u3 hopmya (3.7.22) caenyer mosnb3oBaThesi, Koraa aedop-
Malus OMHCBIBAETCS TEH30poM £, BTOPOH — KOTJa XapaKTepUCTH-
[¢]

KoH necdopmaluu siBasercss TeH3op £.
Dopmynsr (3.7.22) crnpaBednBbl MPH MPOHU3BOJNLHBIX KOHEY-
HbIX Oedopmauusix. B ciayuae maneix gepopmauuil (BeJUUHHBI

[¢] [¢]
(J2,J3), (J2,J3) sBASIFOTCS GECKOHEUHO MAsBIMH [0 CPaBHEHHIO
(0]
C (J]) )51 (J1)
0

¥ TepBbli UHBapHaHT TeH3opa AedopMaunu (€ uian fo,') coBrnajgaer
¢ K03(h(pULHEHTOM KyOUUeCKOro paciiupeHus.

C mowmomteio Qopmyn (3.7.20) ypaBHeHHE HepPa3PEIBHOCTH
(3.3.3) MoxkHO mepemnucaTh B SKBHBAJEHTHBIX (POpMax:

p=10(1—2Jy +4J5 —8J5)"/% =
0 [¢) 0 0 —1/2
=p (142 J1+4 J2 +8 J3) /2. (3.7.24)

B yactHom ciyuae masbix nedopmatui dopmyist (3.7.24) mo-
MyCKaIOT YIPOLLEHUS

[} o (6]
p=pP1—=J)=p (1= J1), (3.7.25)
T.€. B 3TOM HpI/IﬁJH/I}KEHI/II/I OHH Hepas3JnYHUMBbI.

3.8. KNACCHYECKME MOJENM MEXAHUKM
JEDOPMMUPYEMOTO TBEPLOrO TENA

MexaHnuka nedopMHUpyeMBIX TBEPABIX Tes SIBJSETCS YacTbio
MeXaHHUKH CIVIOIIHBIX CPel U HMeeT BaxKHble NpakTHYeCKHe NpH-
JoxkeHusi. B HacTosilee BpeMsi OHa paccMaTpPHUBaeTcCs KaK elrHast
HayKa, 00beqUHSIOass HayYHble AWUCLUMIIMHBL TEOPHUIO YIPYro-
CTH, TEOPHIO NJIACTHUHOCTH, TEOPHIO NOJ3YyUeCTH METasJoB, Me-
XaHUKY paspyLIeHHsi, MeXaHHKY KOMIO3HUTOB, MEXaHHUKY ChIyUHX
Cpel, TEOPUIO BA3KOYNPYTMX U BS3KOIJIACTHUUECKHX Cpel U T. I.
3mech OyoyT MOCTPOEHBl MaTeMaTHUeCKHEe MOMAEJH JIUIIb HEKOTO-
PBIX W3 3THX NUCLHUIIHH.



198 Pasden III. remernmor mexanuky cnaowinotl cpedoi

3.8.1. Mopaenb HeNnMHEHHON TEPMOYNPYroCTH

CniowiHasi cpefia, Mo onpefie/IeHHI0, Ha3blBaeTCs ynpyeoi cpe-
doi, ecau cocTosiHUe NedopMalUM XapaKTepU3yeTcsl TEH30pOM
neopMalyy; B cpele MOXKHO BbIIENHTb HEKOTOPblE COCTOSHUSA
(06BIYHO 3TO MCXONHOE HJIH HauajbHOE COCTOSIHHE, Ha3bIBAEMOE
ecmecmseHnHbiM), B KOTOPOM OTCYTCTBYIOT KaK HaIpSKEeHHs, TaK
U nedopManyy, a TEMIEepatypa MOCTOSHHA; AJIS BCEX COCTOSTHHH
3TOH cpelbl B JI000H TOYKe U B JI0OOH MOMEHT BpeMEHH TeH30p
Hamnpsi2keHUH sBJseTCS B3aUMHO ONHO3HAUHOH (pYHKLHEH TeH30pa
Jgepopmanui:

P=P(x,t,E Z A), P’E:OZ 0, I=1,...,m, (3.8.1)

rie Z — TMPOCTPaHCTBO COCTOSIHUE, A; — TmapaMeTpUyecKHe TeH-
30pbl, XapaKTepU3yloLle aHU30TPONHUIo cpefbl. O6GbIYHO Z COCTO-
UT U3 OIHOT'O NapaMmeTpa — TeMIepaTypsl cpenbl 6.

Hrak, moctynupyercsi, 4ToO Hanps:KEHHOE COCTOSIHME B pac-
CMaTpUBaeMblii MOMEHT BPEMEHH 3aBHCHT TOJNBKO OT MOJS Iepe-
MelIeHHH, ONpeNe/SIOIIero TeOMETPUYECKOe COCTOSIHIE CPelbl OT-
HOCHUTEJIbHO HCXOIHOTO €CTECTBEHHOIO COCTOSIHHS, HO HE 3aBUCHT
HU OT crocofa nepexona OT TOTO COCTOSIHUSA K paccMaTpHUBaeMo-
MY, HU OT CKOPOCTeH, C KOTOPbIMU OCYLLECTBJSETCS STOT NEPEXOL.
HanoMHuM, 4To 111 )KUAKUX CPel, YTOOBI OTPeeNUTb HaTpsiKEH-
HOe COCTOSIHHE B HEKOTOPOH TOYKe, HY>KHO 3HAaTb TOJIBKO I0JIE
CKOpPOCTEeH B JaHHBIH MOMEHT BpeMeHH. KoHeuHo, ecTecTBEHHOe
COCTOSIHME YNPYToH cpelbl ONpPEeNeeHO TOJNBKO C TOYHOCTBIO [0
nepeMelleHUs cpelbl KaK abCoJIIOTHO TBEPLOrO TeJa.

[Tycts x = € + w(&,t) — 3aKOH ABHXKEHHsI CIJIOLIHOH Cpejbl
(3.6.21), rne w — Bektop mnepemeruneHudi. CurtaeMm 3[ech, 4TO
x® — dexkapmosa cucmema xoopluwam u £° — JarpaHKeBbl
KOOpPIMHATHl YaCTHLbl, PaBHble NPOCTPAHCTBEHHBIM KOOpPIHHATAM
€€ TOJIO’KeHHs] B HavyaslbHbIH MoMeHT, T.e. & = x(£,0), Tak 4TO
w(&,0) = 0. Torna B dopmysne (3.6.11)

o 5 . 027 Oz,
gaﬁ— afs Gap = 8504 855 .
TeHsop 2-ro paHra
Owg

axa_5
8 aﬁ""a—gﬁa

Tos = 5es
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WJIM, B HHBapHaHTHOH (opMme (31eCb HCIOJB3YETCst BTOPOE OMpe-
nenenve (1.5.23) BekTOpHOro rpajgveHTa — TeH30pa 2-rO paHra
0x/0€, OW/IE),
ox ow
T=-2=1I4+2= 3.8.2
o6~ T g (3.8.2)
HasbiBaeTcst mensopom Oucmopcuu (I — enuHUYHBIN TeH30p). To-
roa TeH30p HedopmaluH, onpenesseMblit popmyio (3.6.25), 3a-
MHULIETCS B BUIE

. T'T-1 1[/0w\" oOw ow\" ow
=15 =3 (%) v (%) a9

Te * O3HadaeT conpsikeHue (TpaHcrnoHupoBaHue). Tensop T 3a-
BUCHUT OT BPEMEHH H

orT 0 <3x) 0 <8x> Ju  Ou %

o " oi\og) "oe\at) "o oxoe uT

=%
rIe u — BeKTOop cKopocTd. [loaTomy U3 mepBOH 4acTu (poOpMyJIbI
(3.8.3) moyurM CKOpOCTb H3MEHeHHs Ae(opMannH

9E 1 (0T . OT
E‘§<W T 'E)
1
= ET* ((Vu)*+Vu]-T=T"-D-T. (3.84)
3necs D — TeH3op ckopocTell nedopmanui, onpenenéHHBIE (op-
mymoi (3.3.19).

3ameuanue 3.6. Tenzop T umeer obpatHbiii: O€/0x = T
dTo cjenyer U3 TOro, 4to otobpaxkeHue x = y(&,t) mo mpearo-
JIOXKEHHUIO SIB/SIETCS BMECTe CO CBOUM OOPaTHBIM OTOOpaKeHHeM
HempepbIBHBIM U AH((epeHInpyeMbIM B HEKOTOPOH OKPeCTHOCTH
TOUKH YaCTHLBl Wy.

Jas1 nanbHelilero ynio6HO BBECTH BCIOMOTATeJbHBIH TeH30p
P=T'P.T"! P=T P.T, (3.8.5)

rie P — rtensop Hanps:xeHUil.
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PaccMoTtpum ypaBHeHHe mpuToKa Temaa (3.4.7). B cuay dop-
mya (3.8.4), (3.8.5) /s OBOHHON CBEPTKH TEH30POB MMeEM

O
P:D=P:
ot
1 ypaBHeHHe (3.4.7) mepenwuiiercs B BUAE
v o 9E
P = P: ¥ + div(kV6) + ph. (3.8.6)

TensioBast sHeprus, coobiiaeMas B MpoLecce ABHKEHHS HEKO-
TOPOMY 00BEMY wy, COCTOUT M3 TPEX dacTel. [lepBag — 3To Ko-
JIMUECTBO TeIJa, BO3HUKAIOIIEro B wy 33 CYET MeXaHUUYECKOU pa-
60Tbl NEeHCTBYIOIKX cUJ. Tak Kak mpolecc siBjsieTcs 06paTHMBIM,
TO 3Ta YacTb TeIlJia POCTA SHTPOIMHHU BHI3BIBATH HE JNOJKHA, HOO
B MPOTHUBHOM CJlyuyae eé€ Hesb3d ObLJIO OBl CHOBA Npeo0pasoBaThb
B MexaHHYecKyw paboty. [ToaToMy 3a pocT SHTPONHUM OTBeUaeT
TOJIBKO OCTaBLIasicsl 4acTb Temna d@) = Ods. CnenoBatesbHO, KO-
JIMUECTBO TeIlJa 3TOT0 BUJA, BHIJEJSeMOro B eIUHHUIEe 06béMa 3a
eIMHULY BpeMeHH, paBHO pfds/dt. C npyro#i CTOPOHBI, 3TO TEIJIO
BHOCHUTCS] B OOBEM w; 3@ CUET TEMJONPOBOLHOCTH CPENBI, IPUUEM
B eIMHUIY 00bEMa 3a eJIHWHHIY BPEMEHH TPUTEKAeT KOJUUECTBO
rensia div(kV#0), nuoc Tenno ot BHyTPEHHUX HCTOYHHUKOB, PABHOE
ph. PaBeHCTBO 3THX KOJHWYECTB W eCTb MepBasi aKCMOMa TepMo-
IWHAMHMKHU ynpyroro tenaa 77.

Cnpasedaruso paseHcmaso

p@% = div(kV0) + ph.

DTa akcHoMma M03BOJsieT MpeobpasoBaTh ypaBHeHue (3.8.6)

K BHIY )
aF 0o . OE

Por TP =P
rie ' =U — s — cBobonHass 3Heprusi.
Crenywoliasi akcuoMa cocTossHUsS 75 3aBepiiaet (HOpMyJu-
POBKY TIPeNTONOKEHHH 0 TepMOIHHAMHKE YIPYTOro TeJa.
Hesasucumoimu mepmoouHamuuecKumu napamempamu ynpy-
2020 meaa A8AAOMCS men3op Oegopmayuti Eu memnepamy-
pa 0. Ceo6odnasn anepeus F(E,0) u koappuyuenm menaonpo-
8o0HOCMU ae(f 0) cymo usomponrole QyHKUUL MeH30pA E.

(3.8.7)
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CrencTBHEM 3TOH aKCHOMBI SIBJISIETCS PABEHCTBO
aF_ﬁF_a£+aFae
ot o€ ot 090 ot
Ero noxcranoska B Bhipaxenue (3.8.7) u yuér HesaBMCMMOCTH
napameTpoB € U ¢ NpUBOAAT K (opMmynam

A oF oF
P= pag s=—2p- (3.8.8)

Jlerko BuaeTh, 4To eciu F — uaotpornHas GyHKLMs TeH3opa &,
To u OF/OE obnanaer TeM ke cBoACTBOM. [109TOMY M3 aKCHOMBI
T3, dopmyibl (3.7.24) u nepsoro pasencTsa (3.8.8) ClIe[IyeT, 4TO
TEH30p P Takxke ecTb U30TpomnHas (QyHKLHUS TeH30pa E. Tlo ¢op-
mysie Jlarpanxxa—CuibBepcta (1.4.40) monyyuM npencraBieHue

P=al+8E++&, (3.8.9)

rie a, 3,7 — QYHKIHH TOIbKO HHBAPHAHTOB TeH30pa £ H TeMITe-
patypbl 6. TU YHKLUHUU TOMKHEI ONPENeNsThCs U3 IKCIIepHMeHTa
U B MOJEJNH CUHUTATbCS M3BECTHBIMHU. DTO K€ OTHOCHUTCA U K KO-
3()(ULHEHTY TENJONPOBOIHOCTH K.

Bropoe 13 paBeHcTB (3.8.8) ncrosb3yercst fJst IpeodpasoBa-
HUSl ypaBHeHUs akchoMbl 717. Ecau BBecTH KO3(p(HULHEHT Tell-

JIOEMKOCTH TIpH TOCTOSIHHOH nedopManuu c. = —00%F/062, o
YNOMSIHYTOE ypaBHEHHe MPUMET BUJ
00 oP  9E
c— = div(kV0) + 00— : h. 3.8.10
pee gy = dV(EVO) +0—0 2 = +p ( )

KosadpduuueHT c. Takke cuuTaeTcsi U3BECTHOH (pyHKLUHEH HHBa-
PHAaHTOB TeH30pa £ U TeMIepaTypl .

OCHOBHBIMH UCKOMBIMH 3JIeMEHTaMH B TEOPHUU YINPYToro Teja
CUMTAIOTCS BEKTOp MepeMelleHnH W U TeMmnepatypa §. B sarpan-
JKEBOM OIHMCAHHM OHM PAaCCMaTpHUBAIOTCS KaK (QYHKIHUU NEpeMeH-
HbX (£,1). B ypaBHeHUe nMMy/ibca BEKTOpP MepeMellleHHE W BBO-
IOUTCS C MOMOLIbIO COOTHOLIEHUH

ox Ow  Ou O*w

Tot ot ot o



202 Pasden III. Sremermol mexanuku cnaouwHot cpedsi

W OHO NPHUMET BUL

2
paaT‘;V — divP + pf. (3.8.11)

MoxHo mpoBepuTh, uTo ypaBHenus (3.8.10), (3.8.11) Bmecre
¢ paBeHcTBamu (3.7.24), (3.8.2), (3.8.3), (3.8.5), (3.8.9) npu 3a-
JaHHBIX «, 3, 7, k, cc — (YHKLUMSX MHBAPHAHTOB TeH30pa & W
TeMrepaTypel § — 00pa3ylT 3aMKHYTYI0 CHCTeMY YpaBHeHHH.
DTa cucTeMa U eCTb MAMeMAmuuecKkas mooelb ynpysoco me-
aa My. J1nisi HOMHOTH 3aMUCH ypaBHeHUH 3TOH Mome/u Tpefyercs
elé npeodpasopath Bxoxswue B dopmyan (3.8.10) u (3.8.11)
onepauuu div u V K jarpaHxkeBbIM KoopauHaTam. Ecsu mucatb
div, nna sTOf omepanMu B 3H/IEPOBHIX KoopiuMHATax M dive —
B JlarDaHKeBbIX (aHAJIOTHUHBIH CMBICT UMeWT V, U V¢), TO HyX-
HOe Mpeobpa3oBaHUe NaETCs (POpMyJIaMu

div,P = dive(T-P) = T - P - T dive(T* ),
divy (kV40) = dive (kT - T - V) - (3.8.12)
—ET*'Vehdive (T ).

YnpaxxkHenue. Breisectu dopmyisl (3.8.12).
Hrak, MaTeMaTHyeckas Monesb 1e(pOopMUPYEMOro TBEPAOTO Te-
Jla TaKoBa:
2 A A
paaT‘;v = div(T-P) = T-P-T div(T*) + pf,
06
peesr = div(kT™H- T ' . Vo) —
P OE

*—1 . *—1
KT 00div (T + 055 =+ ph,
lMQ: o
p=D (1421 +4 J2 +8 J5) /2, T:I+8—z,

P—ol+8E++E,

ow*  Ow <8w)* ow

2= 9¢ Tog T\oe) ae
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[} [} [} ~
roe Ji, Jg2, J3 — HHBapHaHThl TeH30pa E; Bce ornepanyu BbI-

TMOMHSIOTCA y>Ke B JlarpaHKeBoil cucTeMe KoopauHaT &1, &2, &3
Bcero umeercs 23 ypaBHeHUs] OTHOCHUTEJbHO 23-X HEHU3BECTHBIX.
[lo usBecTHBIM TeH30paM PuT TeH30p HampsixkeHuidl P Boccra-
HaBJIMBAETCS C TIOMOLLBIO BTOPO (opmyasl (3.8.5): P =T -P-T*.

YpaBHeHust mMonenu My Ha3bIBAOTCS YpPABHEHUAMU MepPMO-
ynpyeocmu. Mopenb My HelvHedHa U BeCbMa CJIOXKHA Kak JJisi
pellleHHs] KOHKPETHBIX 3a[au, Tak U JJisl 00lero MaTeMaTHYecKo-
ro aHanusa. Ha mpakTuke OOGBIUHO HCHOJb3yeTCs €€ JUHEHHBIH
BapHaHT.

3.8.2. JlMHeHHas mopenb TePMOYNPYrocTM

Pasnuuator ceomempuuecku v usuuecku AuHeliHbie TEOPUH
YIPYrocTH. B nepBoil U3 HUX MPUHHMMAETCS, YTO MaJsbIM SIBJISETCS
KaK caM BEKTOp NepeMellleHHst TPOU3BOJIbHON YaCcTHLBl, TaK H ero
rpagueHt: |w| < L, |Vw| < 1, rne L — xapakTepHblH pasmep.
Tak kak

1
r=ro+w, &= 3 (Vawsg+ Vawa — VewVaw,), (3.8.13)
TO B CJydyae reOMeTPUYECKOH JHHEHHOCTH MOXKHO MPHHSATh

1
r =ry, ga/;e = = (Vaw/;e + nga) = V(awg), (3.8.14)

2
U TIPY BBIUMCJIEHUU J1I000H (PH3MUECKOH BeJNHUMHBI, CBA3aHHOH C
YyacTHULeH cpefibl U paBHOH HY/IO B €CTECTBEHHOM COCTOSIHUM KO-
OpAHHATHL (BEKTOP)  YaCTHLBl MOXKHO 3aMEHHTb KOOPAHHATAMH
(BekTOpPOM) r( TOrO MOJIOKEHHUS, KOTOPOE 3aHUMaJla YaCTHIIA B HC-
XOJHOM COCTOSIHHMH, a JIMHeapu30BaHHOe BbIpaKeHHe TeH3opa fe-
(hopMaLMH eCcTh MPOCTO CHMMETPHUYHAs 4acTh TPafiU€HTa BEKTOpPa
CMelleHHs.

Teopuss ynpyrocTu HasblBaeTcsl JIMHEHHOH (PU3UUECKH, eCsd
HaTpsiKEHUs] JIMHEHHO 3aBUCAT OT AedopMauuii. B cuny Hamu-
YUsl €CTeCTBEHHOTO COCTOSIHUSI 3Ta 3aBUCHUMOCTb NOJKHA OBITh
JUHEeHHOH W omHoponHOH. Passaras B psim Tedsiopa TeH30pHYIO
¢yHKuuo (3.8.1) B OKPECTHOCTH €CTECTBEHHOTrO COCTOSIHHS

P 1 9%P
9 ey 10

— : I — EE+... (3.8.15
+a£5:0 +2882g:0 + ( )

P:P|£:0
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U TI0JIb3YysICh MaJIOCTblO TeH3opa € U yCJIOBHEM P|5:0: 0, moay-
YUM B JIMHEHHOM MPUOJIHKEHUN

_oP

P-
0 |g_,

1€, PP =(CoPE . (3.8.16)

31ech CUMMETPUYECKHH M0 WHIAeKcaM «, [ U 7y, § TeH3op 4-ro

paHra
C=C(x,t,€,Z,A)) = g—z (3.8.17)
E=o
Ha3bIBAETCS MEH30POM MOOYAell Yynpyeocmu.

Teopust ynpyroctu HasblBaeTcsl AuUHELHOL, €CaW OHA JIHHeH-
Ha reoMeTpUYecKH U (puandecky. E& yacTHbIM caydyaeM siBJsieTCA
KAQccudeckas meopus ynpyeocmu, KOTAa AONOJHUTENbHO TeH-
30p HamnpsKeHUH CyTb OLHOPOAHAS W U30TpONHas (QYHKUHUS, T.e.
B opmysne (3.8.1) P=P(E, 7). Torna

P=LoG+ L&+ LyE?, (3.8.18)

roe Kos(puuueHtol Lo, Ly, Ly cyTb PyHKUHH UHBAPHUAHTOB TE€H-
3opa JedopMalUK U TepMOJMHAMHUYECKUX NapaMeTpoB Z.
B nuHefiHOM caydae OOJIXKHO OBITH

P = (\JS + \)G + 2, (3.8.19)

NPUYEM BeJMYUHBl A, A\; U ft MOT'YT ObITh (PYHKLUSIMH [TapaMeTpoB
IPOCTPaHCTBA Z.

[Ipennosioxkenne o «(U3UUECKOH JUHEHHOCTH» MOApa3yMeBa-
€T W JIMHeHHOCTb TeH30pa HaMNpsKEHHH OT Pa3HOCTH TeMIlepa-
Typ 0 =0 — 0y (g — MOCTOSIHHAS TeMIlepaTypa B eCTeCTBEHHOM
COCTOSIHUM), MIPHUUEM BesuunHa 0/0y 1 eé npou3BOAHbIE MaJbl M0-
psaka Masnoct TeHsopa €. Kpome Toro, B NoHsTHe «(hU3HUUECKOH
JIMHEHHOCTH» Y00HO BKJIOYHTb TaKKe MPEATNOJNOKEHNE O TIOCTO-
SIHCTBe KO3((PULHEHTOB k U c.. CrefyeT 3aMeTUTh, UTO I/ Ma-
JBIX gepopMalii TeHsophl € U £ OTIMYAITCS HA Majble BeJHYH-
HbI BBICILIETO NOPsKa MaJoCcTH. B pamkax «(pusuuecko JuHeHHO-
CTH» 3T0 BepHO W s TeH3opos P u P. Tlostomy B nasbHeiiiem,
B JIMHEHHBIX TEOPUSX, 3TH TEH30DPbl 0003HAYAIOTCS IPOCTO CHMBO-
Jamu € u P.
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Wrak, ypaBHenue coctostHust (3.8.19) Ttepmoympyroro Tesa
B JIMHEHHOH TeOpHUH UMeeT BUJ

P = (—0 + \J5)G + 2u€E, (3.8.20)

rae v, A, 4 — mnocrosinabie. PaBenctBo (3.8.20) HasbiBaetcs 3a-
Korom Jlroamenrs—Hetlimana.

COBOKYNHOCTb BCEX MepeunC/IeHHBIX MPeaNoNoKeHUH CoCcTaB-
JISIeT collepKaHUe aKCMOMBI JIMHEUHOU TepMoynpyroctu T5.

Cyujecmeyem ecmecmaenroe COCMOSHUE Ynpyeozo meaa, no
OmHOUwleHU0 K Komopomy Osudcenue cpedoi ydosiemseopsem
YCA0BUAM ceOMEeMPUYECKOL U usuuecKol AUHetiHOCML.

B pesysnbrate orOpachiBaHHs MaJbIX BEJHYHH BBICLIETO IO-
psiika MaJioCTH 1O CPaBHEHHIO C OCHOBHOW MaJjiod BeJWYMHOU —
HOpMO# TeH3zopa Vw = Ow/J€ — ypaBHeHHs mMomean My cyiue-
CTBEHHO yMPOLIAITCS:

o 0?w

P = =4V + (A + p)Vdivw) + pAw+ P 1,
ot
Mo : 06
5= XAH — ﬁ (d1v W) + hi,

0
rie x = k/Pc. — KoI(PHULHEHT TeMIepaTypONpPOBOIHOCTH, [ =

= WHO/Bcg, hi = h/c., a onepaunu div, V u A BbINOJHSIOTCS
10 JlarpaHKeBbIM MepPeMeHHBIM &.

Uepe3 H3BeCTHbIE BEJHUHHB W U 6 TeH30p nedopMaluil Bbl-
yucysietcs no ¢opmyie (3.8.14), TeH3op HanpsikeHHE — 10 op-
mysie (3.8.20), a MIOTHOCTb Cpelbl — MO JHHEHHOMY MPUOJIHKe-
Huo hopmyibl (3.7.25):

p=0(1—divw) = p (1 J5). (3.8.21)

YpaBHenuss Momenu My, BMecTe ¢ dopmytamu (3.8.14),
(3.8.20), u (3.8.21) HaswIBatOTCS YypasHeHuamu AuHelHOU mep-
moynpyesocmu.

Ynpaxuenue. BoiBecTr ypaBHenus momenu Mpp U3 ypaBHe-
HHE Momenn M.
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Kosadpduuuent v B 3akone Hoamens—Helimana umeeT BUI

Y=« (1 + % ) , (3.8.22)

rie @ — Ko3(h(HULUHEHT TeloBOro paciiupenus. JefcTBUTEbHO,
TeH30p HampsikeHud B dopmyse (3.8.20) samuchiBaeTcss ¢ MOMO-
blo 1eBHaTopa TeHsopa nedopmaunii DT = & — (J5/3)G Tak:

P = [0+ (\+2u/3)|G + 2uD".

[Ipu cBOGOOHOM TEMIOBOM paclIMpeHUH Tesa (MPU OTCYTCTBUH
BHEIUHUX CHUJ) BHYTPEHHUX HampsKeHHH W caBUroB Hetr: P =
= 0, D° = 0. [Ipu atom 06béMHOE paciukpeHude Gynet JS = .
3naunt, [(A+2u/3)a — 4]0G = 0, otkyna u caemyer dopmyia
(3.8.22), 6 =0 — 6,.

3.8.3. JlMHeMHasa Teopua yNpPYyrocTu

HmetoTest onpenenéHHble TPYAHOCTH TIPU pellleHHH 3anad Ju-
HeHHOH TepMOYNpPYTOCTH, CBSI3aHHbIE C Te€M, YTO ypPaBHEHHS MO-
nenaun My TpeGyeTcs paccMaTpUBaTh COBMECTHO, TaK KaK Hamps-
JKeHHUsi (M TepeMelleHHsi) 3aBUCST OT TeMIepaTypbl U 00paTHO.
OnbITHBIE JaHHbIE MOKA3bIBAIOT, YTO TPU MeJJIEHHOM HarpyKeHHH
YIIpyToro TeJa 3a BpeMs mepexona {2y — {2, TemmepaTypa ycresa-
€T BBIPOBHATbCSl ¥ MPUHATH B paBHOBECHE C OKPYXKalolleH cpenoi.
[IpenmnosioxkeHHe 0 HE3aBUCHMOCTH HAIPsiKEHHH OT TeMIepaTyphl
YacTO HCMOJb3YyeTcsl B MPAKTHYeCKHUX 3aJadyax U 3a OCHOBY JH-
HelHOU TeopuH ympyroctu Gepércsi Momesab Mig, HOMOJHEHHas
AKCHOMOI1 He3aBUCUMOCTH OT TeMIepaTypsbl 1.

Tensop nanpsaxcenuil P e 3asucum om memnepamypoL.

[IpuHsTHe 3TOH akcHOMBbI 03HayaeT, 4To B dopmyie (3.8.20)
cJeflyeT MoJoKUTh v = 0 U OHa 3amuILeTcs B BUIE

P = \J;G+2u€E.

Bmecrte ¢ vy ofpawaercs B HOJb U napaMeTp (3 BO BTOPOM
ypaBHeHUH Mogmeau Mig. Torna mepBoe ypaBHeHHe CTaHOBHTCH
He3aBUCHMBIM OT BTOPOro, T.€. MeXaHU4YeCKHe W TelJoBhble Ipo-
Lecchl OKasblBAIOTCSl pasfeséHHbIMM. [Ipy aToM asd (QyHKLUH
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0 mosyuaeTcss H3BECTHOE ypaBHEHHe TeIlJIONPOBOAHOCTH. TakuM
06pa3oM, NOCTPOeHa M00eib KAACCUHECKOL AUHeliHOL meopuu
ynpyeocmu

o 0?w

Pom = A+ p)Vdivw) + pAw+ pi,

. 1
M £=3 VW (VW) P=\G+ 2,

p=p1—divw)=p(1-J5).

[TepBoe ypaBHenue (pakTHUECKH OHO OMHO MOXKET ObITh Ha3Ba-
HO Mogesbio My1) HasbiBaetTcs ypasueHuem Jlame. 3aBUCUMOCTD
(3.8.19) HocuT HasBaHHe 3akoHa [yka HJsT U3OTPOMHBIX Cped, a
caMH IapaMeTpbl A U i Ha3bIBAIOT nOCmMosHHbiMU Jlame.

B xommnoHeHTHOH 3amucH 3akoH ['yka nmeer BUJ

PP = \JfgoP 4 2P = )\gaﬁgw&g + 2/19“9‘55875 =

= (A\g*Pg"° 4+ 2ug*7gP)E 5. (3.8.23)

CpaBHeHue ¢ ¢opmynoit (3.8.16) mokasbiBaeT, YTO TEH30p MOLY-
Jiell yIpyrocTH [ U30TPOMHBIX Cpell BbIpa)KaeTcsi Yyepe3 KOMIIO-
HEHTbl METPUYECKOro TeH30pa

Caﬁ'yé — )\gaﬁg’ﬂs + 2/190"7956, (3824)

Knaccuueckas teopusi ynpyrocTd XOpOILLO ONUCHIBAET MOBeNeHHE
MeTaJlJINueCKUX JIeTasled, eC/IM TOJbKO OHU He TOJIBEpraiTcs Aek-
CTBUIO OOJIbIINX YCUJHH.

Haiiném 3aBucumocTb TeH3opa nedopmanuil OT TeH3opa Ha-
npsikenuii, T.e. o6patum dopmyay (3.8.23). IMockonbky J& =
= Pg.5, J; = E%%Pgag, 1o JP = (3X\ + 2u)J u us (3.8.23)
MONyYUM

1 A

g = —_paBb___~  gPgaB 3.8.25
24 2u(3\ +2p) ! g ( )
Beeném o6o3HaueHus
w(3X +2u) A
E=——- = —: 3.8.26
A+ p TP (3.8.26)
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FE HasbiBaetcs modysem FOnea, o — koagpuyuenmonm Ilyacco-
Ha. [pu stom ¢opmyna (3.8.25) nepenuiuercss B UHBAPUAHTHOM

BHIE
1+o

E
o mpocto apyras dhopma 3akoHa ['yka [y H30TPOMHON yrnpyrou
Cpelbl.

JLJist ysiCHeHUST MeXaHHYEeCKOTr0 CMBICJIA KO(P(HUILIMEHTOB YIIPy-
TOCTH PAaCCMOTPUM MpPOCTOe pacTsiKeHHe cTepxHs (puc. 3.8), B
KoTopoM Pj; # 0, a ocranbHble P,g = 0 (cucreMa KoopauHat
[IEKApTOBA M MPSMOYTOJibHAS W BCe HMHIEKChl MOXHO HAamHMcaTh
BHHU3Y). 3nech JE = Pyy u us dopmyasl (3.8.27) Haxomum

1
E

£= P % JFG. (3.8.27)

&= —=Pn, Pu=FE&;.

Add
y
l

Puc. 3.8
Pacmsscenue cmepoxcns. [lmpuxosas sunus —
cmepacerv 0o degpopmayuu

3uauut, £ ecTp K03()(ULHUEHT MPONOPLUHOHANBHOCTH MeX-
Iy OTHOCHTEeJbHBIM YyaJuHeHHeM &1 = Al/l u HanpsiKeHHeM
P;y = F/S npu npoctom pacTskeHHH crepxkHs. [asee, u3
(3.8.27) E92 = —0P11/E = —0&11. OOBIUHO NPU paCTsKEHUU
CTepXKeHb CTAHOBHTCH TOHblLIE U £go < 0. Tak kak &1 > 0, TO
17151 06BIYHBIX MaTepuanoB o > 0. CiefoBaTeNbHO, MEXaHHUECKUH
cMmbica Koadduuuenta [lyaccoHa o — 3To KO3 ULHEHT Mponop-
LIMOHAJbHOCTH MEXIY OTHOCHTENbHBIM CXKATHEM B MONEPEYHOM
HanpaBJeHUH U OTHOCUTEJbHBIM yIJHHEHHEM B MPOAOJbHOM Ha-
MpaBJeHUH MIPU MPOCTOM PACTSKEHUH CTEPKHS.

PaccMotpum npoctoit casur (puc. 3.9), T.e. cocTosiHie, B KO-
TOPOM B J[eKapTOBOH cHcTeMe KoopauHaT Pia = P # 0, a
ocrasibHble P,s = 0. Torma us sakona ['yka (3.8.27) nosyuum
512 = (1 +0’)P12/E = P12/,u, HJIHU P12 = 2/1512 = UP12. B mo-
cJlelHeM paBEHCTBE HCINOJb30BaHa Gopmyna (3.7.2), roe @12 —
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N

Puc. 3.9
[Ipocmoti cdsue. LImpuxosoii aunueti nokazarol
mopybL cmepacHs 0o degpopmayuu

U3MeHeHHe yrJla MeX1y BOJIOKHAMH, JIeKaBIIUMHU 10 He(opMaLiu
Brosib oceit ', x2. [TosToMy it — 3T0 KO3(D(PULKMEHT NPONOPLHO-
HaJbHOCTH MEXy CIOBHUTAMIIUM HalpsKeHUeM U U3MEHEeHHeM yT-
Jla MeX/y COOTBETCTBYIOIIMMH BOJIOKHAMH IPU MPOCTOM CIIBHTE;
OH HasblBaeTcsl Modysem cosueq.

PaccmoTpum Tenepb BcecTopoHHee cxkatue: P = —pG, J{ =
= —3p. Haliném cBsi3b MexIy NaBJeHHEM p U OTHOCHUTEJbHBIM
U3MeHeHHeM 00béMa Npu BcecTopoHHeM cxkatuu 6. Ilo dopmy-
Je (3.7.23) npu Manbix gepopmanusx § = J§. U3 3akona ['yka
(3.8.27) naxomum

L+o p 30 p_ 3(1-20)

e R
CrenoBatesibHO, MPH BCECTOPOHHEM CXKaTHH
___F
P= 750 — 20)
Kosdduurent
K= E =+ 2 (3.8.28)
T31-20) 3" -

HasblBaeTcss modysem 06vémnoeo coxcamus. I HecxkuMaeMoH
cpensl K = 0o, 0 = 0,5, Tak Kak § = 0 npu p # 0. Koappuunenr
[IyaccoHa n/si MHOTHX MeTasioB o ~ (0,25, a 1Js Kayuyka o =2
~ 0,47 ¥ 3TO NMOYTH HeCXKHMMaeMbli MaTepuaJ.

Takum ob6pasoM, BBelleHbl MATb YNPYTHX MOCTOSIHHBIX: A, [,
FE, 0, K. MoxXHO NpUHATb KaK N0Ka3aHHOE 3KCIePUMEHTaJbHO,
gro K > 0 u p > 0. IToT (pakKT Takke MOXKeT GbITb 060CHOBAH
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U M3 TepMOOMHAaMHuecKuX coobpaxkeHuii. Ho rtorma u3 BTOpoit
dopmynsl (3.8.28) caenyet, uto 1 A > 0, a BblpaxkeHHus (3.8.26)
JAIOT CTPOTYIO MOJOXKHUTEIbHOCTh E U o, mpuuéM o < 1/2. dkcne-
PUMEHTAaJIbHO YCTaHOBJEHO, UTO Ko3(¢uuueHT IlyaccoHa o6br4HO
JIEXHUT B IuanasoHe oT 1/4 mo 1/2.

W3 popmynsl (3.8.27) mosyuuM T€H30p HaNpsKeHUH B cayudae
MaJsblX AehopMauui

FE o
p— € . ..2
T <8—|—1_20J1G) (3.8.29)

Ynpaxsenusa. 1. 3agaHo nose ckopocTeidl B 3H/epOBHIX Ile-
peMeHHBIX: u1 = aq(t)x1, ur = ag(t)x2, ug = as(t)zs. Haii-
TH TEH30p CcKopocTell nedopMallH, BEKTOP BUXPS CKOPOCTH, 3a-
KOH JIBHXKeHHsl (TPaeKTOpPHUH), BEKTOp IepeMelleHUsl Kak (PyHK-
LMI0 JIaTPaHKEBBIX KOOPAMHAT, JlarpaH:KeB TeH30p de(opMaluH,
U3MeHeHHe IJIOTHOCTH B mpolecce ABMXKeHHsl. PyHkuuu a;(t),
7 =1,2,3, 3anaHsbl.

2. TlepemelieHne cpenpl 3ajaHo B Bume ¢ = & + 1,y = 7,
z = (. BpluucauTb snarpaHxkeB Eun sitnepoB € TeH30pHl Aedop-
MalW{ ¥ HalTH B 000MX CJydasix IVIaBHBEIe HAINPaBJEHHUS] U YAJIH-
HEHUS.

3. B pamkax JMHelHOH TEeOpPHH BBISICHHTb, MOXKHO JIU TEH30p
&, rue

1 x% 123
=\ 23 =23 a3 |,
rixz w3 22

paccMaTpuBaTh Kak TeH30p JAe(opMallMd HEKOTOpOro nepeme-
LLIeHUS.

4. Jlns KaKUX TIagKUX CKansipHbIX QYHKUHH (&) wapoBoi
TEH30p £ = ©(€) B paMKax JHHEHHOH TEOPHH MOXKET SIBJSTHCS
TeH3opoM fAedopmaunu? HallTh BeKTOp mepeMeleHHH.

5. Ilpu pacTskeHHU Kpyrjoro crepxkHs paguyca R = 1 cw,
aauHO# | = 1 M, cusoll F' = 24,6 Kr, NpUJIOXKEHHOH K TopLam
CTepKHSs, OH yuauHuiacs Ha 1 mm. Hafitn mMoxyns IOnra.
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3.8.4. MNMnacTMyeckmMe TeYeHus

Ynpyrue nedopmanuu Imocje CHATHS Harpysku oO6JafaioT
CBOHCTBOM IOJIHOTO BOCCTAHOBJIEHHS] Hele(OPMHUPYEMOro COCTOS-
Husi. Bosiee TOro, OHU 3aBUCAT TOJIBKO OT BEJMUHHBI HATPSIXKEHUH
U He 3aBUCAT OT UCTOPHUU NeOPMHUPOBAHHUS MU HarpyxkeHus. [le-
(opMalus, BO3HHMKAIOLIAs KAaK OTBEeTHAas peakldsi MaTepuasa Ha
MPUJIOKEHHBIE HATPY3KH WJIM M3MEHEHHsl B OKpYXKamwlle# cpele
U He MONYMHSIOLIASCS ONMpENesSIOIIMM 3aKOHAM TEOpHH YIIpy-
FOCTH, MOXKET pPacCMaTpUBaTbCs KakK Heynpyeas Oegopmayus.
Tak, HeoOpaTHMble CMellleHHs], KOTOpPblE MOJYy4aloTCs B pe3yJib-
TaTe CKOJIbXKEHWS WJM JHUCJAOKAallMH HAa aTOMHOM YpOBHe H, Kak
CJIEICTBHE, BEAYT K OCTATOYHBIM H3MEHEHHSIM pPa3MepoB, Ha3bl-
BalOTCA naacmuyeckumu Oegopmayuamu. Taxkue nedopmanuu
HUMEIOT MECTO TOJIbKO MPU HaMpsiKEHUsIX BhIlI€ HEKOTOPOTO MOpPO-
ra, U3BeCTHOTO KakK npeden ynpyzocmu UJN npedens meKyuecmu
Ha pacTsiKeHHWe. DTOT Tnpenes obo3Hauaetrcsi og. [Ipy HcnbiTaHUU
MaTepHuana Ha CABHUT NpeNeJ Ha3bIBAETCS npedesom meKyuecmu
Ha CIBHUT U 00603HauaeTcs k.

OcHoBHBle TIpo6JIeMBl TEOPUH IJIACTUYHOCTH COCTOAT B Mare-
MaTU4eCKOH (DOPMYJIUPOBKE COOTHOLIEHUH MeX1y HanpsKeHUsIMU
U neopMalUsMU, B YCTAHOBJEHUHU INpaBUJIA ONpEeNeNeHHUsT KOJH-
YEeCTBEHHBIX KPUTEpPHEB /15 yKa3aHWUs Hadasa HACTYIJIeHHd IJa-
CTUYHOCTH.

B oTanuue oT TeueHUs KHUAKOCTH, IIPU KOTOPOM IpeJroJara-
eTcs [BHXKEHHe YacTHLl CpPelbl, TNIOHATHE NAACMUYEcKoeo meue-
HUfL OTHOCHUTCSl K HENPEepbIBHOMY H3MEHEHHIO0 CyMMapHOH nedop-
MalHH, a CKOPOCTb NpeAcTaBseT coboil CKOPOCTh AeopMaLUil.

PaccmoTpuM auarpaMMy 3aBHCHUMOCTH HamNpsKeHHH OT Je-
(opMalMil NpHU HCMBITAHUH HEKOTOPOI'O TMIOTETHYECKOro Mare-
pvaja Ha MPOCTOe OJHOOCHOE pAcTsKeHHe (HJIM CXKaTHe), PHC.
3.10. 3mech 0 — HampsixkeHHe, a B KauecTBe £ MOXeT ObITh B3si-
Ta OOBIYHAsl OTHOCHTeJbHAs AeopMalus, onpeaessieMasl B BUJe
e = (I —1p)/lp, rne | — rmekymas AjuHa oTpesKa, a ly — ero
HauaJbHas [JMHA, JU60 Jorapudmuueckass OTHOCHTeJbHAs Je-
dopmauns € = In(l/lp) = In(1 +e) = e — e2/2 + O(e3). Nas
MaJIbIX fe(opMalyi 3TH BeJTHUHHB MOYTH paBHHL. [Ipenes Teky-
gecTH Touka M (OHa COOTBETCTBYET HAINPSIKEHHIO 0() pasfienseT
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Puc. 3.10
K onpedenenuto npedesa mexyuwecmu
Ha pacmsadcenue

KPUBYIO HampsiKeHHe-nedopMaliis Ha YIOPYryio H MIaCcTHYECKYIO
o6Js1acTH.

3ameuanue 3.7. Horna npenes ynpyroctu 6epércs Kak npe-
des NponopyUOHaLbHOCMU W NIEXKUT B BEpPXHEM KOHIIe JHHEHHOH
yacTH KpuBOH. UacTo 3a Hero MpUHUMAIT TOYKY J, KoTopasi Ha-
3biBaeTcsi npedesom mexyuecmu [[HOHCOHQ W TIO ONpeleseHHIO
npeacTasisieT co60i TOUKY, Ile HakJOH KpuBod mocturaet 50 %
OT CBOEro MepBOHAYaJbHOTrO 3HaudeHHs. EcTb U npyrue crocoOsl
OTpeJiesIeHHs] TIpefiesia TeKYIeCTH.

B HavasnbHON ynpyro o6sacTy yBeJHYeHHe HArPy3KH 3aCTaB-
JISIeT TOUKY, H300paxKamllylo HalpsiKEHHO-Ae(hOpMHUPOBaHHOE CO-
CTOSIHHE, JIBUraThCsl BBePX MO KPHUBOW, a yMeHblIeHHe HarpyskH
(pasrpyska) BefET K ABHXKEHHIO TOUKH BHH3 IO TOMY K€ CaMo-
My TyTH. 3HAUUT, B 9TOH 00JIACTH MMeeTCsI B3AUMHO OJHO3HAUHOE
COOTBETCTBHE MEXIY HampsiKeHHeM U JaedopManued.

B nnacTtryeckoit o6sactu fesio o6ctout nHave. [Ipu pasrpyske
OT HEKOTOPOro COCTOSIHHs B Touka, u3obpakawllas COCTOSHHE,
cienyer no nytw BC, mpakTHUecKM NapanesbHOMY JUHeHHOH
ynpyro# yactu kpuso#. B Touke C, rme HampsikeHHe NOCTUraeT
Hynsl, uMeeTcs octatounas aedopmauus EF. Cumposom EF o6o-
3HaueHa BOCCTAHOBJIEHHAas ympyras JeopMalusi, COOTBETCTBYIO-
mas Touke B. Ilpu noBTOpHOH Harpyske Touka, H3obpaxkarollas
cocrosiHue, nBuxketrcss u3 C obpaTHo K B mo myTH, 6JM3KOMY
Kk BC, HO He nomnajgaeT TOYHO B B, M H3-3a [OTepU 3IHEPruu
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B LMKJe pasrpyska-Harpyska obpasyercs HeGoJbluas nemias eu-
cmepesuca. MHorve mMatepraJbl, HaIPUMep MeTaJlIbl, 06Ja1al0T
CBOMCTBOM YIPOYHEHHs, KOTOPOE 3aKJ/JAYaeTCsd B TOM, YTO IIpH
TNIOBTOPHOM Harpy’keHHH Marepuaja Npefiesl TeKyuecTH MOBblIIa-
ercsl. [loaToMy B nyactTuyeckoi 06/1aCTH HaNpsiKeHHe 3aBUCHUT OT
BCeH HCTOPUU HarpyKeHHs WU 1e(OPMHUPOBAHHUS CPelBbl.
KoneuHo, TemmepaTypa OKa3bIBaeT CYIIECTBEHHOE BJIHSHHE
Ha TJIACTHYECKOe TOBeJeHHe peasbHOrO MaTepuasna. TeMm He Me-
Hee B TEOPHUHU IJIACTHUYHOCTH YaCTO NPHHHUMAIOT yCJOBHE H30Tep-
MHH M CYMTAlOT TeMIepaTypy MNpOCTO MapameTpoM. TouHO Tak
’Ke Ha MpaKTHKe B KJAacCHYeCKOH TeOpHH MIACTHUHOCTH OOBIYHO
npeHeOperarT BJAUSHHEM CKOPOCTH HArpy’kKeHHs Ha AHarpaMmy
HanpsikeHue-nedopmanus. [lnactuueckre nedopMaluy CIUTAIOT-
CsA OTAEJBbHO OT TAKHX HBJIeHPIﬁ, KakK I0JI3y4YeCTb U peJiakcalud.
Yenosua naacmuunocmu. Kpumepuu Tpecka u Mus3eca.
C maremMaTH4YeCKOH TOUKH 3peHHsA yCJOBHE TMJAaCTHUYHOCTH Tpen-
cTaBJsieT cOO0H COOTHOIIEHHE MeXy KOMIIOHEHTaMH TeH30pa Ha-
Hpﬂ)KeHI/Iﬁ B TO4YKe, KOrjga B Hel HauMHaeTcsl MJ1acTHYeCKOoe Teye-
Hue. B obiem ciydae 3TO ycJOBHE 3aMUCHIBAETCS ypaBHEHHEM

f(Py) =0, (3.8.30)

u gynkuus f(P;;) HasblBaeTCs PyHKyuel meKyuecmu.

Ecnu martepuan u3oTponHbld, To paBeHCTBO (3.8.30) MOXHO
NPENCTaBUTh B BUIE CHMMETPHUHON (DYHKIHUU TVIABHBIX HaIPsiKe-
HUH 01, 092, o3 (cM. dopmyasl (3.3.24), (3.3.25))

fi(o1,02,03) = 0. (3.8.31)

9KC1’IepI/IMeHTbI MMOKAa3bIBAKOT, UTO MOJid MHOTHX cpeﬂ (HaanMep
JJIA MeTa.HJ'IOB) HaHpH}KeHI/Ie BCGCTOpOHHeFO C2KaTHUd He BbI3bIBA-
€T IIJIaCTHYEeCKHX LlecbopMaLLI/IIjI. HOSTOMy ycCJaoBHUE MJIACTUYHOCTH
MO2KHO 3allucCaThb Kak Cl)yHKL[I/I}O WHBapHUaHTOB AeBUATOpa HaIps-
JKEeHHUH

fo(JP, TPy =0, JP =0 (3.8.32)

M3 pasHBIX YCJOBHH MJIaCTUYHOCTH, KOTOpble OBIIH MpemJio-
JKeHBl, I1Ba MPOCTHl MATeMAaTHUECKU U B TO 2Ke BpeMsl JOCTATOUHO
TOYHBI [IPHU U3YUYEHUHU HayaJIbHOH CTaguu NJACTHYHOCTH U30TPOII-
HBIX MaTepHaJsoB: ycjaoBus Tpecka n Museca.
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I. Kpumeputi mexkyuecmu Tpecka. IlnacTuueckoe noBeneHue
HauWHaeTCs TOrha, KOrga MakcHMaJsbHOEe KacaTeslbHOe Hampsike-
HUe TOCTHUraeT 3aJaHHOH BeJUUHUHHI K,

1
Tmax = 3 (lo1 — o2l,|o2 — 03], |01 — 03]) = k. (3.8.33)

[lpu 01 > 02 > o3 Kputepuil Tpecka BHIMIAOUT Tak (CM. KOHeLl

n. 3.3):

% (01 —03) = k. (3.8.34)

YcnoBue miacTUYHOCTH TpeCKa B IIPOCTPAHCTBE TJIaBHbIX HAIpsi-
JKEHUH UMeeT BH[ LHeCTHFpaHHOﬁ NpHU3Mbl C OCbIO, PABHOHAKJIO-
HEHHOH K 0CAM KOOpAWHAT. paCCManI/IBaﬂ MIPOCTOE pacCTAXKEHHE U
YUCTBIA CIOBUT, MOXHO YCTAaHOBHUTL CBsA3b MpeaeJsa TEeKy4eCTH Ha
CABUT U IpeneJsa TEKy4YeCTH NMPU NPOCTOM PACTAKEHHUU: 2k = 0o,
HJIH

g1 — 03 = 09p- (3835)

II. Kpumepuii mexyuwecmu Museca. IlnactTuueckoe noBeneHue
HauMHaeTCs TOTAA, KOTAAa WHTEHCHBHOCTh KacaTe/JbHBIX Halpsike-
HUH JOCTHTaeT HEKOTOPOro KPUTHYECKOro 3HadeHus. Maremaru-
yeckKas 3allUCb TaKOBa!

T=k, (3.8.36)

rne T = /—JP = ,/Di];D{;- 2, Df; — KOMIIOHEHTBI JeBHaTopa

TeHSOpa HaHpH)KeHHﬁ, HJIn, ‘-Iepe3 TJIaBHbIE HaHpH)KeHI/IH,
(0'1 —02)2+(02 —03)2+(03 —01)2 = 6k2. (3.8.37)

PaccmatpuBasi mpocTtoe pacTskeHHe, JErKO I0Kas3aTb, 4YTO
CBA3b npeneﬂa TEKY4YeCTHU Ha paCTH}KeHI/Ie U Ha COBUI B 3TOM
cJaydae uMeeT BULI

o0 =V3-k. (3.8.38)

Yenosue nmiactuuHocTH Museca B NpoCTpaHCTBe [VIABHBIX HaIpSi-
JKeHUH MMeeT BUJ KPYroBOI'O LIUJMHIPA C OCbIO, PABHOHAKJOHEH-
HOH K cHCTeMe KOOpAHHAT.

ITosedenue mamepuana 3a npedenom mexyvecmu. JlanbHeil-
lIee Harpy>keHue 1ocJje NOCTHXKeHHS HauyaslbHOro npejena TeKy-
4eCTH NPUBOAUT K IJIACTUYECKUM AedopMalusM, KOTOpble MOTYT
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COTMPOBOXKAATHCS U3MEHEHUSIMH HCXOIHOH MOBEPXHOCTH TeKyue-
ctd. Ecnu matepuan udeasvro naacmuueckuti, To NOBEPXHOCTb
TEKyyeCTH He M3MeHsieTCsi B MpOLEecCe MacTHYecKoro aedopMu-
pOBaHHUsI U TMEPBOHAUYANBHOE YCJOBHE MJIACTHYHOCTH OCTAETCS B
cusie. Jlaist mMarepuana ¢ ynpouHeHuem MOXKET TPOUCXOAHTb U3-
MEeHEHHe TMOBEPXHOCTH TeKy4yecTH. BmecTo (QyHKUHMH TeKydecTH
f(P;j) u3 (3.8.30) BBOLUTCS PyHKUUS HACPYHCEHUS

[Py, &5 x) =0, (3.8.39)

KOTOpasi 3aBUCUT OT HaNpsiKeHHWH, IJacTHUeCKHUX JdedopMauuit
85- W [apameTpa YNpouHeHUs Y, Hanpumep, napamerp Onksu-
cra x = [\/2dELdES. Ypasnenne (3.8.39) onpenensier mosepx-
HOCTb Harpyxenus: f* = 0 naér rpaHuuy ynpyroi# 3onsl, f* <0
COOTBETCTBYeT YIpPYyro#l 30He BHYTPH Harpyxeus, a f* > 0 co-
OTBeTCTBYeT 00/1aCTH BHe MOBEPXHOCTH Harpy:KeHHUsl U CMbICJIa He
UMeer.
[onubil nuddepenuuan GyHKLUUHU TaKOB:

or OF ep 4 0F
df* = P, 85Pd5 By

Ecmu f* = 0 u (9f*/0P;;)dP;; < 0, To coBeplIaeTcst npoyecc
pasepysku; ecan f* =0 u (0f*/0P;;)dP;; =0, To UMeeT MecTo
HelimpaavHoe Haepyxcenue; ecnd f* =0 u (0f*/0P;;)dP;; > 0,
TO UIET npoyecc akmusrozo razpyxcerus. Crnocod, KakKuM IJja-
CTHYecKHe nehopMaluu 55 BXo#AT B pyHKuuio (3.8.40) B mpo-
Ilecce HarpyKeHHs], ONpefessieTcs 3aKkonamu ynpourenus. Onu-
1IeM [Ba HauboJsee MPOCTHIX M3 HUX. 3aKOH UBOMPONHO20 Yynpou-
HeWusi TIPH HaTPy’KEHHUH MOCTYJHPYeT, UTO MOBEPXHOCTh TeKydye-
CTH TIPOCTO yBeJHYHMBAETCS B pa3Mepax, COXpaHsisi IPH 3TOM CBOIO
HauaspHyio opmy. Kpusbie TekydecTn assi KputepueB Museca u
Tpecka OyayT KOHLUEHTPUUECKHMH OKPYXKHOCTSMH H MpaBUJIbHbI-
MU LlecTHyToJbHUKAMU. [Ipu Kunemamuueckom ynpoureruu Ha-
YaJsibHasl TOBEPXHOCTb TEKYUYECTH MOCTYIMATeJbHO NepeMellaeTcs
B HOBO€ T0JIO}KEHHE B NPOCTPAHCTBE HAMpsiKeHHH 6e3 H3MeHeHHS
pasmepoB U (opmel. Dopmyiy (3.8.30) HyKHO 3aMeHUTD Ha

f1(Pyj — Ayj) =0, (3.8.41)

rae Aij — KOOPAMHATHI LUEHTPa HOBOH MOBEPXHOCTU TEKYYECTH.

dP;; + (3.8.40)
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Teopus naacmuueckozo mevenus. [Ipy BO3HUKHOBEHHUHU MJIa-
CTUYECKHX Je(popMaluil onpelensolie YpaBHEHHUS TEOPHHU YIIPY-
rOCTH (3aBHCHMOCTH Te€H30pa HaMps)KEHUH OT TeH3opa medopma-
M) nepecTtaloT ObITh CHpaBefJIUBBIMH. Kak yxke 0oTMeyasnoch,
nsacTh4eckue nedopMally 3aBUCAT OT BCEH HCTOPUM HArpyzxe-
HUS Cpellbl, IO9TOMY COOTHOLUEHHS MEXAY HaIpsKeHHeM U Je-
(hopmanuedt yacto (GOpPMyJNHPYIOT uyepe3 INpupalleHus Aedopma-
OWH. YpaBHEHHSl TEOPHH MIACTHYECKOTO TeUeHHS] YCTaHABJINBAIOT
CBSI3b MEXJy OECKOHEUHO MaJsIbIMU MpPHpALleHUsMH NeopMaLui,
NIpUpaLleHUs MU HANPSXKEHUH U CaMHUMU HalpsKeHUSIMH.

Ocrosrble aKcuoMbL Mmeopuu NAACMULECKO20 Mederus:

1. Teso usoTporHo.

2. Tenzop degpopmavuuu € moxnrHo npedcmasumeo 8 sude cym-
not ynpyeoti E¥ u naacmuueckoii EX cocmasasrowux,

E=E"+€e", &;=¢€F+¢l. (3.8.42)
WMHorpna 3To paBeHCTBO 3aMUCHIBAIOT B BUAe NUddepeHHANOB
d&;; = dES + dE);. (3.8.43)

3. OTHocHTe/IbHOE H3MeHeHHe 00bEMa MaJlo U fBJSETCS yOpy-
roil redopmanyei, IPONOPLUOHANBHOH CpeHEMY AaBJIEHHIO:

1
E—EF 1 gP gP—0, £F= % o, (3.8.44)
rie 0 = (P + Pax + P33)/3, £ = (E11 + E22 + E33) /3.
B ympyroii o6nactu cripaBenans 3akoH ['yka
1 3v
E _
4. B nnactryeckod 06/1aCTH CripaBelvB 3aKOH
d&] = Dyj d), (3.8.46)

rie Ko3(p(ULIUEeHT NPONOPLUHOHANBHOCTH d\ SIBJISIETCS CKaJspPHOU
(hyHKIHEH.
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Ec/iv HCKJIIOYHTD PUpaIleHHe MaCTHYeCKUX aedopMalnit, To
u3 (3.8.43) mosyuum

1
déij = oM <dPij - i—”y 5ijda) + D;; d\ (3.8.47)

— YpaBHEHHS COCTOAHUA TEOPHUHU IJIACTUYECKOIO TE€YEHHS. B nux
BXOOUT HEHU3BECTHAsA CKaJsipHas q)yHKU,I/IH dA, JJId HaXO0XIEHHA
KOTOPOH HCIIOJIB3YIOT JOMONHHUTENbHOE YPaBHEHHE B BUJIE YCJIOBHUS
TEKyUecCTH.

Ecnu ncnosnb3oBano ycnoBre TekydecTH Museca, TO moJydeH-
Hble ypaBHEHHs Ha3bIBAIOTCA UOEANbHO-YNpY20-NAACMULECKOL
modenvro [pandmas—Peiicca. Ecnu B ypaBuenusix Ilpanaris-
Peiicca npene6peub ynpyruMu gehopMaunsimMy, TO OJIyYUM ypas-
HeHus JleBu—Museca, cBA3BIBaIOLINE TIPUPALLEHUS TOMHOH fedop-
Mallii ¢ KOMIIOHEHTaMU AeBHUaTopa HaHpH}KeHI/III/JI

d&;; = DfjdA, (3.8.48)

rie DI — KoMIOHeHTbI JeBHaTOpa TeH3opa HampsiKeHHH Pjj:
DF = Py; — JF6;;/3, em. dopmyay (1.4.11). Tem cambiM mpeHe-
6peraercsi ynpyro# 4actbio nedopmanuu. Koadduunent nponop-
UOHAJbHOCTH dA AaH B AuddepeHLHaNbHOH (hopMe, MOAUEPKHU-
Basl, YTO NpHUpalleHHs AepOpMaLUU CBS3aHbl ¢ KOHEUHBIMH KOM-
TIOHEHTAMH HAMpPSXKEHUH. DTOT MHOXKHUTENDb SBJASETCS CKasspHOH
(YHKLUHEH, TaK KaK MOXeT MeHSTbCS B MPOLecce HarpyKeHHs.
Coornouenus: (3.8.48) ecTb 3aKOH TEUEHUS] HECMKO-UOCALbHO-
naAacmu4ecKkoeo meaa.

®ynkuuwo g(P;;), o61afaniyo cBOACTBOM

Jg
P _
el = o, d\, (3.8.49)

Ha3blBalOT naacmuueckum nomenyuasom. OueHb yacTo 3Ta
(YHKLUHA TOXIECTBEHHO COBMNajaeT ¢ (yHKIMEH TeKydyecTH.
B uwactnoctH, npu g = f(P,;) = JP ypasuenus (3.8.49) ne-
pexozsT B BelpaxkeHus (3.8.46) — ypasHenus [Ipannras—Peficca.
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Hegopmayuonnas meopus nracmuunocmu I'enku.

PaccMoTpuM ypaBHeHUs MJacTHUeCKOH fehopMalii KaK HeKo-
Topoe obobiieHre 3akoHa ['yka. IIpennonaraercs, 4To CBSI3b MeXK-
Iy HaTpsKEHUSIMH M Ne(opMalusiMH KOHeuyHasi, T.e. He nudde-
peHLHa bHAsA, KAK B TEOPUU TEUEHHS.

OcHosHas akcuoma degopmayuoHHol meopuu.

1. Teno usoTpomHo.

2. Jlehopmalinio MOXKHO TPEACTABUTb KAaK CyMMY

E=¢eP+ef, gy=¢60+¢]. (3.8.50)

3. B ynpyro# obsactu crnpaBenaus 3akoH ['yka. B meBuatop-
HOU (opMe OH HMeeT BUL

1

g, (55)]3 = oM Dy;, (3.8.51)

_1+vw

E
£ E

rne Dij = Pij—0dy;, (E5)P = EJ—EF6,; — nesuaropsi Tenzopos
HaTIPSKEHUs] W yIpyroil AedopMaLyy.

4. B nnacTuyeckoi 06J1acTH
el =0, (&P =¢Dy, (3.8.52)

Tle ¢ — HeusBecTHas ckajsipHas @yHkuus. [loxcrasass (3.8.51)
1 (3.8.52) B (3.8.50), mosiyunm ypaBHEHHsI COCTOSIHHS nedopma-
[IMOHHOH TEOPHH MJIACTHUHOCTH

£y =+ obiy + Dy, (3.8.53)
rne ¢ = (2u)~! + ¢ — napamerp [enkw.

Jlisi HaxoXIeHUsl 1) MCIOJNb3yeM [ONOJHUTE/bHOE ypaBHe-
HHe, HaNpUMep ycJioBHe miacthaHocTh Museca. O6o3naunm 1T =
= +/D;;D;;/2 — UHTEHCHBHOCTb KacaTeJbHBIX HalpsKEHHH,
I' =/2(&;)P ()P — unrencuBHocTb nedopmaunii casura. [lo-
ckonbky (€;5)P = ¥D;j, To I' = 2¢T. YenoBue MIaCTHUHOCTH
Muszeca umeer Bun T = k, cienoBartesbHo, ¢ = I'/2k. YpaBHe-
HUA 1e(OpPMaLMOHHOH MJIACTHUYHOCTH — HeJMHeHHble, HO Osaro-
Japsi OTHOCHUTEJ/IbHOH NIPOCTOTE OHU HALJIM LIMPOKOe NPUMEeHeHHe.
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Modenu ynpyeonnacmuueckozo OJdegpopmuposanus. Pac-
CMaTpPUBAIOTCA 3anaqyu I[eqL)OpMI/IPOBaHI/IH, Korga ympyrve v 1mJja-
CTHUYECKHe ILeCpOpMaHI/II/I, BO3SHUKAIOUIWE B TEJE IIPHU HATrpyKEeHHUH,
HUMeIOT IPUMEPHO OMHAKOBBIN mopsinok. [logo6Horo pona 3amauu
BCTPeUalnTcs B TeOPUU 0AJIOK U KPyUeHHs BaJioB, B UCCJE0OBAHUU
TOJICTOCTEHHBIX TPY6 U 060/104eK, HAXOASIIUXCS TOJ, AaBJIEHUEM.
B ofuiem caydae Matemathyeckas MOJENb CONEPIKUT CIAEAYIOLIHE
COOTHOLIEHHS.

B ynpyeoti u naacmuueckoil obaacmsax BHIOJHSIOTCS ypaB-
HEHHUs paBHOBECHS

divP + pf =0 (3.8.54)

— CJIeICTBHe ypaBHeHUs ummyJsbca (3.3.10).
Kpome Toro, crnpaBemsiuBel KHHEMAaTHUECKHE COOTHOLIEHUS H
nedopMalyy CBsi3aHBl ¢ MepeMelleHUsiMH, cM. (3.8.14),

£— % (VW + (Vw)"). (3.8.55)

Ecau paccmaTpuBaTth YIpyryw MOAesb, TO CBfI3b MeXAYy Hampsi-
KEHUSMH U nedopmauusimu naércs gopmyaod (3.8.29):

E o -
P_1+U <8—|—1_20J1 ) (3.8.56)

[TatHanuate ypaBHeHud ((3.8.54)—(3.8.56)) oTHOCHTENBHO
nsiTHaAUATH QYHKIUHE nepeMmerienus, nedopMaldd U Hampsike-
HUsL 00pa3yIoT 3aMKHYTYIO0 CHCTeMY. EC/IH HCKJIIOYUThL HampsiKe-
HUs ¥ pedopmanud no dopmynam (3.8.56), (3.8.55), To mas me-
peMellleHUE MOYyUHUM CTaLHOHAPHYI0 CHCTeMY JHHeHHOH TeopuH
yIpyrocTd — ypaBHeHus Jlame

A+ )V (divw) + pAw + pf = 0. (3.8.57)

B ynpyeonsacmuueckux mooeasx, KakK B TEODUHM TeUeHHS,
TaK ¥ B Je(OpPMAaLMOHHOH TEOPUH, MOCJEe HCKJIOYEHHS KOMIIO-
HEeHT YIPYrMX M IJaCTUYECKUX AeopMalMi A HaXOXKAEHHS
JOTIOJIHUTEJIBHOTO MapaMeTpa HCIMOJb3YIOT YCJIOBHE TEKYUeCTH H
MOJyYaloT 3aMKHYTYI0 CHCTEMY W3 IIECTHANLATH yPaBHEHHH.
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Ha epanuye mexndy ynpyeoil u naacmuueckoti obracmamu
JOJIKHBI BBIMOJHSATBCS YCJIOBUSI HENpPEPbIBHOCTH HATPSIKEHUH U
nepeMelleHNH.

Yupaxuenuns. 1) Jlokasatb, uTo ypaHenus (3.8.49) comep-
KaT B cebe yTBep:KIEHHE O COBMAfEHWH IJIaBHBIX OCeH TeH30-
pa TpupalleHUH MJacTH4YecKod Ae(OpMalMU C [VIaBHBIMU OCSIMH
TeH30pa HamnpsiKeHWH. 3anmucaTbh 3TH ypaBHEHMs 4epes3 TJIaBHBIE
HamnpsKeHUs.

2) JlokaszaTb, YTO B CJaydae MJOCKOH MJIACTHYECKOH nedopma-
uuy, korna £33 = 0, d€s3 = 0, Pay = 0, ypaBHeHus JleBu—Muse-
ca (3.8.48) npuUBOAAT K TOXKIECTBEHHOMY COBIAJe€HHIO KPUTEPHEB
TekyuecTd Tpecka u Museca.

3) Ympyromiactudeckasl cpeja, TMONUMHSIOMASACS KPHUTEPHIO
TeKydecTd Museca, ABHKeTCS B YCJOBHSIX TJIOCKOH Iedopma-
uud. CunTasi HayaJbHOE COCTOSTHHE HAIpPsXKEHHBIM, T10KA3aTh, 4TO
a) BO BCE BpeMst IBUXKeHHs1 P13 = Pa3 = 0; 6) eca cpelia HeCKH-
maeMasi, T0 P33 = (P11 + Pa2)/2 1 KpuTepuil TeKyueCTH NpPUHHU-
MaeT BUL

(Py — Py)? 4 4PE, = 4k,

3.9. YCNOXHEHHbIE MOJAENM MEXAHUKH
CNNOLUHbIX CPEL

Bo MHOTHX TpakTHYeCKHX 3aauax 4acTo MPUXOAHUTCS HUMETh
IeJI0 CO CIJIOIIHBIMU CpPeflaMM, TOBeLeHHe KOTOPHIX He YKJIaMbl-
BaeTCsl B paMKax KJacCHYeCKHUX MOJeJeH, pacCMOTPEHHBIX paHee.
3mech yxKe NMPUXOAUTCS BHUAOU3MEHSATb OCHOBHBIE 3aKOHBI COXpa-
HeHHUs] MacChl, UMITYJIbCa U SHEPTUHU 3a CUET 0TKAa3a OT HEKOTOPBIX
akcuoM A; — Ajg, 3aMeHe UX JPYTHMHU, 6oJiee TOJTHO U aleKBaTHO
OTpakalolllyie HOBble YepThl OBeJeHUs cpelbl. [IpobaeMbl mocTpo-
€HHsl U U3y4yeHHUs] TaKUX MOJeJed BecbMa aKTyasbHbl U COCTaB-
JISIOT 3HAYMUTEJIbHYIO YaCTh CONEPXKAHUS COBPEMEHHOH MeXaHUKH
crolHbIX cpen. Huxe 6yner naHo saniib obliee npencTaBieHHe
0 HEKOTOPBIX YCJOXKHEHHBIX Monensix. PaKTHUECKH OIHA U3 Ta-
KHX Mojesed U Obljla pacCMOTPEHa B MpeAblAyleM naparpade —
MoOJeJb YIPYTromJacTHUeCKOro TeYeHHsl.

1. MHoro¢asHbie cpegbl. DTUM TePMHUHOM (HHOrga — MHO-
TOKOMITOHEHTHbIE) 0003HaYalTCs CPEeMibl, NIPeICTaB/IsoLIIne co00M
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CMeCH HEeCKOJIbKMX Cpell ¢ pa3HbIMU (DU3MYECKHMH CBOHCTBAMH,
KaX/as U3 KOTOPBIX YAOBJIETBOPSIET YCJIOBHUSIM CIIJIOLIHOCTH U Jie-
(hopMHpyeMoCTH. DTO — MOPCKasi BOAA, TbIJIEBBIE H I0KIEBBIE 00-
Jlaka, CMOT W MPOAYKTBI CTOpaHHs, CMeCH XHMHUUYECKH pearupyo-
IIMX BelllecTB U T. A. Haubosiee pazpaboTaHHOH MOME/bIO SIBJISET-
csl TaK Ha3blBaeMasi MOJIe/Ib 83AUMONPOHUKAIOWUX CPELl, KOTOpast
Jajiee OMHCHIBAeTCs Ha TpUMepe dsyxgasnoli cpedoL.

[TycTb uMeroTCsl Be CIJIOLIHBIE cpelbl /| W 2, 3amoJHSAIOLIe
OnHy M Ty ke obmacTb ) C R3. CMecb 3TMX NBYX Cpell TakkKe
ecTb equHas crowHas cpena I + 2. CpeHUe BeJHUHHBI OTIpejie-
JSA0TCS caefyowuM obpa3om. [lycTb cpema I nMeeT UCTHHHYIO
IJIOTHOCTb p1, a cpefa 2 — po. Ecau B 06véme V' C 2 cpena
I 3anumaer 06BEM Vi U HMeeT Maccy mi, a cpeia 2 3aHUMaeT
00BEM Vo U UMeeT Maccy meo, TO m1 = p1Vi, mo = p2Va. Torma
cpena I + 2 B ToM ke 00bEMe HMeEET MacCy m = mi + Mo 4
cpentioio maotHocts p = m/V. Ecau Cy = V1 /V, Cy = Vo /V —
00bEMHBIE KOHLEHTPALUH CPell, TO

Ci+Cy=1, Cip1+Cop2=p.

JIBrkeHre B ) MOXKET pacCMaTPUBAThbCS KaK JBUXKEHHE Kax-
no# U3 3Tux cpefi. COOTBETCTBEHHO 3TOMY BBOASTCS TPU CPEIHUE
CKOPOCTH Uy, Uz U u. [TOCKONBKY CKOPOCTH OMpenensiioTcs ue-
pe3 UMIYJbC, TO U3 PaBEHCTBA MiU; + Mala = MU BbITEKaeT
PaBeHCTBO AJIsl CPEIHHUX

Cip1u; + Capaug = pu.

AHaJoTHUHOE COOTHOLIEHHE HMEeT MeCTO JAJIsi MJIOTHOCTEeH BHYT-
pEeHHeH 3HepPTrUU KaxKIO0H U3 Cpel:

Cip1Uy + CopaUs = pU,

¥ BooOlile JI MacCOBOH IJIOTHOCTH J11060H afJUTHBHOH (YHKLUH
MHOXKeCTBa.

[Tycts P — TeH30p Hampsi>keHHH U  — BeKTOp MOTOKa Tellla
B o6ulell cpene / + 2. Torma 171 He& MOXKHO CUMTATh CIpaBel/IH-
BbIMHU YPaBHEHHSl MHTErpajbHblX 3aKOHOB COXPaHEHHS CO CJefy-
omuM go6asieHueM. [Ipy B3aMMONpPOHUKALOLIEM IBUXKEHUU CpPeJL
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I v 2B cpene 1 neHCTBYeT 8HYMpPeHHAL MACCO8AA CULA C OOB-
EMHOMH TMJIOTHOCTBIO ¢p;, 00YCJIOBIEHHAS COMPOTHUBJIEHHEM POHH-
KaHMIO 3TOH Cpelbl yepe3 cpeny 2. DTa CUJa 3aBUCHT OT OTHOCH-
TEJbHOH CKOPOCTH U; — U2, & TaKXKe OT APYTMX XapaKTePUCTHK
o6eux cpen. [Tono6Has cuna ¢, OeHCTByeT U B cpele 2, NpUUEM
@1 + 9 =0 — 310 ciencTBHe ycJoBUs paBHOBecus. [loaTomy B
ypaBHEHHEe HMMYJbCOB 3TH CHUJbl He BoUAyT. OfHAKO OHH COBep-
maiT paboTy B KaxKI0H U3 cpell, KOTOpasi AaéT MPUTOK SHEPTHUU B
o611yt cpeay, paBHbIH 2(u; — uz) = 2(u; — Uz) - ;. DTOT MPUTOK
U NOJIKeH ObIThb YUTEH B 3aKOHe COXpaHEHHS SHEPrUH.

[Ipu 3anmucu UHTerpasbHBIX 3aKOHOB COXPaHEHHUS /s ¢ Cpelbl
(i = 1,2) Hajo TaKKe y4yecTb, YTO MOBEPXHOCTHAS CHUJA, NE€HCTBY-
ollas yepes IJOLUIAAKY do ¢ HOpPMAJbio n Ha 3Ty cpeny, Oyner
paBHa C;p, do. AHaJOrH4HO, KOJIMUECTBO TeIJIa, IEPEHOCHMOe Ye-
pe3 Takylo e IJIOLIAKy Y BOCIIPUHSTOE CPeloH 4, OyneT paBHO
Ciqnda.

[TosyueHHble TAKUM NyTEM HHTErpaJsibHblE 3aKOHBI COXPaHEHHUS
17151 Kaxkno# u3 cpen I, 2 v I+ 2 Hano 3aMbelkaTh MyTéM nobaBie-
HUST TEPMOIUHAMUYECKHX YPAaBHEHNH, BKJIIOUAIOIIMX TEMIIEPATYPhl
0;, o6bémuble KoHueHTpauuu C;, suTponuu s; (i = 1,2), a Tak-
JKe ypaBHEHHUH COCTOSIHHSI, CBSI3bIBAIOLIMX TEH30p HAMNPsiKEHHH C
TEH30paMH CKOpocTel AedopManuu (medopMannn) o6eux cocTas-
JISIIOLIUX Cpef.

2. AHM30TpPOMHBIE CpeAbl. DTO TAKHE CIVIOIIHBIE CPEMBl, KO-
TOpble 00J1aJAI0T Pa3JIMUHBIMH CBOWCTBAMH B pa3HbIX HarpasJe-
HUsIX. AHH30TPOMHBIMH MOTYT OBITh Kak HeopMHpyeMble TBED-
Ible Tena (KPUCTAJJBI, TOJUMEPD], CTEKJIOMIACTHKH, MHOTOCIOH-
Hble (paHephl), TaK U KUAKHE CPelbl (PACTBOPHI MOJUMEPOB, KU -
KHe KPUCTaJJIBl). 3[1eChb TeH30p HampsukeHHH P yxe He siBjser-
csl M30TPOMHOH (pyHKIMel TeH3opa aedopMmaunii € HIH TEH30-
pa ckopocrell nedopmanuit D. D10 06CTOSATENBCTBO 3HAUUTEJNBHO
YCJIOXKHSIET ypaBHEHHE COCTOSIHHS, «3aMbIKAIOIIEro» CUCTEMY 3a-
KOHOB COXpaHeHHS.

[TycTb, HampuMep, 3aBUCUMOCTb SIBJISIETCS JIMHEHHOM,

pPaB — Caﬁvégw,

re CB76 CYTb KOMIOHeHTH TeH30pa 4-ro panra C, Ha3bBaeMoro
mer3opom modyreil ynpyzocmu. OH MOXKET 3aBUCETb OT TEPMO-
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JIMHaMHUYEeCKHX MapaMeTpoB Z U MapaMeTpUYecKUX TeH30pOB Ay,
k =1,...,s. Tensop C, B cuay cummeTpuu TeH3zopoB P u £,
obJagaer caefyolled CUMMeTPUEeH KOMITOHEHT:

CoBYs — Bavs — aBdy _ iBady

Ecnn ewié y4yecTb paBeHCTBO
PoBE, 5 = CP1E 5E05 = CTPE 5E08,

TO MyTEM TMPOCTOrO TOACYETA HETPYAHO yOEOUTHCS, YTO UHCJO
pa3JIMUHBIX KOMIIOHEHT TEeH30pa MOAYJEeH yNpyrocTd paBHO 21.
H3oTponHoe ynpyroe Teso MOXHO paccMaTpUBaThb KakK YacTHbIH
caydadl aHuzorponHoro Tesaa. Kak yxxe oTMmeuasnoch, 3/ecb 4HC-
JIO HEe3aBUCHMBIX KOMIIOHeHT TeH3opa C paBHO ABYM, a 3aMKHY-
TOU MOJIeJIBIO ABJISIETCS CUCTEMa ypPaBHEHUH JIMHEeHHOH yIIpyrocTH
Mlly rae Jlg =0.
s TepmoymnipyrocTtu

Paﬁ — Coz,l?'yég‘yé _ 9604,87 ﬁaﬁ — ﬁ,Boz.

3. HpeanpHass HeckuMaeMasi chblllyyas cpejga. IOTo —
YCJIOBHO-TBEPIOE TEJIO THIA CYXOro MecKa, 3epHa, IPaHy/IHPOBaH-
HBIX T0POJ. 37eCh BBHINOJIHAIOTCS CJIeLYIOMHe MPeINo0KeHUs:

1) cpena siBsileTCS CIUIOMIHOH TOJIBKO TIPH YCJIOBHH, YTO BeK-
TOp HOPMAJ/IbHOTO HAaIpsKeHHs Ha J000H MJOMAfKe OTPUIaTe-
JIeH;

2) MakcHMaJsIbHOe KacaTesbHOe HANpspKEeHHE 3aBHCHT TOJIBKO
OT HOPMaJIbHOTO NaBJIEHHs Ha COOTBETCTBYIOIIEH IJIOLIAIKE;

3) HeBHATOPBI HANPSKEHUH U CKOpOCTel fedopManuil mpomop-
[MOHAJIBHBI!

1
Df =Py - 3 (Fidij)di; = 2uDyjy 1,5 = 1,2,3;
(3.9.1)

i = = divu = 0.
* 2 8$j 8.%1)’ v

JeBuatop teHsopa D coBmagaer ¢ HUM caMHUM B CHJIy HeCKHMa-
€MOCTH CpeJibl.
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O6o3Hauas .
g = g Pijéij,
MOy YUM
P =01+ 2uD.
OnHako, B OTJIMYHE OT HbIOTOHOBCKOH >KHAKOCTH, KOTAA 0 = —p,

K03(h(PULUEHT BA3KOCTH (4 eCTb PYHKLHUs HHBapuaHTa D, umeHHO
J = /D;;D;j, npuuém Jpu(J) — 0 mpu J — 0. dta dyHKUUA
HaXOOWTCS W3 ONBITOB Ha CABUT M MOXKET 3aBHUCEThb el U OT
TEMIIepaTyphl.

YcqoBre 1) B 1€KapTOBHIX KOOPAHHATAX UMEET BHJ

N, =Pn-n <0,

rie n — HopMaJb K miomanke. OHO 03Hauaer, 4TO ONpeNeNUTe b
det P;; 1 Bce MHHODBI IVMIaBHOH JMaroHaJ/y NOJIKHBI ObITb OTPHULA-
TeJIbHBI (OTPHULIATEJIBHEI BCE TJIABHBIE HATIPSXKEHHS).

B TpéxmepHOoM ciyuae ycaoBue 2) 3aMUCHIBAETCS CJOXKHO, MO-
CKOJIbKY TpeOyeT sIBHBIX BbIpaXKEHHH MAJl MaKCHMaJbHBIX Kaca-
TeJbHBIX HampsizkeHu# yepes F;;. Jlas niockoit nedopmanuu

Py — Py’ 1
Tmax — <%) +7—1227 _U:p:_i(Pll +P22)

U ycJIoBUE 2) MPUMET BUJ

Tmax — F(p)

C HEKOTOpOH yHHBepcasbHOU (yHKUHelH F(p).
Ilnst cyxoro Tpenusi yactuy F(p) = fp — 3akon KynoHa, rue
f — xoapduureHT BHyTpeHHero TpeHus. Torna

P+ P\’
Tr%lax:fz( 11-; 22).

Ecnu mexay yactuuamu ecthb ellé u cuensenue, To F' =k + fp,
rae k — MOCTOsIHHAS CABHIOBOTO CLEMNJIEHHS.

Jns niocko#t nechopMalvy 3aMKHyTasi cUcTeMa [1J15 HEU3BeCT-
HBIX Pp1, Paa ¥ Ti2 COCTOUT M3 ypaBHeHUH paBHOBecHus (3.8.54),
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rie 713 = 723 = 0, U ypaBHeHusi F[(Pi1 + P22)/2] = Tmax. BexkTop
CKOPOCTH HaXONHTCH M3 YCJOBHS HECXKHMAEMOCTH

8’&1 8UQ -0
oxl  0x2
U YpaBHEHUSA

Our  Ouz 4P 0w _
8.132 6l‘1 P11 — P22 8.131 B

(ono caenyer us cuctemsl (3.9.1)).
KomnoHeHTa TeH3opa HanpsikeHu#l Pa3 onpenessieTcs dhopmy-

JIok
P p Py + Poo
33 pP=—>5—"
2

4. Baskoynpyrue cpeabl. B Takux cpefax NposiBAsSIOTCS Kak
CBOMCTBA XHUIKOCTeH (BSI3KOCTb), Tak M CBOHcTBa Hedopmupye-
MBIX TBEPABIX Tes (yNpyrocTb). DTO — HaTypasbHbIE M CHHTe-
TUYECKHe KayuyKH, aMopdHble nojauMepsl. s 3TUX MaTepHalsioB
B 3aBUCUMOCTH OT TeMIlepaTypbl XapaKTepHB! CTeKJI000pa3Hble Co-
CTOsIHHUA (MPH HU3KUX TeMIlepaTypax), KOra OHH MOUTH HIeasbHO
ynpyrd. IIpy TOBBHIIEHHBIX TeMMEpaTypax OHHU 3HAYMTEJNbHO Ie-
(hopMUPYIOTCS TIPU MaJIbIX HaIlpsKeHUAX.

JIBa OCHOBHBIX NPOSIBJIEHUS] CBOUCTBA BSI3BKOYIPYTOCTH Ha3bl-
BAIOTCSl Nn0A3yuecmovro U peiaxcayueti. fBjeHue noJj3yyecTu co-
CTOUT B TOM, 4YTO IPH MOCTOSIHHOH BHellIHeH Harpyske geopMu-
pPOBaHHBIM MaTepuasj He OCTa€Tcs B COCTOSIHUM IOKOSl, KaK 3TO
6b1710 OBl C YIIPYTro# cpenoi, a Kak Obl MOJ3ET, T.e. peTepreBaeT
U3MEeHSIOLIYI0CST cO BpeMeHeM nedopmanuio. fBjeHHe pesakca-
LIUY 3aKJI0YaeTcsl B TOM, UTO HanpsixkEéHHOe COCTOsIHUe MaTepuaJa
NpH (PUKCUPOBAHHOH BHEIIHEH Ae(hOpMHUPOBAHHOH KOH(pUTypaLHUH
He 0CTaéTcsl CTalMOHAapHBIM, KaK 3TO OBLJIO OBl B Cjydae yNpyro#
Cpelbl, a MOCTENeHHO CHUMaeTcst (peslakCHPYeT), T. €. HalpsKeHHe
B TeJle 33 JJIMTeNbHOE BpeMsl BbIpaBHHBaeTCsl M, BOOOlLe roBops,
ocsiabeBaeT. DTU [Ba SIBJEHHUs TECHO CBs3aHbl MeXAy COOOH, U
peJlakcallMio MOXKHO pacCMaTpHUBaTh KakK HEKOTODPYIO BHYTPEHHIONO
N0/13y4ecTb.

B MartemaTHyeckyl MojJesb CBOHCTBA BSI3KOYIPYTrOCTH BHO-
CSITCSl Uepe3 ypaBHEHHE COCTOSIHMS, CBSI3bIBAIOLLErO TEH30p Ha-
npsikeHuit P ¢ TeHsopom nedopmanuit £. OpHako B 3TH CBS3H, B
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OTJIMUHe OT KJIACCHUeCKOH TeOPHUH YNPYTOCTH, BXOAAT He TOJBKO
caMHu TeH30opbl P 1 £, HO TakxkKe W UX NPOU3BOAHLIE [0 BPEMEHHU.
B nuHeliHOH TeopuH ypaBHeHHe COCTOSIHUS 3a1aéTcsl B JIMHeHHOH
3aBUCHMOCTH MeX]y NPOU3BOAHBIMH 110 BpeMeHH C KO3(p{pHIHeH-
TaMH, 3aBUCALIMMH OT TeMIIepPaTyphbl M ONpejessieMbIMH ONBITHBIM
MyTEM.

KnaccuueckuMu npuMepamMu BSI3KOYNPYTHX CBA3eH MexX1y Ha-
npsikeHHeM U AeopMalMeldl NPU ONHOOCHOM Harpy>KeHWH SBJf-
1otes modeas Maxcseara

o€ 1 00 1

o " Eoi n°

u modenrv Dotiema

o€
= FE¢& —
7 T
B KOTOpBIX E — Momysnb ynpyroctd, a n — peJakcalluOHHBIN

napameTp. B coBpeMeHHOH TeopuM 3THU CBS3U NPUHATO 3ajaBaTb
B (popMe unmeepanos noAsyuecmu

t
I % £
DZ]:JH(t_T) 67_'] d’T, Jl :JHl(t—T) 6; dr (392)
0

0

U urnmeepanros peiarcayuu

&
5 dr JP = Rl(t—T)—TldT, (3.9.3)

t
Df;:JR(t—T) 5

¢
oD, J d.J

0 0

rae ¢pyuxuuu (I1,I1;), (R, R1) Ha3biBaloTCs HYHKLUUSAMH 10J3yYe-

CTH M peJjlakCallkH.

3aMKHyTasi CHCTeMa YPaBHEHHH BSI3KOYNPYTOCTH COCTOMT M3
ypaBHeHu# nsrxkenus (3.8.11), coorHomenuit (3.8.55), unrerpa-
J0B HacaeactBeHHocTH (3.9.2) uan (3.9.3).

5. dnekTpoMarHuTHbie cpeabl. Bo Bcex nehopMHPyeMBIX U
MOKOSAIIMXCS CPelax B 3aBUCHMOCTH OT WX 3JEKTPOMATHUTHBIX
CBOMCTB HaBJIIONAETCs BJMSHHE 3JIEKTPOMArHUTHOrO MOJIst HA JBHU-
JKEeHHe H MAaKPOCKOITHMYECKOEe COCTOSTHHE CPel K 0OpaTHOE BJHSIHHE
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NBUXKeHUs cpell Ha 3TH nosist. O6beKThl, pealusyoliie MakpoB3a-
UMOJEeHCTBHE 3/JEKTPOMArHUTHOrO MOJSI U CPEAbl, — 3TO 3JEKTpPH-
YyecKHe 3apsiibl CPefibl M IPOXOJSIIe B HEH TOKH, U ITO3TOMY B3a-
UMOJIEHCTBHS CYILIECTBEHHO Pa3JIMUHBI B MPOBOAHUKAX, MOJYIPO-
BOJHHMKAaX W AW3JeKTpukax. [loBeeHHe 3/IeKTPOMAarHUTHBIX Cpejl
oTan4aeTcsi 6OMBIION CIOXKHOCTBIO U U3yUYaeTcs B psifie CaMOCTOsI-
TeJIbHBIX HAayUHBIX AUCUHUIIKMH. 31ech OyIeT omMcaH cjaydald Tak
Has3biBaeMOU maeHumroii eazodunamuxy (MTII).

MTI]l npencraBisieT co60i MOeJsb, KOTOpPast OMUCHIBAET sIBJIE-
HUSI B XOPOILIO MPOBOASIIIUX 3JEKTPHUUECTBO KUIKOCTAX U raszax,
HaTpyUMep B KMIKHUX MeTajjax M mnsasMme. Bricokasi ajekTpuue-
CKasl MPOBOIMMOCTb 0OecreurBaeTcsl HaJUYHeM OGOJIbIIOTO YHC/Ia
YacTULl C 3apsilaMU PasHbIX 3HAKOB. B TUMUYHBIX [Jsi TpUMe-
HeHusi momenn MIIl ycloBUSIX maeHumHoe noae 0Ka3bl8aemcs
s3Hauumenvro 6oavuie arekmpuydeckoeo. [lycte E — Hanpsxén-
HOCTb 3JeKTpuueckoro noss, H — Hanps:k€HHOCTb MarHUTHO-
ro moJss, j — IJOTHOCTb ToKa. [Ipenebperass acdekramu moJs-
pY3aluy, HaMarHUYWBaHUST U HEKOTOPbBIMHU JPYTMMH, MPUXOIUM
K ypasuenusm Makcseara

OH
rotE = o rot H = pj,

divH=0, divj=0,
KOTOpBIE NOMOJHSAITCS 3akoHom Oma [ns OBUKYIIEHCS cpefibl
j=o0(E+uxH),
rae abcosioTHas nocTosiHHas pu = 4w - 1074 (B cuctreme MKS), a
0 — TPOBOIUMOCTb, XapaKTepHU3yIOI1asi CPeLy.
[Ipu ¢opmyaupoBKe HHTErpasbHBIX 33aKOHOB COXPaHEHHS B

MTI]l Heo6X0nUMO YYUTBIBATh HOBYIO MacCoBYyI0 cuiy — cuiy Jlo-
perya ¢ 0ObEMHOH TJIOTHOCTBIO

fJ'[ :j x H.
JIns HempephIBHBIX NBHKEHUH MOKA3bIBaeTCs, YTO CHUCTEMa ypaB-
Henut MI'Jl umeer BUL

@ du

1 1
+pdivu=0, — =—-—-Vp+—rotHxH
dt e Toodt p 4’7Tr0 A
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H
aﬁ_t —rot (u x H) = —rot (v,,rot H),
ds vp 9 50U ou ?
T— = -™ (rotH =2, T=2" =
pr— = - (rotH)", p=p o 50 UmT o

rie U(p,s) — MJIOTHOCTb BHYTPeHHEH SHePrHH — sIBJsIEeTCs 3a-
JIaHHOH (PYHKIHeH cpelbl OT MJIOTHOCTH U SHTPOIMHH, ¢ — CKO-
POCTb CBeTa, Vy, — KOI(PPHULHUEHT MarHUTHOH BS3KOCTH.

B cayuyae HecxkuMaeMOH XKHAKOH cpelbl cielyeT N00aBUTb
ypaBHenue divu = 0, maBnenue He cBsazano ¢ U, U = U(s),
ypasHenue p = p>0U/Op HOMKHO ObITb MCKJIOUEHO M3 CHCTEMBI.
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